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Successes and problems of perturbation theory in
quantum field theory
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Anomalous magnetic moment in quantumelectrodynamics

g-factor: magnetic moment of elementary 1/2 spin fermions
(in Bohr-units)

Dirac equation:
g =2

quantum field theoretic corrections:

electron: :
_ e) (a\"
e = E :Cn (F>
n=1
o~ % fine structure constant
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Cge):l Cée) :%+%_W21n2+%<[3]

cée): exactly known (generalized zeta-function)

cffg: known numerically

atheor = (.001 159 652 181 64(76)
T.Aoyama, T.Kinoshita, M.Nio '19

aS*P = 0.001 159 652 180 73(28)
agree to 10 digits!

muon: “only” 8-digit agreement
3.70 deviation [new physics?]
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Deep inelastic scattering (QCD)

running coupling:

a(E?) =~ L QCD Lambda — parameter

first 1-2 (3) terms: E: 5 — 80GeV a(E?) ~0.15
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Hadronic 7-decay

hadronic branching ratio:

RT — AEW (’Vud‘z + |Vus|2) {1 T 50}

QCD corrections:
3
o=shf E(-m) (1+5) P

Adler function:
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4 (5) loop order:

=1 M=1640 M=6371 P =49.076

A
¢ = 277 £ 51
P.A.Baikov, K.G.Chetyrkin, J.H.Kihn '08

Practical problem: «a(s) ~ 0.3 we know too few terms

Issue of principle!
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The perturbative series I1s asymptotic
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n! behaviour

typical perturbative series:
oo
F= 3 e
n=0

large n asymptotics:
Cy, ~ N!

e number of Feynman diagrams grows like n!

e UV and IR “renormalons” (individual diagramm-series) ~ n!

How can we obtain the exact value of the physical quantity
knowing the perturbative series f7
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Borel resummation
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Borel-transform
©. @)

B(t) = Z g convergent

n=0

formal Borel summation:

S[f] = /OOO dt et B(t)

B(t) analytic continuation: singularities on the real axis:

et >0 IR renormalons and instantons

e t <0 UV renormalons

RTISART-24, Beijing, 8 July 2024
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| ateral Borel-resummation:

S+ |f]: integration contour slightly above (under) the real axis

e S.[f] and S_|f] reproduce the original asymptotic series

e But: S;[f] # S_[f] NP ambiguity
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pole contribution:

NP ambiguity:
Sy —S_ = 2mwibe %/

ambiguous imaginary part: NP ~ ¢~/

‘Naive' solution:

fonys = 5 (S+1f] + S-[f]) = Re Sy [f]
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O(N) model in 1 + 1 dimension
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O(N) nonlinear o-model:

L=:9,50"S 52 =1 S=(S1,...,5n)

2000

e renormalizability (a, — «) running coupling
e asymptotic freedom

e dynamical mass-generation (m)

e instantons (INV = 3)

e integrability: exact scattering matrix known

A.B.Zamolodchikov, Al.B.Zamolodchikov '77
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We studied the energy €(p) of the finite p density state: (N = 4)

f(a) — ZXnan
n=0
Xo =1 X1 =3 X2 = %

where
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TBA equation

B
2 (6) — / K(0—0)y(0')d0' = mcoshd  |0] < B
—B

P.Hasenfratz, M. Maggiore, F. Niedermayer '90
e K (0): the logarithmic derivative of the S-matrix

e X(0): particle density in rapidity space

e B: maximal rapidity of the final density state

B B
p=o x(6)do e(p) = mﬁ/ cosh 6y (6)d6

—B —B
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Volin's trick

D.Volin '10

In the B — oo limit:

_ ANMB; _ B_1 ¢ — meBVT
p=A=p e = mAe v € A = me e
ﬁ:ZrnB_” ézl—i—ZenB_l_”

n=0 n=0

e numerical coefficients can be calculated recursively, completely
algebraically

e 1/B expansion can be rewritten as a-expansion:

