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Trivial Example : Plane wave

e(x(s) = = X
*

= gM = q4m = e(s(x) s=q ,
x =qmq = eh

Satisfies eigenvalue equation

VIT =
e

He(X(s) =Txe(x(s) = qe(X(s) = se(X(s)

I
"Gaussian" :

-I

/2

# =< X
,Tx)/Tx =gxTx "quantum torus"

acts on X
,
Tx :

Also an eigenfunction & UCTX) :

UCT I

U(TX)x
Y

= U(s)X * - XU) = gXπ
commutes with Tx

Visi =

9

X: "Whittaker function for cyl ,
"



Less trivial Example : se simple root < = e,er

Find TT(x ,
x21s,S2) = X*x** (*) = x

* f(x* 59

"2+ 0(X
-4)

eigenfunction of g
=UT.Tz)

VITITI)=Util where VITi) ·X " = quise xm
-

gπ(x(s) = ((s)π(x(S)
112 = <X,

x
,
T
,T)/Tixj =gx;Ti

· Claim : G Commutes with the difference open Toda Hamiltonian
H = Tx

,

+ (1 - Xy/X, )Tx2

Eigenfunctions TT(XIS) : unique up to normalization

HIT(S) = ( ,
+S2)TT(XIS) = "g-whittaker function"



About q-Whittaker functions

Choose : IT (xS) = x
*
(1+ 0(-) solution to HTT = e

, (s) It

"Dual" function : K(s(x) = p(x4%(5%"TT(X(S) : g(x)= Tx

((s(x) = x
* (1 + 0(59)

Eigenfunction of

D
,
(s)=TT (q-Whittaker limit of

Macdonaldup

D , (S)k(3(x)
=

X , k(s(x)

The series inSis ,
truncates when 9" ,

ne+

K(s)x()=
Kn(s) is a symmetric polynomial in 5

↑

Xz



Constructions of eigenfunctions :

"Givental" or "Mellin-Barnes" : 2c . F
. GKLO, Shapiro - Schrader,..

e .g:
- x

X Tcs(4(x+STs) · 2=
= 2 (x)2 x=
n30(q)n(s)n

using non-compact quantum dilogorithm ((x)=-
truncates

to Class Ior
*

K(s(x) =#T
=

[
9 -Whittaker



Fermionic construction of eigenfunctions

Using Ult) x
* f(x(s) = Us) x

*f(x
,2) (f = 1 +0(x9)

) Jf(A2) = fals) - Tex *Us) X
*

solution unique up to normalization,

↑ (T1) = T: => T
: I is a solution

=> "Fermionic formula" for f(x1S)

Simimjmin(i,) *

f(x(s) = 2 Zimi Zimi

Emi_ SieN
9

(g) mi

X S

Cf . Hausel (2006]

C
.

F
. #1

, Feigin-Stryanouskii formula for character of principal subspace of sezmod
C . f . (FFJMMT

level : k = 1



-
Hint about FermionicFormula J :

*

5 = VS(x)y(xy(x)
USIT) =Ady-xUs[UT) Ad((s(x)Xqm

(Xyx,
)e

T . 1 = V(s(x)[am · I
q(x)= -qx)=my u

=
5 : 1 = E 12 Us,) xMitmaximi- m-

m
,masom (a) ma

+ m
,
+Mz

=S (2/x ,)
Mitma

9
mi+ (mitmlMa

(2)
Mi +Ma

Clevel-2)miner (9)m , (9) ma

& mimj minlis)-a(m+mu) eff(xs)
etc...=mmm



Where do the time evolution operators of come from ?

Qu Qu+sk"Q-system quiver" : [Quzluster- variables

mutations : [Q,
Q

, 3 my sequence [Qnezm = "discret time"

Time translation : (Qn,
QuH)+ (Qu+,Qu+2)

Quiver automorphism : Mutate at ventex 1
, permute 12

I# (generalized cluster transformation

·
tim
0 0

:
(Qn

,
Qui) ** (Quz ,

Qu+Qu ,
Qu+2) = Adg (Qn ,

Qui

↑
defin of g



Review of quantum cluster mutations (simplified)

X: = Fock Goncharor variables O Bij
means XiXj=isXX

Xi

S Xj'
,
i=j

Mx : (xj) =

Add,(xi)m : (Xj) 9-dilogathm (X)=X
i=j

monomial transformation mi (Xj) =

q
*
X
,
XByt

Ady(x)xy =XiBio



stzQuiver : X
,

X2 X , Xz = q
*

XaX , (X:
= clusterX-variable)

Time translation operator g = GM 1
= 0

,204(X1)M,
1

quantum torus Tixj =gxTi , jj = 1
,

2

Choose Xi
,
X2 in quantum tors T :

-(a,x)

X, = x+ Xz = xd X
,
X =

& XX ,
= q

*

XzX,

Total monomial transformation on
Xi :

:(x = X,Xi :X2X :(xT:
=> M :

Xi iXT : = mi = Add(t)

X = Xzc :XeXX = : (XT)! AdypXi = q2X :Ti

=>
g
= Mica(emix) = UH4g(X

*

) and giT = UCS)It

Di Francesco-K'21] :



I N -1

Example : S Q-system quiver ***I
900

o

:
(N-D

Time translation [K07]

· mutate at 1, ...,
N-1

Quiver automorphism
· permute a=a

Polarization : X : =: (x+" ,
Xi = X&, Gi = ei-lit

,
i= 1

, ...,
N-1

monomial transformation XiHiTii
N

=>

g
= TVT (x

Theorem :[DE2) commutes with open Toda HodaTx+ -X*T

and gTT(x1s) = U(s)TT(X(S)



T = x
* Vs)gxY

R (k)

The construction J . 1 = f(x(s) as above gives famionic formula

(k)
# -Camdaimaabminijmi

,j= M

f(x(s) = C ai q I
&miMa

= 1...; N - 1

(9) ma Cartan matix o StN
i = ,..., k

Toda

· x
*f (x (S) is the eigenfunction of Hsex ,

normalized.

