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A short overview of the topic

Main examples: Painlevé equations.

e Problem: define new functions by an ODE of the mt" order with properties that generalize

those of elliptic functions. | 1 [ ]
e Painlevé property: the general solution of an ODE has no critical movable points.
e m = 2: six classes defining the Painlevé transcendents. [ 1 [ ]

» Painlevé equations being one of the important objects in mathematics and mathematical

physics have various non-commutative (NC) analogs: quantum [ 1
matrix differential [ ], NC "differential" [ 1.
matrix difference | B
NC difference |

» Some of them are connected with integrable non-abelian PDEs [ ]
and PAEs [ ], Riemann-Hilbert problem [ ], orthogonal

polynomials [ ], Calogero systems | ], and etc.
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» In the commutative case, discrete Painlevé equations have been studied in a series of papers
by B. Gramaticos and A. Ramani since 1990s, but without understanding the whole picture.
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» An application of the affine Weyl groups to discrete Painlevé equations.

( I [ ]

» Symmetries of the Hamiltonian matrix Painlevé equations. [ ]
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Our goals & results

Global goal

» Generalize Sakai's approach to the non-commutative case in order to obtain a full
classification of NC versions for the discrete Painlevé equations.

Local goal

» Generalize Noumi-Yamada's approach to the non-commutative case in order to obtain
NC versions of the d-Painlevé equations.

Results
» Extended representations of the affine Weyl groups W and NC discrete systems.
» NC analogs for the d-Painlevé equations obtained by using extended representations of W.
Note that the commutative degeneration scheme holds in the NC case.

» NC dressing chains in the Noumi-Yamada variables:
P> Lax pairs,
» Bicklund transformations,
» a description of the related discrete dynamics.



A NC version of the d-P(E7)



NC setting

» Consider an associative unital division ring R over the field C equipped with a derivation.

» \We assume that all greek letters belong to the field C, while the elements f; are from R.
We will often call f; as functions.

» The derivation d; : R — R of the ring R is a C-linear map satisfying the Leibniz rule.
We also assume that there is a central element t such that d:(t) =1 and for any ae € C
we have d¢(a) = 0. Here and below we identify the unit of the field with the unit of the ring.

> For the brevity we denote di(f;) = f;, d?(f;) = f;, and so on.
» Note that we have an involution on R called the transposition 7, which acts trivially on the

generators of R and for any elements F, G € R we have 7(F G) = 7(G) 7(F).
This involution can be naturally extended to the matrices over R.

Remark. We would rather not specify the generators of the ring R in order to avoid
an overloaded description of a skew field (see [ ]). Instead, we encourage to think of
the ring R as a generalization of rational functions over C to a non-commutative case.



The

equation (1)

» Consider the P> system [ ] (see also [ D
{ § = —¢>+p-3t,
p = qp+pg+oa.
» Here we can assume that t is also an element of R such that t = 1.
> let g+ a1 =1and f:=—p+2¢g2+t.
» Its Bicklund transformations are given below (cf. with [
H Qg ay q p t
so —ag a1 + 2ag q— oo 1 p—200qf 1 —2a0f~1q + 2a0f 2 t
s1 ao + 201 —aq q+o1p?t p t
T ai ap —q —p+2¢°+t t
» These elements form an extended affine Weyl group of type A(ll):
W(AP) = (so,51:7), "
2 =1, 72 =1, i€y

TS| = Si11T,



The P, equation (2)

H Qg ay ‘ q p t
so —ag a1 + 2ag q— oo T p—200qf~1 —2a0f1q + 2a0f 2 t
s1 ag + 20 —aiy q+aip?t p t
T ai o —q —p+2¢°+t¢ t

» Consider the translation operator T = sym. It acts on the parameters according to the
formula below and forms a lattice on a line:

T(Oéo, al) = (ao -1, a1 + 1). (2)
» The g and p variables change as follows

g=si1m(q) =—s1(q) = —q—a1p ', p=sim(p)=s1(—p+2¢°+t)=—p+2§ +1t.
» So, we obtain the system for T(q) =g, T(p) =p

ap = ap — 1, ay =ai+1,
_ > _ P d-P(E7)
g+q=—aip ", ptp=t+2g".

» It generalizes to the non-commutative case the d-P(E7) equation from [ 1 (p. 206).