%+%—B—%lnBa:1nﬁ
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The first 44 perturbative coefficients analytically

Mathematica: first 44 terms

XO p— 1 X]. p— % X2 p— %
X3 = 156 _ 332C[3] X4 = % _ 6% [3]
_ 30150661 134905 19719 2
X8 = “g12120° — 8102 613) T 193 C13]
145665 20655 496125
16384 [5] + 8192 [3]C[5] 131072 [7]

(unproven) observation: only rationals and odd zetas
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Summary of results
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Complete trans-series expansion of the energy density:
©.@
Z £ (v) (k N—dependent)

(§+) = fo (the original PT series)

NP expansion parameter: v = e 28

running coupling:

1
%—l_’Yan:QB 7:—?\[__]\2] V:’U_fye_;

Using Volin's results we found an algorithm to determine all f(+>( )
algebraically

RTISART-24, Beijing, 8 July 2024 20



Main conjecture

Ephys — ETBA — 5+(5) — ZZO:() V]mSJr( "SJJF))

no proof
but checked numerically to 72(56) digits for N = 4(3)

proved

S+(€) = Smed(fo) (N >3)
Ephys 7 S+ (fo) but fo “knows” about all NP corrections

(fo determines all higher f7§+))

RTISART-24, Beijing, 8 July 2024
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N =3 (k=1)

fo, f1, f2 not related

Ephys = ETBA = Z VS (f) =

n=0

physical interpretation:

fi: @ instanton contribution ¢ = 0,1, 2

RTISART-24, Beijing, 8 July 2024

Smed(f() + Vfl + V2f2)
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TBA(like) integral equation

RTISART-24, Beijing, 8 July 2024
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TBA(-like) integral equation:

B
Xn(0) — / d0'K(0 — 0")xn(0") = coshnb
-B

TBA context: 2-dim integrable QFT;

K (0): logarithmic derivative of S-matrix
(pcosh 6, psinh 0) relativistic 2-momentum
B: (bosonic) fermi-rapidity

densities:

B

Onm = 5= dOx . (0) cosh mb
~B

explicit B-dependence dropped:

0| < B

X’n(e) ~ Xn(97 B) On,m ~ On,m(B)

RTISART-24, Beijing, 8 July 2024
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Relativistic QFT:

& = ,u201,1 p = 01,0

RTISART-24, Beijing, 8 July 2024

1e(B);p(B)} = ¢ = ¢(p)
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Differential relations among densities

On7m — Om,n (I) On,m — %pnpm ¢ — g_g

where
pn = Xn(B) |~ xn(B, B)]

(II) fpn —n%pn = Fpn F =F(B) {n —independent}
Ristivojevic '22

1 density determines all:

O11 — pr — F — pn — Onm

RTISART-24, Beijing, 8 July 2024
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Wiener-Hopf solution of TBA integral equations
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Riemann-Hilbert problem

~

1 - K(w) = G+(w)1(;_(w) G- (w) = G4 (—w)

O(N) NLS model  {A =1/(N —2)}

K(W) _ e_ﬁA|w| coshg(l—QA)w {K(w) _ e—7r|w| 0(3)}

T
cosh 5w

o(w) = g;gi; . cut and poles along positive imaginary axis

poles and residues:

olizte) ™ Fihe £=1,2,...
=l TN 0(3), o)
o — o — or 3
N —2 N odd

RTISART-24, Beijing, 8 July 2024
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discontinuity:

o(iz+€)—o(iz —e) = —2i6(2)

B(z): meromorphic with poles at z = 2/4¢,

expansion in terms of running coupling:
QB:%—k”ylnv—kL v=2A—1
e 2B 3 (pr) = e T A(x) {A(x) ~ Az, v)}

A(x) =1+ Z(vx)k Li(Inx)

k=1

(Lx polynomial of degree k)

RTISART-24, Beijing, 8 July 2024
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v = e 2B: NP expansion parameter v: PT expansion parameter

cn, =v"0(in + €)
reduced densities:

