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The first step
Drinfeld-type presentation of the modular super Yangian Y.
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Restricted current superalgebra
» k: an algebraically closed field with char(k) =: p > 0;
> g: the current superalgebra gl ,[x] := glp, @ k[x];
{eijx":==e;j@x"r=0,1,2,...,i,j=1,...,m+ n}.

degejjx" = |i| + |j|.

Restricted Lie superalgebra
g is a restricted Lie superalgebra: for a € gl ,[x]g

> the p-map defined on the basis: (ax")lP} := alPlx".

The center of U(g)
Z(g) is freely generated by
» Harish-Chandra center:
{z- = e11x" + -+ eminminx"; r >0}

» the p-center:
{(eiJXr)p - 5iJeiJer; (i,j) 7& (17 1)7 rz 07 M + \J\ = 0}



RTT presentation of the modular Super Yangian Y/,

Super version

The super Yangian Y, , associated to gl , over C was defined by
Nazarov in 1991 (RTT-method).

Definition

The super Yangian Yp,,, is the associated superalgebra over k
with the generators {ti(g-); 1<i,j<m+ n,r>1} subject to the
following relations:

min(r,s)—1

tm — (1) kI §™ (t(t)t<r+s—1—t)_tl((r,+s—1—f>t’,(’tl))

(r)
[t kjti J
t=0

I7J )



RTT presentation of the modular Super Yangian Y/,

Super version

The super Yangian Y, associated to gl , over C was defined by
Nazarov in 1991 (RTT-method).

Definition
The super Yangian Yp,,, is the associated superalgebra over k

with the generators {ti(g-); 1<i,j<m+ n,r>1} subject to the
following relations:

min(r,s)—1
[f,(j)7 t(s)} — (1)l § (t&)t}fﬁs 1-t) t,gffs—l—“t}f,))
t=0
» the parity of t( ") is defined by |i| + [j| (mod 2), and |i| =0 if
1</<mandH—1|fm</<m+n

> Set tl((J)) = (5,'J'
» The left side is super Lie-bracket.



Equivalent defining relations

The formal power series: t;j(u) := 3, t,(,j) "€ Ypnllu~ 1.

T(u):= (tf,j(”)) 1<ij<m+n’



Equivalent defining relations

The formal power series: t;j(u) := 3, t,-(j-)u_r € Ym|,,[[u_1]].

T(u) := (t,- '(”))1§u§m+n‘
Equivalent Expression

(_1)|f||j|+\f||k\+|f||k|
[tij(u), tei(v)] = =) (tij(u)tis(v) — ticj(v)ti i (v)).

R(u—v)T1(u) To(v) = Ta(v)) Ti(v)R(u — v)



Loop filtration

degt,-(;-) = r — 1 is to define the loop filtration on Yy, , such that

Ym\n = U Fer\n-
r>0



Loop filtration

degt,-(;-) = r — 1 is to define the loop filtration on Yy, , such that

Ym\n = U Frym\n-
r>0

Lemma
The assignment t,-(;) s (—1)lle; ;x"1 gives rise to the following
isomorphism of graded superalgebras

gr Ym|n = U(g)
? <> the center of U(g)



Loop filtration

degt,-(;-) = r — 1 is to define the loop filtration on Yy, , such that

Ym\n = U Frym\n-
r>0

Lemma
The assignment t,-(;) s (—1)lle; ;x"1 gives rise to the following
isomorphism of graded superalgebras

gr Ym|n = U(g)
? <> the center of U(g)

Drinfeld presentation of the modular Super Yangian Y, ,.
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Quasideterminant

Definition
Let A be an n x n matrix over a ring with 1. If the matrix AY is
invertible, then the jj-th quasideterminant of A is defined by

a]_]_ o e a]_j o .. a17n

: [ piy=1 i
Al = a; —r/(AY) g =] an -+ [aj] -+ ain
anl PR anj o« e an’n.

Note that the leading minors of the generator matrix T(u) of Ymin
are always invertible.



Gauss decomposition

The matrix T(u) possesses a Gauss decomposition
T(u) = F(u)D(v)E(u)

for unique matrices

dy(u) 0 s 0 1 e 2(v) e1,m+n(u)
0 dy(u) - 0 0 1 s e myn(u)
D(u) = : : . : i E(u) = .
0 0 e dmn(w) 0 0 . 1
1 0 0
fa,1(u) 1 0
F(u) =

fm+n,1(") fm+n,2(”) e 1



Continued.

ty,1(u) t1,i—1(u) ty i (u)
Gw=| : : :
tioga(u) o tiogioa(u) tioqi(w)
t;,1(u) e tii—1(u) ti,i(u)
ty,1(u) ty,i—1(u) ty j(u)

ti—l‘,l(”) tr’—l,i.—l(”) ti—l. () 7

ti1(u) tij—1(u)
tra(u) oo ty,i—1(u) t1,i(u)

faw=| : : di(u) L.

