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Yangians Twisted Yangian Discussion

R-matrix presentation for Yangians

V = CN

R(u) := I − Pu−1 ∈ End(V ⊗ V )[u−1], P : x⊗ y 7→ y ⊗ x.

Yang-Baxter equation

R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v).

[Faddeev-Reshetikhin-Takhtajan] Yangian Y (glN ) is C-algebra with generators

t
(r)
ij , r > 0, 1 ≤ i, j ≤ N subject to

R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v).

T (u) =
(
tij(u)

)
1≤i,j≤N

, tij(u) = δij +
∑
r>0

t
(r)
ij u−r.
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Yangians Twisted Yangian Discussion

Y (slN ) := Y (glN )/center.

Y (g) can be defined using R-matrix presentation for g classical type

Y (g) is a Hopf algebra deformation of g[u]. t
(r)
ij ⇝ Eiju

r.

coproduct ∆ : T (u) 7→ T (u)⊗ T (u), tij(u) 7→
∑

k tik(u)⊗ tkj(u).



Yangians Twisted Yangian Discussion

Y (slN ) := Y (glN )/center.

Y (g) can be defined using R-matrix presentation for g classical type

Y (g) is a Hopf algebra deformation of g[u]. t
(r)
ij ⇝ Eiju

r.

coproduct ∆ : T (u) 7→ T (u)⊗ T (u), tij(u) 7→
∑

k tik(u)⊗ tkj(u).



Yangians Twisted Yangian Discussion

Y (slN ) := Y (glN )/center.

Y (g) can be defined using R-matrix presentation for g classical type

Y (g) is a Hopf algebra deformation of g[u]. t
(r)
ij ⇝ Eiju

r.

coproduct ∆ : T (u) 7→ T (u)⊗ T (u), tij(u) 7→
∑

k tik(u)⊗ tkj(u).



Yangians Twisted Yangian Discussion

Y (slN ) := Y (glN )/center.

Y (g) can be defined using R-matrix presentation for g classical type

Y (g) is a Hopf algebra deformation of g[u]. t
(r)
ij ⇝ Eiju

r.

coproduct ∆ : T (u) 7→ T (u)⊗ T (u), tij(u) 7→
∑

k tik(u)⊗ tkj(u).



Yangians Twisted Yangian Discussion

Y (slN ) := Y (glN )/center.

Y (g) can be defined using R-matrix presentation for g classical type

Y (g) is a Hopf algebra deformation of g[u]. t
(r)
ij ⇝ Eiju

r.

coproduct ∆ : T (u) 7→ T (u)⊗ T (u), tij(u) 7→
∑

k tik(u)⊗ tkj(u).



Yangians Twisted Yangian Discussion

Drinfeld presentation for Yangians

Cartan matrix C = (cij) and Chevalley generators hi, ei, fi, i ∈ I for g
[Drinfeld’88] Y (g) is generated by κi,r, ξ

±
i,r, i ∈ I, r ∈ N, subject to

[κi,r, κj,s] = 0, [κi,0, ξ
±
j,s] = ±cijξ

±
j,s, [ξ+i,r, ξ

−
j,s] = δijκi,r+s,

[κi,r+1, ξ
±
j,s]− [κi,r, ξ

±
j,s+1] = ±cij

2

{
κi,r, ξ

±
j,s

}
,

[ξ±i,r+1, ξ
±
j,s]− [ξ±i,r, ξ

±
j,s+1] = ±cij

2

{
ξ±i,r, ξ

±
j,s

}
,

Symr1,··· ,rn [ξ
±
i,r1

, [ξ±i,r2 , · · · [ξ
±
i,rn

, ξ±j,s] · · · ]] = 0, i ̸= j, n = 1− cij .

κi,r ⇝ hiu
r, ξ+i,r ⇝ eiu

r, ξ−i,r ⇝ fiu
r.
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Isomorphism for two presentations

Gauss decomposition

T (u) =

 1
F21(u) 1
F31(u) F32(u) 1

D1(u)
D2(u)

D3(u)

1 E12(u) E13(u)
1 E23(u)

1


ξ+i (u) =

∑
k≥0 ξ

+
i,ru

−r−1 = Ei,i+1(u− i−1
2 ).

κi(u) =
∑

k≥0 κi,ru
−r−1 = 1−Di(u− i−1

2 )−1Di+1(u− i−1
2 ).

[Drinfeld’88, Brundan-Kleshchev’05] Isomorphism for type A
[Jing-Liu-Molev’18, Guay-Regelskis-Wendlandt’18] Isomorphism for type BCD
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Yangians Twisted Yangian Discussion

Symmetric pair

θ : involution on g.

(g, gθ) symmetric pair.

Example

AI: (slN , soN ). AII: (sl2m, sp2m). AIII: (slp+q, slp ⊕ glq).

Lift θ to involution θ̌ on g[u] by θ̌ : xur 7→ (−1)rθ(x)ur, x ∈ g.

Twisted Yangian is a coideal subalgebra of Yangians as a deformation of g[u]θ̌.

[Olshanski’92]: AI, AII [Molev-Ragoucy’02]: AIII [Guay-Regelskis’16]: BCD

Twisted Yangians provide solutions of reflection equations, which are crucial in
quantum integrable system with boundaries conditions [Sklyanin’88].
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R-matrix presentation for twisted Yangian

Y tw of type AI is the subalgebra of Y (slN ) generated by s
(r)
ij , r > 0, 1 ≤ i, j ≤ N ,

S(u) =
(
sij(u)

)
:= T (u)T t(−u),

sij(u) =δij +
∑
r>0

s
(r)
ij u−r

Y tw of type AI is generated by s
(r)
ij subject to

R(u− v)S1(u)R
t(−u− v)S2(v) = S2(v)R

t(−u− v)S1(u)R(u− v),

St(−u) = S(u) +
S(u)− S(−u)

2u
.