Onm = 1= G (in)G4(im)e"t™B W,

9

Pn

WH integral equation:

c : p2teog n e YA o
Qula) + i+ et 1 [ A gy -
_|_

Cy: (just) above the real line

RTISART-24, Beijing, 8 July 2024 30



densities:

w, =14+c, +1 Z VZE&Oqun)g + %/ e "A(x)Qn(x)dx
Ct

(=1

conditions: n,m >0 n#*m n,m # 2§,

= 2o -
Woim = o+ m=n ek, o +i SEQ”ME/ ¢ A)On(z) g,
Ct

) n+m n—m m—24&, T m—ux
/=1

kn,m  n4+m m—+2£&, T m-tvzx

©.@)
__ __ _Cn 4 V2£§OS€Qn,£ . 2/ e_xA(x)Qn(x)dﬂj
/=1 +
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Building blocks: TBA asymptotic series and
transseries

RTISART-24, Beijing, 8 July 2024
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Purely perturbative:

1 e YA(y)Pa(y) 1
Po(z) + ;/C Py dy = 5=
+

well-defined (as asymptotic series) for all o # 0

Pog =7 / e de
Ct

well-defined (as asymptotic series) for all «a, 5 # 0
perturbatively:

Wa,6 — Aa,p = 35 + Pas

well-defined for all o, B, ¢ + 3 # 0

W — Qg = 1 + %/ e "A(x)P,(x)dz = lim BA, 3

C_|_ B—)OO
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differential relations for the reduced densities:

(n + m)Wn,m + Wn,m — WnpWm

Wy, + 2nw,, = Fw,

perturbative limit:

(n =+ m)An,m =+ An,m — Upm

an + 2na,, = Foa,

Volin's result determines all:

Aig — a1 — Fo — an — Anm

RTISART-24, Beijing, 8 July 2024
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Volin's result for A; ;:
2
2410 =1+ 3+ (F+9 o7+ (- +20 4 30) o
+ 20 (=367%(21Cs — 94) + 109244 + 13344y + 9(14425 + 625)) + - -

where

2ok+1 = 2—%{]{:; (A2k+1 — 1+ 2_2k_1)

next step

2
a =145+ (F+H) v+ (F+ %+ 5) 00

v*(—2887%(21¢3—94)+43696~°+351607+9(115223+1225))
6144

next step

Fo=—v?—6y0° — 267°v* + v° (37°(63¢5 — 386) — 2723) + - - -

RTISART-24, Beijing, 8 July 2024 35



next step

— 14+ 4+ 1)2(20777,4—9) 03(640’y2n2—|—636’yn—|—225)
tn = 4n 32n2 38413

v?(288n°(v%(94—21(3)+3623 ) +436967°n*+35160yn+11025)

6144n4

finally

’U2(20fymn—|—9m—|—9n)

32m?2n?
v?(m?(6407°n°+636yn~+225)+6mn(106yn+39)+225n%)
384m3n3

An,m: ; + - +

m-+n 4dmmn

RTISART-24, Beijing, 8 July 2024
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trans-series solution of the linear problem:

Qn(7) = Po() + cnPn() +1i Y v**Sen 1 Poe, (v)
/=1

Complete (trans-series) solution:

©.@)
Qnys =0 ) V¥ S0n A e, —25¢, = An,—25¢, T CnAon —as,
/=1

~

00
Wn,m — Anam + Z V2€§OS€(jn,€A—2££O,m + CnA—n,m + CmAn,—m
/=1

00
) 20 ~
=+ CnCmA—n,—m + 1Cp, § vV gOSEQn,EA—Qéfo,—m
/=1

A, 5 (PT) and Stokes constants .S, (NP) universal building blocks!
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Energy density Wl,l

n~ 1 Cn:V{ho+%(1—n)+0((1—n)2)} hozaN’g

N > 4 and N = 3 cases drastically different!