» It reduces to the following second-order difference equation for T"(q) = gn:

1,0 (Gnit +qn) o1 (Gn +goo1) Tt = =22 —t, a1, =a1+n alt-d-P;



The system: a Lax pair

Qo =ap —1, ay = ag + 1,

G+qg=—a1p?, Bp+p=t+25.

» One may also consider the corresponding non-commutative discrete linear problem

Y =AY,

. ®3)
Y =BY.

» A Lax pair for the is given by
1 0 0 1 -p+ it -
A= 22 4 A PT2 ©)
0 -1 2p 0 2pq+20a p— 3t
-2 0 -2 -1
B = PO :
0 o0 —2p 0

where t, A € Z(R).
» Note that the compatibility condition is satisfied, since the commutator [p, q] is invariant
under the map

ViR =R (q,p)—(3,5) = (—p+t+2¢°, —gq—a1(—p+t+2¢°)"").  (4)

» Once t € R, the commutator [p, g] is no longer a conserved quantity.



The system: a continuous limit

Qo =ap —1, ay = ag + 1,

G+qg=—a1p?, Bp+p=t+25.

Remark. One may consider a non-commutative analog for the continuous limit as follows.
For the simplicity, suppose that we have a difference equation for the functions f,. One can take
the change of variables with the commutative parameter &

z=¢n (5)
supplemented by the maps
fo=F, fork = F + keF + 1k*2F + O(£3). (6)

The latter must be chosen in such a way that the limit ¢ — 0 exists.

» By using the formulas
q:1+£2Q7%53P, p272+2€2Q+%53P, t:76+%547—, a1:4+%54T,

the has the Py system in the limit ¢ — 0O:

q = p
P1
{ p = 6g2+t.



The system: a Hamiltonian form

a0 =agp —1, a1y =ag +1,
G+qg=—a1p?, Bp+p=t+25.
Remark. Here we use non-commutative partial derivatives introduced in [ ]

Let f = f(q, p) € R. lts non-commutative derivatives Oqf, Opf are defined by the identity

df = df dq + Opf dp, @)

where it is assumed that additional non-commutative symbols dq, dp are moved to the right by
cyclic permutations of generators in monomials.

>

Similar to [ ], we call a difference discrete system Hamiltonian if there exists an
element H = H(q, p) € R such that the system can be rewritten in the form
PZaqH’ (_7:8,3H (8)

For the system, a Hamiltonian is H = —qp + tq + %q3 — a1 In p, where for the
element In f we define the right logarithmic derivative by di(Inf) := f~1 1.
(cf. with [ D
Then, the non-commutative derivatives are

dqH = —p+2¢° +t, OH=—q—a1p ", oH=q (9)

and (8) is equivalent to the system.



Affine Weyl groups and NC discrete systems



Affine Weyl groups W/

» Let us fix a generalized Cartan matrix C = (¢j), where i,j € | :={0,1,...,n}.
» Sets A ={ao,...,an}, AV ={ay,...,a)} correspond to simple roots and simple co-roots.
» Denote by @ = Q(C) and QY = QV(C) the root and co-root lattices.
The pairing (-,-) : @ x Q¥ — Z is defined by (aj, o)) = c; and aY = 2a;/(aj, o).
» Denote by W = W(C) the Weyl group (or the Coxeter group) defined by generators s;, i € I:
W(C) = (so,s1,...,51| 5% =1, (si5))™ = 1), (10)
where the exponents are determined by the value of the product cjcj; as below
Cij Gji H 0 1 2 3 2 4
mi; H 2 3 4 6 o0

» These generators act naturally on Q by reflections

S,'(Ocj) = o — (a,-,a}/) Qj = aj — Cj Q. (11)

» Each sj-action on Q induces an automorphism of the field C() of rational functions in «;.
Hence, C(a) is a left W-module.
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» Each sj-action on Q induces an automorphism of the field C() of rational functions in «;.
Hence, C(a) is a left W-module.

» Recall that one of the important properties of the affine Weyl groups is that they have
translations, also known as Kac translations. Let Wy be a finite Weyl group, § = Zie/ ki o

be the null root and Vo = {p € V | (u,6V) = 0}. For an element u € Vg such that
(p, V) # 0 we define a translation element t,, € W by the formula

ty = Ss—p S (12)

and suppose that w t, = t,,(,) w for any w € W.