EERTC) R Y ) B ()

ga(w) o gima(u)



Drinfeld-type presentation

We use the following notation for the coefficients:

— Z d,-(r)u_r; (di(u))™t = Z d;(r)u_

r>0 r>0
e j(v) = Z e,-(:,-)vfr; Z f(r) -
r>1 r>1

Let ej(u) = ¢ jy1(u), fi(v) := fi11(v) for short.
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Drinfeld-type presentation

We use the following notation for the coefficients:

— Z d,-(r)u_r; (di(u))™t = Z d;(r)u_

r>0 r>0
e j(v) = Z e,-(:,-)vfr; Z f(r) -
r>1 r>1

Let ej(u) = ¢ jy1(u), fi(v) := fi11(v) for short.

e = (DI Mlef] 1, g0 7 = (1P £ )

1J

Theorem  (Chang-Hu, J. Lond Math. Soc. 2023)

The Yangian Y, , is generated by the elements

{d(r) d; 1<i<m+nr>1}and

{ej f(r) 1<j<m+n—1r> 1} subject only to the following
relatlons



Drinfeld-type presentation

r—1
(67, {71 = (1)1 (05 = 87,52) 30 Vel 1 £ = (1) 65 = 840) D0 AT
t=0

[ef’); C'(S)] — _(_1)\i+1\5l_j > dl_/(t)dl_(rlrsflft); [ef’), ej(s)] 0= [f:( )Y ,;( )] iFli—j > 1;
[J(r+1 s) ] - [ (5+1 1=(- 1)U+1|5}r)e}f1? [G(Hrl ] [J r) (s+1)] (_1)|j+1\ f,‘(i)l’}(r)?
s—1 r—1
[E/(r)7 ej(s) \J+1\ E EJ(r res—1—t E o0 .r+s 1— t));
t=1 t=1
o .
[C'(r)’ 6'(5)] _ (71)\1+1\(t 1 C( Jr+s 1—t Z C f(r+s 9).
[[e,- ve}s)] M+ ne ,e“ 1. =0,
cubic Serre relations for |i — j| =1: [[f ; 6(5)17 7;(: 1+ [[f , Ct I ’;s)] =0,
(e, e e =0 15, £, £ =0

Super phenomenon:

[[ (r) (1)] [e(l) -531]] —o0 [[fit)l’ fi(l)]’ [fi(l)‘ fl(jl” —o.
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The center of Y,

» To describe Harish-Chandra center of Y,
Thanks to quantum Berezinian (defined by Nazarov) of T(u):

c(u) = di(u)da(u—1)- - -dm(u — m+ 1) Xdpi1(u — m+ 1)71dm+n' c(u—m+ n)71 =1+ Z Ny,
r>1

The elements {c("); r > 1} are central. Furthermore, we have
that ¢(") has degree r — 1 with respect to the loop filtration and
gr, ¢ =z _1 € U(g). Hence, c(M, c(?, .. are algebraically
independent.



The center of Y,

» To describe Harish-Chandra center of Y,
Thanks to quantum Berezinian (defined by Nazarov) of T(u):

c(u) = di(u)da(u—1)- - -dm(u — m+ 1) Xdpi1(u — m+ 1)71dm+n' c(u—m+ n)71 =1+ Z Ny,
r>1

The elements {c("); r > 1} are central. Furthermore, we have
that ¢(") has degree r — 1 with respect to the loop filtration and
gr, ¢ =z _1 € U(g). Hence, c(M, c(?, .. are algebraically
independent.

» To describe the diagonal p-central elements of Y,

bi(u): = { di(u)dj(u —1)-- - di(u — p+1)

— (r),,—r.
G lau =) —p+ 1) = 2o b

(rp)

The elements b; "’ satisfy

(rp) r—1 rp—
grrp_p bi = (e,-’,-x )p — € iX p=p,

)



The center of Y,

> To describe the off-diagonal p-central elements of Y,
A consecutive application of the swap map and the
anti-automorphism between the modular super Yangians, make us
obtain that all coefficients e( ") and f( ) in the power series
(eij(u))P and (f; i(u))P, respectlvely, beIong to Z(Ypm|n)-
Then we define the p-centre Z,(Yomn) of Yy, to be the
subalgebra generated by

{6, 1§i§m+n,r>0}U{(el(rj))p,(G(";,))P; 1<i<j<m+nr>0li+ll :0}.



The center of Y,

> To describe the off-diagonal p-central elements of Y,

A consecutive application of the swap map and the
anti-automorphism between the modular super Yangians, make us
obtain that all coefficients ei(r-) and G(I-r) in the power series
(eij(u))P and (f; i(u))P, respectively, belong to Z(Ymin)-
Then we define the p-centre Z,(Yomn) of Yy, to be the
subalgebra generated by

{6, 1§i§m+n,r>0}U{(el(rj))p,(G(";,))P; 1<i<j<m+nr>0li+ll :0}.