A\2AT(1-A) irA
M —2e (E) INEEWN N =>4

—T 4 22B+1—vg—In2) N=3

RTISART-24, Beijing, 8 July 2024

38



n=1 m=1+06—1

N >4
@)
d1,s — ZZ V2££OS£§1,£A—2650,—25§0 = Ay _2s¢,
r=1
©.@)
Wii=A 1 +82+1 Z V208, G, 1AL o,
r=1
N =3

@)

~ : W~ ~

q1,s — 1 E v Seqr e A_op 05 = A1 25+ ZA 1, _2s
(=1

T My 2 2
Win=A1+5+52P 1 +544,

+ 1 Z V280G 0 [A1,—20 + LA_1, o]

(=1

RTISART-24, Beijing, 8 July 2024
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The main conjecture

RTISART-24, Beijing, 8 July 2024
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N > 3 case

trans-series:
E=2Wi1 =2411+ Mv+2iS1A7 ./ +00*)  k=2¢,

fo=2A11; i) =2i81A2_; f3T) =2i8,A2 25242 LA 4 4

Main conjecture

Ephys = €TBA = S4(€)

no proof but interesting consequences
need new definitions: Stokes automorphism, alien derivatives

Stokes automorphism: .
S =exp{—R} R = Z V" Ay

j=1
Ay, alien derivative at w = kj

RTISART-24, Beijing, 8 July 2024 41



Ecalle '81

The definition of alien derivatives are complicated in general, but for
singularities closest to the origin in the Borel plane operationally simple:

f(v) — B][f](t) has singularity (cut) at t = w

B|A, f](t) ~ discontinuity across the cut

S_(X)=8.(671X)

real X:
2ilm S (X) =84 [(1-6"1X]

RTISART-24, Beijing, 8 July 2024 42



Alternatively the alien derivative can be read off the the asymptotic

behaviour of the perturbative coefficients:
P(z) = 3200 HBent £ — 9B for O(4))

B)(t) = > ent” (Borel transform)

If asymptotically:
Ao

Bo
+3(=1)" {1 +teton ot - }

alien derivatives at 1 and —1:

(A1) (z) = —imAo{ 1+ Z )

0

(A¥)(2) = inBo{1 = Y Chgm ]

m=0

RTISART-24, Beijing, 8 July 2024 43



reality of epnys:

ApjAig = 2iS;AT7

combining with differential relations:

Aijn,m — QiSjAn,—ijm,—kj

complete resurgence structure: all alien derivatives of all building blocks

are known

Median resummation:

Smed(X) = S+ (6712X) = S_(6Y/2X)

Aniceto, Schiappa '13

RTISART-24, Beijing, 8 July 2024
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E=Mv+6& 12
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finally:
Ephys — Mv + Smed(fO)

fo determines full trans-series, “knows’ about all higher
contributions!

N =3

trans-series:

g =2 i 1,1 = 2A1,1 + Muv + %VPI,—I —+ e%VQA_1,_1 + ...

Main conjecture — same resurgence as N > 4 (k = 2)

RTISART-24, Beijing, 8 July 2024
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using Stokes automorphism
E=6&"(fo+vhi+ V7 f)

fo=2A11 fi=M,+3iP 1 fo=3A_1

M,=2(1-~9g —In2+2B)=2(+ 4+ Inv—yg —4In?2)
median resummation:

Ephys — med(fO + Vfl + V2f2)

need fo (PT) and 1 and 2-instanton sectors

RTISART-24, Beijing, 8 July 2024
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Numerical results

RTISART-24, Beijing, 8 July 2024
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0.72 0.1 0.05 0.025
1l
TBA
10—20 L
_ 0 TBA error
3 10— E T NG T T e
= NG NG e T
S T ONON T
g 10—80 B
2 0.1 -
10_100 | : | -~ C
N ) o 0 —d
S I c_ ~—€
J— : Se—— d
107101 0.01 &
10_140 0 10 20 0 10 20
0 5 10 15 20
B
2mB

particle and energy density in the 1/ B expansion, NP orders: e~

CO”C'USiOn: fexact — fTBA — Smed(f)

Convergence? YES
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Thank you!
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