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R-matrix presentation for Yangians

o V=CV
o R(u) :==1—Pu! € End(VaV)u], P:z@y—y®u.

@ Yang-Baxter equation
ng(u — ’U)ng(u)Rgg(U) = R23(U)R13(U)R12(u — U).

o [Faddeev-Reshetikhin-Takhtajan] Yangian Y (gly) is C-algebra with generators

tEJ),r >0,1<14,57 < N subject to
R(u — v)Ty (u)Ta(v) = Ta(v >T1< JR(u—v).

T(u) = (tij(“))1gz',j§zv’ tij(u) = dj + Zt(r I
r>0
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o Y(sly) :=Y(gly)/center.
@ Y (g) can be defined using R-matrix presentation for g classical type
e Y(g) is a Hopf algebra deformation of g[u]. tg) ~ Eiju'.

coproduct A : T'(u) = T'(u) @ T'(u), tij(u) — >k tin(u) @ tyi(u).
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Drinfeld presentation for Yangians

e Cartan matrix C' = (c¢;;) and Chevalley generators h;, e;, f;,i € I for g
o [Drinfeld'88] Y (g) is generated by k., 5., i € I, € N, subject to

2,77

[Ki,’r‘)ﬂj,s] = 07 [Hl 075 ] :l:C” 5,87 [ :_r7§]—7] = (51']'”7;,7‘-%87

["Ji,TJrlaé‘is] - [“i,r’ js+1] = icﬂ{“”’gﬁ}’
6540 65 — 168 ) = 2 2{eh. &5 ),
Sym [517“17[627“27" [zrn7 ]:l,:s]]]zov Z#]anzl_cij‘

. T + T - T
@ Rjr ~ hiu", §i77‘ ~r e, ffm« ~ fzu
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Isomorphism for two presentations

@ Gauss decomposition

1 D1 (u) 1 Elg(u) Elg(u)
T(u) = F21 (U) 1 D2 (u) 1 E23 (u)
F31 (’U,) F32 (u) 1 D3 (’U,) 1

o &(u) = > k>0 5;,rr“_r_1 = Eiip1(u—55).

o ki(u) = Zkzo Kigu "l =1—D;(u— %)_lDiH(u — %)

@ [Drinfeld'88, Brundan-Kleshchev'05] Isomorphism for type A
[Jing-Liu-Molev'18, Guay-Regelskis-Wendlandt'18] Isomorphism for type BCD
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Symmetric pair

@ 0 : involution on g.

o (g,a%) symmetric pair.

Al: (5[N750N)~ All: (5[2m75p2m)' Alll: (5[P+Q75[p@g[q)'

o Lift @ to involution § on g[u] by 0 : zu" — (—1)"0(z)u", x € g.
@ Twisted Yangian is a coideal subalgebra of Yangians as a deformation of g[u]é.
o [Olshanski'92]: Al, All  [Molev-Ragoucy'02]: Alll  [Guay-Regelskis'16]: BCD

@ Twisted Yangians provide solutions of reflection equations, which are crucial in
quantum integrable system with boundaries conditions [Sklyanin’'88].
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R-matrix presentation for twisted Yangian

e Y™ of type Al is the subalgebra of Y (sly) generated by sg),r >0,1<i,7<N,

S(u) :(sij(u)) =T (uw)T"(—u),
sij(u) =0;5 + Z sg)u*”

r>0

(r)

o Y™ of type Al is generated by 54 subject to

R(u —v)S1(u) R (—u — v)S2(v) = So(v) R (—u — v)S1 (u) R(u — v),
St(—u) = S(u) +

o Coideal: A: Y™ 1 Y(sly) @ Y,
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Construct a Drinfeld type presentation for twisted Yangians of split type.

@ Split type means that 0 is Chevalley involution w.
e Al=Split type A
@ [Brown'16] Drinfeld type presentation for twisted Yangians assoc. (sl3,503).
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Twisted current algebra

o w:e;— —fi, fi— —ei, hy — —h,.

eg=top t=g’ w,=-1

o Twisted current algebra glu]” = €@ pu @ €u? @ pu- - -
o g[u]” is generated by

tis = ((—1)3 — 1)hiu‘9, biy = ((—l)rfi — ei)uT, 1e€l,r,s €N,s odd.
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Drinfeld presentation for twisted Yangian

[Lu-Wang-Z'23] Let C' = (c;5)i,je1 be simply-laced Cartan matrix. Define C-algebra
Y = Y(C) with generators h; s, b;,, for i € I,7, s € N and relations

[hi,ra hj,s] = 07 hi,25 = 07 (]‘)
(hi1,bjr] = —2¢35bj r 41, (2)
1
(i1, 05.6] = [hir—1,0j12] = cij{hir—1,bjs41} + chj (hir—1,0js], (3)
Cij

[bi,rJrla bj,s] - [bi,ra bj,s+1] = 2] { 9,7 ] s} + 252]( ) hi,r+s+1a (4)
[b“n, b ] = 0 for Cij = 0, (5)

Symkl ko [bz ki [bz k27 7, T‘H = ( )k1+1[hi,k1+k2+la bj,r—l]’ for C’ij = -1 (6)
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Theorem (Lu-Wang-Z'23)

Let C be Cartan matrix for sly;. Then Y(C) is isomorphic to Y assoc. (sly,s0n).

@ Isomorphism between Y and Y uses Gauss decomposition.

bi(u) = Z bigu™""t i=Fyy1,(u— %) =FEiip1(—u-— 3)7
r>0

hi(u) = Zhiﬂ‘“_r_l =1 - D;(u— 3.)_117#1(“ - 3)

r>0



Twisted Yangian
00000e

Theorem (Lu-Wang-Z'23)

Let C be Cartan matrix for sly;. Then Y(C) is isomorphic to Y assoc. (sly,s0n).

@ Isomorphism between Y and Y uses Gauss decomposition.

bi(u) = Z bigu™""t i=Fyy1,(u— %) =FEiip1(—u-— 3)7
r>0

hi(u) = Zhiﬂ‘“_r_l =1 - D;(u— 3.)_117#1(“ - 3)

r>0
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Beyond type Al

o [Lu-Wang-Z'24] We have a formulation for Y of arbitrary split type.

o We expect that Y for split type BCD are isomorphic to twisted Yangians Y in
R-matrix presentation.

o New definition for twisted Yangians of split exceptional type EFG and affine twisted
Yangian.

@ [Lu-Z, forthcoming] Formulation for Y for quasi-split type
i.e. @ =worT, 7is Dynkin diagram involution.
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Affine quantum groups and iquantum groups

e g = g[t,t'] @ Cc untwisted affine Lie algebra
o Lift 0 to an involution § on § by 8 : 2tk s O(z)t =%, c s —c.
aé\) quarE;tion

Symmetric pairs (g, Quantum symmetric pairs (U, U")

[Letzter, Kolb]

e U is affine quantum group associated to g.

e U’ is a coideal subalgebra of U, called (affine) tquantum groups.
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e [Ming Lu-Wang'21, Z'22] Drinfeld type presentation for U* of split type.
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Applications

@ Shifted twisted Yangians and finite W -algebras of type BCD [Tappeiner-Topley'24]
— relation between shifted Yangian and finite W-algebra of type A is in
[Brundan-Kleshchev]

@ Construct characters for finite-dimensional modules of twisted Yangians
@ Quantum integrable systems with boundary conditions

@ Geometry construction
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