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Quantum affine sl,

o 1, is the cyclic quiver with n vertices {0,1,2,...,n—1}
° Uq(sA[,,) is generated by K;, E; and F; for i € T

@ the relations are

KiK; = KK, KE K™ = glori)E; KiFiK ™t = g (e F,

Ki— Kt
Ei Fl =6y,
[ J] J q— q_1
by by
2(—1% [b"f} EFEE" =0 2(—1% {b’f] FFRFY =0
k [ et} - k [ -
k=0 q k=0 q

where b =1 — aj

@ Drinfeld-Jimbo coproduct

AK) =K @K, AE)=Eo1+K'®E, AF)=F®K +1%F;,
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Quantum affine sl,: Drinfeld presentation/coproduct

o | is the linear quiver with n — 1 vertices {1,2,...,n— 1}

° Uq(s:\[,,) is generated by KX[+m], E;[k] and F;[k] for m € Zso, k € Z, i € I,
and the central element g=2°¢

o Consider currents
KE(z) = Y KEEmIZF XE(2) = 3 XE Kz

some relations

Drinfeld coproduct

A(K*(2)) =K (5 22) @ Ki(cf 22),
A(Ei(2)) =Ei(ez) ® K (2) + 1 E(2),
A(Fi(2) =Fi(2) @1+ K (2) ® Fi(c2),
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Vertex operators for Uy(sl,)

Fo, F1,...,F,_1 — integrable, level 1 representations of Uq(sA[,,). Intertwining
operators
®: Fipy = C'u™ @ F; V: Fip— FoCu™] (1)
" C"u™ @ F — Fi V*: F @ Cu] = Fi (2)
Denote
O [k]w =0* (u*v. @ w) Vi klw =V (w @ u*v,) (3)

fore =0,...n—1 and k € Z. Denote

®(z) =) ®r[klz Vi(z) =) Wi[klz (4)
k k

Proposition

o Vertex operators are exponentials of Heisenberg for Drinfeld coproduct

o Vertex operators are NOT necessarily exponentials of Heisenberg for
Drinfeld-Jimbo coproduct
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Deformed W-algebras

Consider parameters

qi =q d G =q g3 =q 'd! (5)

Theorem (M. Bershtein, G)

The following formula gives an action of Wy, 4,(sl,) on F;

1,42
Ti(z) =) uVi(dz)®i(2)
for both Drinfeld-Jimbo and Drindelf coproduct

© Wy, q.(sl,) is presented by currents T1(z),..., Th—1(2)
@ T, is obtained using vertex operators for A*(C")
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Quantum toroidal gl;

@ Ug, ¢.(8ly) is a Hopf algebra, depends on parameters g; and ¢»
e generated by P, for (a, b) € Z?\{(0,0)} and central elements c and ¢’
@ analogue of PBW-theorem holds for P, , ¢, ¢’

o there are surjections Uy, 4,(al;) = Wa, .02 (01,)
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Fock module

o Heisenberg algebra [hy, hj] = kdkt1,0
@ F is the Fock module for hy

Ugs 42 (gl1) acts on F, the action is determined by
(] P07k —> #hk
@ Py o are Macdonald operators
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Fock module

Consider formal power series of operators E(z)
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Fock module and Chevalley generators

P1,p, Pop and P_;  form another set of generators

Theorem (B. Feign, K. H Hashizume, A. Hoshino, J. Shiraishi,

S. Yanagida)

The following formulas determine the action of Uy, 4,(gl;)
1/2 /
g, =1 Po,p — #hp (6)
E(z) = Z Pl,bz*b — u#t exp Z#hkz*k : (7)
k40
F(z) = Z P_17bz_b > uT 4 cexp Z Hhz k| (8)
k40

Denote the optained representation by F,
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Twisted representation F°

) §Z2(Z) ~ Uq1,qz (9"[1)

o let M be a representation of U, q.(gl;) and o € §L§(Z)

o we get M?; we call it representation M twisted by o.

e o @ o

n
/
/

Rrother  Meisenbey !

Q1n 9 ebye
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The construction

Recall
a1 =q 'd @ =q° g3 =q 'd! (9)

Let ®i(2), D2(2), V;(z), Ui (z) be Uq(a[) vertex operators for Drinfeld-Jimbo
comultiplication

Theorem (M. Bershtein, G)

The formulas below define an action Uy, 4,(aly) ~ Fi
EM(2)= ) #V;(d2)®s(2) (10)
a—b=n’
F¥(z)= ) #%5(d'2)Vy(2) (11)
a—b=—n’

e for ged(n’, n) = 1 we obtain twisted Fock
@ n’ = 0 corresponds to the tensor product of Fock modules

Roman Gonin Cardiff University Vertex operators of affine quantum groups vs BIMSARTISART-2024 11/14



Deformed semi-infinite construction

o let Ay be the affine Hecke algebra for gl
Uq(gA[n) ~ (Cn[zf[l] ® (C"[z,\j,d] A~ Ay
o let e_ be the deformed antisymmetrizer
/\2’ C'z) =e_ ((C"[zlil] ®® (C"[z,\j,ﬂ])

o the action of Hy can be extended to an action of double affine Hecke algebra
Hn
@ we get from the above

Uq(g[,,) N /\2’ C"[z] ~ e_Hpe
o taking the limit N — oo ([KMS, LT] and [BG])

Ug(al,) ~ AG C"[z5Y A Ugy a0 (aly)
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Toroidal gl,,

Let ®;(2), ®:(2), V(z2), Ui (z) be Uq(a[n)—vertex operators for Drinfeld
compultiplication

Proposition (Ding, lohara)

The following formulas determine the action of Uq(gA[,,)

Ei(z) = #0,_1(2)V: (2) (12)
Fi(z) = #®:(2)®]_4(2) (13)

v,

Proposition (G)
The action can be promoted to the action of Uy, 4, (al,)

Eo(2) = #0,_1(d"2)¥3(2) (14)
Fo(z) = #®o(2)®;,_1(d"2) (15)

v,
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Thank you for your attention!
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