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$1 . 1 . Chevalley group schemes.

· Gy
.

connected reductive
group /D . (or any E =E ).

· TCB
., X = HouCT , C

*
)

, Y = Hou(d*, T) .

· I : the set of simple roofs.

Example : SL(k) ,
B : [ * ]

.,
T : [i].



· Chevalley (1955) constructed a chevalley group scheme. GG
.

associated to the roof datum.

·Kostant's -form . (1966) -> another construction of G2.

· Lustig (2009) gives another construction of Gh using his

theory of canonical bases
.

-
We shall recall.



Example : stain
.

=

Spec (h[Xn , Xi , X2 , Xan] /det = 1 1.

↑
we will construct this.

922
, 77 : Rings

-> Groups.
&

R1-+ Sla(K) = How (GEX , X12 , X21 ,
X22/dete < R

↑
we will construct this



G fu> roof datum
. (X ,Y ,

I
,

<
,

>
.-

-

m universal enveloping al uys over I : sei , fishi/S

quantization = Uq
-

9
vantum

group equy) over K(g) :
< Ei , Fi . kn2Y·

· Ug is a non-cocommutative Hopf algebra.

(A : Ug-> UgQUg) .



Example : · G =SL(K). Ug= <E ,
F

,
kn > nEI

2

Ozu

Kn · km = Kntm ,
Kn'E = fEKn,

-an

EF-FE= kuF :EF

· G= PG(z(K) UFCE .
F , KnT neG

,

⑧
knE = gEKn .. ---



Quantum groups recover the classical theory with more information
=

E=1"
enveloping my eg). -------- quantum group Ugly).

↑. J A= 2 58 .
]

.

8 = 1

Kostant's z-form pop)· - Lustig's A-form Ally

I ! z =j
↓
Ok.

8 = 1

Alg . of distributions. Elly)7 Agat roofs of 1.
#

envelopingaly if charts +0.

8= 1
,

canonical bases. - * canonical bases
.



ig : the modified form of Ug (1 = 1x
= Lig)-

A B : the canonical basis on lig.

(iig-(@LM) , unU/03) ,
33 canonical basis 1.

slig : A-subly generated ty EF1x
,
F** Ix,

= the free A-subaly spanned by i (A= FEE .
EJC.

lg = Gizlg
-
-Rig = R * Alig for any A-R. (X Intent's HomeEl !



Let A- 1
, q1. Consider g. > B

X
too large

Def : OndHomzing , 4) ·

is spanned . by Qual CB
:
that is,

5
b
*
(bEB) such that b

*

(b) = Jbib constructed via quantization

Thm)Lueztig 2009
cand Uk)

· Oh is a commutative Hopf alg , and an integral domaine.
Ok = 02 E

/

O· Spen R2 = G2
9 - is the coordinate Ling of Gy (E =El

-group
like element.

· GyCR) = Hom (Ph ,
R)- . pilg

,
12 ** b

July btp



Remarks :

· Hownlig ,
2) x Hounlig ,

2) -> Hounig ,
2)

j A * ↑
O2 X 02

.

-> Of

deal to the stability condition of CB ofLiz



51 . 2 Diagonal symmetric spaces .
(E =E) .

GEXCR
GEE AIGE) is a symmetric space.

The Ge * G-mod RIGE] is multiplicity free.

(BEXBe-eigenspaces are 1-dim
↑

If char * = 0
, then RIGET =@ V

*

(x) @V
*

-Nox(
x=Xt

If char k00 , then
.
E[GE] = UEIGE] x .

good filtration
xex

+

↓

such that ETGE]
yETGa]

vx OUTCWoxs.



constructed usingMy
F

The Chevalley group
schemes give the G-model

GE XGE

for GeF/ALGE) .

(Recall GaYTE GR)

we next construct the good filtration on EIGE]

using Ugly) ·

(It is crucial to work over A =58 .E]).



Recall

ig : the modified form of Ug (1=1x = Lig)-

A B : the canonical basis on lig.

(iig-(@LM) , unU/03) ,
33 canonical basis 1.

Alig : the free A-subaly spanned by B (A=E .
EJ).

&

Ona Homzzlig , I) spanned by dual CB.



-

Cell ideals
-

Alig[X] : ideals in Alig = ( Alz[X]
XX

+

I

< xquig) "Ivxto ( x *x)
↑

*

* 13 [x] : = is valg[x] the canonical basis of flg[x]

[x] = B- B[X] the CB of ALzIENT := Aug/mUg[EX
-

image of

o -Al[x] - AU-sUgID -O is based.
5 .

CB1+ CB or 10),
↑



splits over (g) Alg[x]
2

↓
o-> Aliz[x] - AligIx]-> AVIX) AVENox) .

-> O [Lusztig]

S
.

for any A-* (not necessarily flat) .
***

- splits
over I

o-> Liz[x] -Ligen-- Vix)O VENox)
,

-> o
R Rkk

non-example : 07= -YI+ O
·



fid .

E

0 = U Homp)Alg[X] ,
Al

A
xExt

RIGGT = ORE USE .

has
aTod

fittration

where FIGF] = x
= Homg(ALigIET] , AlOAE is spanned by

the dual CB in B[X],



S2. Symmetric pairs and quantum symmetric pairs.

32 .1 Symmetric subgroup schemes.

V

32 .2 Symmetric spaces

·



$2 . 1 Symmetric subgroup schemes
.
<char * +2).

P : GA+ GR
,

be an involution
. (The classification is inelependent

of E . by [Springer) (
"

WoW.

choose BECGE
.

such that Bo- OLBR) is maximal.

O
Let KEGp . (KRk in general).

Then Ka : Be. is the unique open
orbit on GYBE

:



&atake diagram .