Extended representations of W & NC discrete dynamics

» The Kac translation acts on simple affine roots as follows
tu(a) = a— (u, ) § = & — pad. (13)

» It is known that the affine Weyl group is decomposed into a semi-direct product of
translations in the lattice part M and the finite Weyl group Wp acting on M, i.e.
W = M x Wp. The lattice part M acts on C(a) as a shift operator, thanks to (13).



Extended representations of W & NC discrete dynamics

» The Kac translation acts on simple affine roots as follows
tu(a) = a— (u, ) § = & — pad. (13)

» It is known that the affine Weyl group is decomposed into a semi-direct product of
translations in the lattice part M and the finite Weyl group Wp acting on M, i.e.
W = M x Wp. The lattice part M acts on C(a) as a shift operator, thanks to (13).
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» We propose an extension of the representation of W on C(«) to the skew field C(c, f) of
rational functions in ; and elements f;, i € /. One needs to specify the action of s; on f; in
such a way that the automorphisms s; on C(«, f) preserve the Weyl group structure.



Extended representations of W & NC discrete dynamics

» The Kac translation acts on simple affine roots as follows
tu(a) = a— (u, ) § = & — pad. (13)

» It is known that the affine Weyl group is decomposed into a semi-direct product of
translations in the lattice part M and the finite Weyl group Wp acting on M, i.e.
W = M x Wp. The lattice part M acts on C(a) as a shift operator, thanks to (13).

» Consider the set of elements f; € R, i € I, which we will often call functions or variables.

» We propose an extension of the representation of W on C(«) to the skew field C(c, f) of
rational functions in ; and elements f;, i € /. One needs to specify the action of s; on f; in
such a way that the automorphisms s; on C(«, f) preserve the Weyl group structure.

Remark 1. Such classes of representations arise naturally from Backlund transformations of
the differential Painlevé equations (e.g., see the review | D-

» For each 1 € M we define a set of elements F, j(c, f) € C(c, f) by
tu(fi) = Fp,i(e, f). (14)

This set can be considered as a non-commutative discrete dynamical system.

Remark 2. Sometimes it is necessary to work with an extended Weyl group W. A similar
description of the discrete dynamics can be given for W as well.



NC d-Painlevé equations: from “continuous” to discrete

>

»

Thanks to the paper | ], we know that matrix Hamiltonian Painlevé
systems of all types have Backlund transformations forming an affine Weyl group structure.

We have reconstructed all the generators for the extended affine Weyl groups corresponding
to the NC Hamiltonian systems obtained in [

By using the translation operators similar to those presented in the papers [ ]
or [ ]. we have obtained a list of non-commutative discrete systems.

They might be regarded as non-commutative analogs for the d-Painlevé systems.

Note that they are connected by the degeneration procedure as follows

d-P(Ds)/ _— d—P(De) _— d-P(D7)
d-P(Es) —> d-P(E;)
~a 7

d-P(Ds)

d-P(Ds)

Remark. The d-P(Es) and d-P(Ds) systems have a continuous limit to the P> system and its
another non-equivalent version, respectively. The latter is a subcase of the system derived

in [

] and labeled by P2.



NC dressing chains and related discrete systems



NC dressing chains

Remark. The commutative dressing chain was introduced in [ ] Itis
related to the Painlevé equations | ] and arises from a generalisation of the symmetries
for the P4 and Ps systems [ ]. Quantum dressing chain might be found
in [ ]. Here we do not (!) assume any relations for the elements f;.

> Letj € Z/(n +1)z Consider the systems for n =2/ and n =2/ + 1, | € Z>, respectively

p
6’ = § f:/ 6’+2r71 - § fj+2r 6 + aj; A(l)
1<r<i 1<r<i 2/
L
stfi= fi firar—1 fitos — E fivar fiyasi1 fj
1<r<s<! 1<r<s<I
(1)
2111
1
+ (5 - 0‘1‘+2r)’3‘+0‘j > fivar.
1<r<i 1<r<i
\ J

» We will cal them A(nl), n > 2 type systems or dressing chains in the Noumi-Yamada variables.

» These systems admit Lax pairs.