Coideal: ∆ : Y tw 7→ Y (slN )⊗ Y tw.
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Yangians Twisted Yangian Discussion

Goal

Construct a Drinfeld type presentation for twisted Yangians of split type.

Split type means that θ is Chevalley involution ω.

AI=Split type A

[Brown’16] Drinfeld type presentation for twisted Yangians assoc. (sl3, so3).
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Twisted current algebra

ω : ei 7→ −fi, fi 7→ −ei, hi 7→ −hi.

g = k⊕ p. k = gθ. ω|p = −1.

Twisted current algebra g[u]ω̌ = k⊕ pu⊕ ku2 ⊕ pu3 · · ·
g[u]ω̌ is generated by

ti,s =
(
(−1)s − 1

)
hiu

s, bi,r :=
(
(−1)rfi − ei

)
ur, i ∈ I, r, s ∈ N, s odd.
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Drinfeld presentation for twisted Yangian

[Lu-Wang-Z’23] Let C = (cij)i,j∈I be simply-laced Cartan matrix. Define C-algebra
Y = Y(C) with generators hi,s, bi,r, for i ∈ I, r, s ∈ N and relations

[hi,r, hj,s] = 0, hi,2s = 0, (1)

[hi,1, bj,r] = −2cijbj,r+1, (2)

[hi,r+1, bj,s]− [hi,r−1, bj,s+2] = cij{hi,r−1, bj,s+1}+
1

4
c2ij [hi,r−1, bj,s], (3)

[bi,r+1, bj,s]− [bi,r, bj,s+1] =
cij
2
{bi,r, bj,s}+ 2δij(−1)rhi,r+s+1, (4)

[bi,r, bj,s] = 0, for cij = 0, (5)

Symk1,k2

[
bi,k1 , [bi,k2 , bj,r]

]
= (−1)k1+1[hi,k1+k2+1, bj,r−1], for cij = −1. (6)
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Theorem (Lu-Wang-Z’23)

Let C be Cartan matrix for slN . Then Y(C) is isomorphic to Y tw assoc. (slN , soN ).

Isomorphism between Y tw and Y uses Gauss decomposition.

S(u) =F (u)D(u)E(u).

bi(u) =
∑
r≥0

bi,ru
−r−1 :=Fi+1,i

(
u− i

2

)
= Ei,i+1

(
− u− i

2

)
,

hi(u) =
∑
r≥0

hi,ru
−r−1 :=1−Di

(
u− i

2

)−1
Di+1

(
u− i

2

)
.
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Beyond type AI

[Lu-Wang-Z’24] We have a formulation for Y of arbitrary split type.

We expect that Y for split type BCD are isomorphic to twisted Yangians Y tw in
R-matrix presentation.
New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

[Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. θ = ω ◦ τ , τ is Dynkin diagram involution.



Yangians Twisted Yangian Discussion

Beyond type AI

[Lu-Wang-Z’24] We have a formulation for Y of arbitrary split type.

We expect that Y for split type BCD are isomorphic to twisted Yangians Y tw in
R-matrix presentation.
New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

[Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. θ = ω ◦ τ , τ is Dynkin diagram involution.



Yangians Twisted Yangian Discussion

Beyond type AI

[Lu-Wang-Z’24] We have a formulation for Y of arbitrary split type.

We expect that Y for split type BCD are isomorphic to twisted Yangians Y tw in
R-matrix presentation.
New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

[Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. θ = ω ◦ τ , τ is Dynkin diagram involution.



Yangians Twisted Yangian Discussion

Beyond type AI

[Lu-Wang-Z’24] We have a formulation for Y of arbitrary split type.

We expect that Y for split type BCD are isomorphic to twisted Yangians Y tw in
R-matrix presentation.
New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

[Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. θ = ω ◦ τ , τ is Dynkin diagram involution.



Yangians Twisted Yangian Discussion

Beyond type AI

[Lu-Wang-Z’24] We have a formulation for Y of arbitrary split type.

We expect that Y for split type BCD are isomorphic to twisted Yangians Y tw in
R-matrix presentation.
New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

[Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. θ = ω ◦ τ , τ is Dynkin diagram involution.



Yangians Twisted Yangian Discussion

Affine quantum groups and ıquantum groups

ĝ = g[t, t−1]⊕ Cc untwisted affine Lie algebra

Lift θ to an involution θ̂ on ĝ by θ̂ : xtk 7→ θ(x)t−k, c 7→ −c.

Symmetric pairs (ĝ, ĝθ̂)
quantization−→ Quantum symmetric pairs (U,Uı)

[Letzter, Kolb]

U is affine quantum group associated to ĝ.

Uı is a coideal subalgebra of U, called (affine) ıquantum groups.
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Degeneration

U
degeneration−−−−−−−→ Y (g)

[Drinfeld, Guay-Ma’12, Gautam-Toledano Laredo’13] Drinfeld presentation of
Y (g) can be recovered from the Drinfeld presentation of U via a degeneration.

Uı degeneration−−−−−−−→ Y

[Ming Lu-Wang’21, Z’22] Drinfeld type presentation for Uı of split type.

[Lu-Wang-Z’24] Y can be recovered from the Drinfeld type presentation of Uı via
a degeneration.
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Applications

Shifted twisted Yangians and finite W -algebras of type BCD [Tappeiner-Topley’24]
– relation between shifted Yangian and finite W -algebra of type A is in
[Brundan-Kleshchev]

Construct characters for finite-dimensional modules of twisted Yangians

Quantum integrable systems with boundary conditions

Geometry construction
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Thank you!


	Yangians
	Twisted Yangian
	Discussion