» To describe Zuc(Yomn) N Zp(Yom|n)

be(u) = by(u)bo(u — 1) - bpn(u — m+ 1)byy1(u — m+1) - - byp(u — m+ n)
=c)e(u—1)---clu—p+1) =359 be(Du—r.

then we prove that bc(") € Zuc(Ymin) 0 Zp(Yinin)-



The center of Y,

Theorem  (Chang-Hu,J. Lond Math. Soc. 2023)

The centre Z(Y},,) is generated by Zuyc(Ypmn) and Zp(Yp|n)-
Moreover:

L. Zuc(Yomn) is the free polynomial algebra generated by
{c; r>o0};
2. Zy(Yimn) is the free polynomial algebra generated by

(6P 1< i <mtn >0 0 ()P (D 1< i< <mtnr >0, + i = 0%

3. Z(Ypm|n) is the free polynomial algebra generated by

(P, 2 < i <mtn,r > 0h U ()P, (FD)P 1< i< i< mtn,r >0, i + 1| = 0};

4. Zuc(Ymn) N Zp(Ym|n) is the free polynomial algebra
generated by {bc("P); r > 0}.
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The special super Yangian SYp,,

We define the special super Yangian associated to the special linear
Lie superalgebra sl , as the following subalgebra of Y,

SYomin == AX € Y pr(x) = x forall f(u) € 1+ v Kk[[u™]]}

e For any power series f(u) € 1+ u~ k[[u1]], there is an
automorphism pif 1 Y, — Y|, defined by

pe(T(u)) = f(u) T(v).



The special super Yangian SY/,,: presentation

Theorem  (Chang-Hu, J. Lond Math. Soc. 2023)

The algebra Sle,7 is generated by the elements

{h(r),elgr),f[(r); 1<i<m+n,r>0}

i

subject only to the following relations:

[0, 4] = 0, [, 7] = (—p)liF+1i 5 s,

i

W, e =0 =", £ if)i—jl > 1,
[0, e = W2y, ] = (=) TTHD, ),
(W 5] = [, 9] = (—)l A0
(r+1) (s r (=)t (B R i £ m,
(HD (9] _ [5), o) { (17 (W) + PHD) it
oo o "o ifi=m,

(K0, (5HD] _ D 9] { —(=1" (FORD 1+ W06 it £ m,

0 ifi =m,

(A ] = [, o] = (1) enl),
[ (0] = D £ = (D)l A £,



The p-center of SY,,,

» Define
3i(u) = Xm0 u™ = hi(u)hi(u — 1) hi(u — p+ 1),

Define the p-center ZP(SYm|,,) to be the subalgebra generated by

(@1 <i<manr>opu{ (NP ()P 1<i<j<mtnr>0lil+i| =0}



The p-center of SY,,,

» Define
3i(u) = Xm0 u™ = hi(u)hi(u — 1) hi(u — p+ 1),

Define the p-center ZP(SYm|,,) to be the subalgebra generated by

(@1 <i<manr>opu{ (NP ()P 1<i<j<mtnr>0lil+i| =0}

g’: the current superalgebra associated to Slm|n-
Theorem  (Chang-Hu, J. Lond Math. Soc. 2023)
> grZp(SYpmjn) = Zp(g');
> If pf (m— n), then Z,(SY ) = Z(SYomn)-



Another presentation over chark # 2
The new presentation of Y(sl,) given by Drinfeld in 1987 is
associated to the Cartan matrix.

1. For ¢ € k, there is an automorphism nc : Y, = Y
defined from
ne(tij(0) = tij(u— o), ie. ne(t)) = S, (Zh)erstl?),
2. Define h""*71 .= —(—1)lil S2rEs=t g/ glris=179),
3. Define ki, &y fori=1,...,m+n—1ands>0:

ki(u) = Z"%SL’?S?I = (_1)"‘| + 77(—1)\fl(i—m)/2(hi(”))»

Zﬁ* T = iy a(8i(1)),
s>0
Zf_ o —)lil(i—m) 2(f( ))

s>0



Another presentation of the modular super Yangian

Proposition (Chang-Hu, J. Lond Math. Soc. 2023)
The Yangian SY},, is generated by the elements

{n;,s,gi; 1 <i< m+ n,;s >0} subject only to the following
relations:

[sie i) =0, 67,67 = (DTS ey ey [mi0 €8] = £(-0) s e,

[n,-’,,5f5+1} — [Kist1s gﬁ,} =4+ '2’1 (K,.’,gji; + Efsn,-,,), for i, j not both m,
[sme €50 =0, [ ef ) =0 [¢f eh] =0 1i-jI> 1
ajj P
(67 &) = (600 615 = 220567 + €65%), forivjnot both m

[ (65 651] + [65 [ 5] =oifli—il =1 [[63_1, €mols [€mos 6, 1] = 0.



Another description of the p-center of Y,
For |i| + |j| = 0, we define

Lemma
All of the elements s,-(L:-) belong to the p-center Zy( Yy ).

Theorem  (Chang-Hu, J. Lond Math. Soc. 2023)

The p-center Z,(Ypn) is freely generated by

(s 1<ij<m+nr>0,il+ | =0}



To do in the future
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W-algebras. Adv. Math. 200 (2006), 136-195.

@ . Peng, Parabolic presentations of the super Yangian
Y(glpn)- Commun. Math. Phys. 307 (2011), 229-259.
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