Lax pairs

» Let W = W(A, t) € Mats1(R), A € Z(R) satisfy the linear system

AV t) = AN )V(A L),
{ V(N t) = B )V(AL), (15)
where matrices A = A(A, t) and B = B(\, t) belong to Mat,;1(R) and have the form
A) = Ao+ A1 A7 B(A) = B1 A + Bo. (16)

» Consider the matrices expressed in terms of the standard unit matrices E; s € Mat,11(C) as

Ao = E1n+foE1nt1+ E2pt1, A-1= Z Br Err + Z frEri1,r + Z Eria,r,
1<r<n+1 1<r<n 1<r<n—1

Bi=Ein1, Bo= Y 2E,+ Y Eqin
1<r<n+1 1<r<n

> Let ap=1+Bnt1—F1, o =B — Bjs1, jEZ/(n+1)Z\{O}.



Lax pairs

» Let W = W(A, t) € Mats1(R), A € Z(R) satisfy the linear system

AV t) = AN V(A T),
{ V(N t) = B )V(AL), (15)
where matrices A = A(A, t) and B = B(\, t) belong to Mat,;1(R) and have the form
AN =Ao+A 1A B(A) = B1 A+ Bo. (16)

» Consider the matrices expressed in terms of the standard unit matrices E; s € Mat,11(C) as

Ao = E1n+foE1nt1+ E2pt1, A-1= Z Br Err + Z frEri1,r + Z Eria,r,

1<r<n+1 1<r<n 1<r<n—1
Bl - El,n+17 BO - g 8r Er,r + g Er+1,r-
1<r<n+1 1<r<n

> Llet oo =14 Bny1—PB1, of =pF — Bjt1, J'GZ/(n+1)Z\{0}-

Theorem. [ ] There exists a set of the g-functions such that the compati-

bility condition of system (15) is equivalent to either the or system.

» For the , we have gj = — >, fi+2r, where indexes belong to Z/(n + 1)z



Backlund transformations and NC discrete dynamics

» Let the Cartan matrix C be of type Aﬁl), n>2and / ={0,1,...,n}.

P> Let us set
si(a) = —a, si(o) = o+ o (j=ix1), si(aj) = (j#ix1),
si(f) = f;, s(f)=fitaift  (=itl) s(f)=1f G#i%l),
(o)) = @1, () = fi+1, i€¥ny1z
Theorem. [ ] Transformations given above are Bicklund transformations
of the and systems. Moreover, they define a birational representation of the

extended affine Weyl group of type Ag,l), n>2.




Backlund transformations and NC discrete dynamics

» Let the Cartan matrix C be of type A(l), n>2and I ={0,1,...,n}.

P> Let us set
si(ej) = —ai, si(oy) = aj +aj (=ix1), si(oj) =y (J#iE1),
s(f) = £, s(f)=ftaift (=it1), s(f)=f (#i%1),
m(ay) = @ja, w(f) = i€t ninz
Theorem. [ ] Transformations given above are Bicklund transformations
of the and systems. Moreover, they define a birational representation of the

extended affine Weyl group of type Ag,l), n>2.

» Note that the shift operators are given by

Ty =7spsSp—1..-51, T2=s17sp...%, ..., Tpy1=57...5 7. (17)

» They satisfy the relation T3 T ... Tpy1 = 1.
» Thus, any n of them form a basis for the lattice and we can define a discrete system.

Remark. Cases n =2 and n = 3 correspond to the P4 and Ps equations and discrete systems
labeled by d-P(Es) and d-P(Ds) respectively. For n = 1 one needs to consider the P» system.



Further questions



Further questions

A study of the NC d-Painlevé equations
» We expect that these equations admit Lax pairs and have a Hamiltonian form.
» We also expect that they have a continuous limit to known NC "differential" Painlevé

systems obtained in [ ]-

» Commutative d- and differential Painlevé equations are related to the orthogonal
polynomials | ]. Orthogonal polynomials have a non-commutative analog
(see [ 1)- We assume that our equations are connected with them.

Other discrete Painlevé equations
» Our method can be applied to the g-discrete Painlevé equations.
» In particular, one may define a NC version of the g-Pg equation which generalizes the matrix
equation obtained in | ] to the purely non-commutative case.

» What about a non-commutative ell-discrete Painlevé equation?
(see also [ D

NC geometry related to Painlevé equations
» What is the Okamoto space of initial data of NC "differential" Painlevé equations?
» We would like to generalize the method of Painlevé equations’ classification introduced in
Sakai's paper [ ]. Recent developments might be found in [ l-

Cluster algebras and discrete Painlevé equations
» It is known that discrete Painlevé equations are connected with cluster algebras (see,
eg. | ). Might we have the same connection in a NC case?



Many thanks!
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