-

·O induces 2 :-I and I= IoWI

· o : x + X
, 0 :YeY ., Xe = Yo ,

Y = Yo-

(GK , 0) -> Froot datum .

m>. quantum symmetric pairs.

(Uq , (g)

(Recall roof datum are

quantum groups)



Example :

Gp =S
, p .

0 : Sku-sluce : [Thy
0 : Slick-+Sluce) · [ by[].

11

(i)A) ? ).
G over I



iquantum group In
invariant ,

involution (

Def : UzCUg is generated try.

Bi = Fi + 3 ; TwolEzisErcitIo) .

Kn CreY")
.,

" Y Y

-idealsubay : A : 15- UGONE

· QSP was originally defined by Letzter

· InLB-Wany], we developed the theory of canonical bases.

-> reflection equation , tuated Yougians , categorifications , Hall algebras, .



ing : the modified form of UE (1 = [1x + ligh.
x+Xz

* B2 : the canonical basis on lig.

(No satisfactory crystal theory , some progress by [Watanabe]).

Alig : A-subaly generated ty Baix Individed powers).

-the free A-subaly spanned by Br (A=E .
EJ).

Rig = R * Alig for any A-R.

gl ]



Let Liz = L@ As EH1· (wideal -> Hopf ulg).

2

Define O Hom (pig , 2) spanned by dual i
&

-
-

-

-

The (B-Song 2022 (

· O is a commutative Hopf algebra . (may not be integral
-

· O2 > On ·

So
. G : = Speech defines a closed

office subgroup scheme of G2. called symmetric subgroup scheme.



Thm (B-Song 2022) continued.

· OF = OnA is reduced for any
domain A with char +2.

· The geometric fibers of G at 6. with char + 2
.

are

the symmetric subgroup K Ge (functorially ).

· OF is the coordinate ring of K .

(k =F
,
chark +2)

* o closure of K-orbits on 3 can be defined over UC Spii].
C charp mo char 0 (corj : =



Remark :

2
· on x02 - On depends the stability of iCB.

Clonj by [B-Wary] , proved by [Watanabe]).

·

Uno D follows from compatibility of iCB and CB.

· we expect G is the fixed point subscheme of GD.

· [B-Song] we show normality andcohomological

vanishing for ke-orbit closures on MyBa by Frobenius splittings



Example :

Gu = Sha
.

0 : SURI-SLR) : [ ][*]

G2R) = ( [& ]/a 5 = 1
,

a
,ber]

an = Spec (d[x , Xi2
,

X2 .
X

Ydet = 1
,

XX2 ,
Xinexus 1.

= Spec (4[a . b)/ 5=1) (not reduced in chard).



52 .2 Symmetric spaces
(k =E of char +21

ki = G is reductive by ISteinberg
Ker

yes
.

" offline and 2[Gy] = E[GG]

ByKe is spherical (BE :Ke/k is open (

==> ETGYR] is multiplicity free -



If char E = 0
,
then

c [&Y ] = ① VEx)
. Y +

= X+ 1 (0)
.

v +

XtX T = X - Xi

if me no .

22 Y
& &



Thm <B-Song 2024).

· We define an afine - scheme. Y .

= Spec PE].

such that * * = &Yko for any k =E of char + 2.

Land kI*n] = 0[Y]OzE)
· OIM] has a cduall canonical basis.

oT] Out .

-

· bEX] has a good fittration as a Gr-mod.



construction of 0(4) :

(iii)-

study the sli"-coinvariants of based night) sli-mod AM.

↓
M2 : = yAM · sit
↑ ↑ augmentation ideal.

coinvariant

* (se := tosit is- invariant of RIGE]k

Il
-kn-invariant

symmetric subgroup scheme.



Recall splits over (g) Alg[x]
2

↓
o- Aliz[x] - ALigIN-AVX) AVGwox) ,

-> o

S
.

for any A-* (not necessarily flat) .
***

- splits
over I

o-> Liz[x] -Ligen-- Vix)O VENox)
,

-> o
R Rkk

non-example : 07= -YI+ O
·



i-cB1-- i-CB or 40]
↓

forThm (B-Song 2024) : exact & based-A
-E.

Hv ↓

Good filtration. (dual) CB

O augmentation ideal .

O · sli-coinvariant quotient .

↓ L ↓ ↓
-

1
,
+

o-> fig : All
-->sig- (Alz -> 0 .

↓ ↓ ↓
- Ng[X] ·-> ALgE] -AlsII -o

↓ ↓ ↓

·
-> fig[x]o -> AugEN - (AUfE]) -> 0

↓ ↓ ↓

G & O



splits over (g) Alg[x]
2

↓

Remarki
we "recover

/
o- Aliz[x] - ALigIN-AVX) AVGwox) ,

-> o

by
S

.

for any A-* (not necessarily flat) .
***

- splits
over I

o -> plig[x] -LigEx-xVcwox) ,

-> 0

Ch
EGEXkeyIG)

~ 9
eney hand



F
too large.

*

Def : 0(Y) < Howe ! Lig ,

2) is spanned by the dual i-CB.

based

↓

0(ex = Houn ((nlgIn]( ,
2) is spanned by the dual i

0(Y) = VO(Y)ex Im] = 0()OnE .

↑ Ex
+

↳ [ (y(n] = x
= x() =x02k .

Remark : - is technically NOT correct ,
there is NO :-CB on clig



Good fittration :

=yHow(ig[[x](h

exact => =Houz)(bliztnyrigics) ,

2)

= Home ((@V(X)0V(ox) (* ,
2).

= HOWE) EV(X) · E) . or 0.

-

V
*

(x)I

↓



Thank you !