·Finite R : C .

F
. Feigin-Stoyanousky 194 characters of Principal

subspaces of
level-l modules a SIN

.
[Ardonne,

K
.,
Stone 2005]

(with X==&
· X#1 : Hausel

,
2006 : generating functions of Betti numbers of Nakajima Q .V

.



Example : of
= D

,
E

rankof

Fock Goncharov variables [Xi
,
Xi i=

Exchange matrix : B- [Inven
Polarization : Xi = (x+-C,

Xi = x
&:

=>
Xi Xj1= Kisdix

;,Xi
3

e. g .Dri
X Xj = XjXi and XiXj1 = XjXi

Time translation : · mutate at Xi
· Permute is il

Quiver automorphism

=> g
= U(

, . . . ,Tx)(x* [KO7]

commutes with difference Toda Hamiltonians



Other root systems Affine Dynkin diagram and their duals :

to = 1 t N
=2

2Ei Bl
---deo

~

...6 A=>

t= 1 I

2 2 2 v (2)

C ·oa ...-of ..of DN

[17 13 v 11

Ge ·-oo = ·-00 D
etc. . .

· Integers ta ,
ta associated with of , of (ta=1 for most twisted types

· Xi"= tixi

· Erase zero node for Q-system quiver



-Bj
Q-system quiver from [4i

,
:] : XiXj

=

9 _ XjXi = 9. BYX;XiI X di

"symmetrized" BidiBij qi
=

9

- Can = (da
,
(b) (kadal =2 for long roots) a

,
b = 1, ..., N

(drop Col
Symmetric matrix

- Skew symmetric matrix B = [CTCTetJB
T = diag(tal ,

Ta= diag(ta)

=> B=] c =i
+

CT = 2 in untwisted types

Co .

in twisted types

B is the exchange matrix for the cluster algebra.



12

Example : B

:I
O O

I' 2

Example : A B=24x4 C = C Cartan matrix

I valued quiver

B= D =[ for type



Root Data (Gistiti)
, ...
N Cluster variables in T

Xa = xtada +-**
, Xal = xtaxa = XiXj = qBYXjXi 9= gti

m Defines cluster algebra .

Integrable evolution : 1 step time translation :

If ta = 1 for all a= 1
, ...,

N : Lau Di
,
E?"

,
X with > 1)

1. mutate all rentices a = 1
,

. .

., N

2. permute atal Quiver automorphism .

Time translation operator :

g
= UIT...,TN)t (X

(CDFK21) in classical types



Non-simply laced types : t = maxa Sta? >I

① Repeat t times : - mutate at a for a short
- permute areal

② mutate at a = long roots , permute at al

=> Time translation operator :

g = (V(Ty ..

- ,
Twit i &(xtaday)TYCx9

a short

Thm
-i

(IDFK21 for classical types)

· g commutes with differenceToda Hamiltonians"
· Common eigenfunctions = "q-Whittaker functions".

· Eigenvalue of g(x) = U(s)



Remark : The construction f(x/s) =T:2 gives the fermionic

form of the Feigen-Stoyanovski type "Gordon filtration"

[e .gArdonne-K .
-Stone

, See also Hatayama et all

Quadratic form: mm min(titajae

i
,jz 1



What about affine root systems ? (e .

g .
closed Toda All :

Extended root system
-

Li = Ci-litt (i=,..,N + ) ,n = J + en-e
,, d (d,

G)= 1

Extended Cartan matrixN+Extended9- Torns

# = < X
, ,

. . .

,
XN

,
Yp i Ty ....Th Tpir)/TixjqxjTi , Trapp = RpTrp

Xa = X

Ca
- coefficientsCluster variables : Xa=:xTic: lacZ/N2)

I 2 d I 2d

↑ 7 I 7
- 2

Example 51 :

V V

-

m B =: = 122 I(
i 21 di

Time evolution :

Ta
,
a)M2-M , quiver automorphism

acts on Xa
.
Xa as the adjoint action of g = Y(T) + 4 (**x. )Y(p */X2)

-A
,UHT) = TprUTiUITz) : X +

: XT]
,
x
*

= pX + rp(xi)"



For sinc g=H (x*

) with**p
I N -1 N

ClosedToda Hamillonian
" .

O

I
:

(N-D
N - 1

#(p) = - ** TH = (1-p*T+ - *)Th
i=

0

#1 : Does not commute with: (p) = P(rp)g
The eigenfunctions of are "affine Laumon functions"

= x f(x,p(s,
x) = V(s)x *f(x

,p(s,v) , f(x
,p(s, r) = 1 + 0(x

4
)

5= **Usi x*: Jf(x,p(s,u) = f(xp(s,
x) .



The affine Laumon function f(x , pls , R)

Explict formula : Shiraishi [2019] using Nekrasor function

~ Givental type Formula (closed

Fermionic type formula :J , (converges K+1)
:

has quadratic form I &m !"myCab minlij)

C= affine Cortan matrix (singular)

·C .
f

.

Hausel's function : generating It for Betti numbers

for cyclic Nakajima quiver variety .



Summary :

① Fu anynoot data EijtitPiet me Q-system quantum cluster alg.

Evolution operator : Generalized mutation sequence

② Choice
of polarization for cluster variables- g : q-difference

operator , eigenfunctions X
* (1 +O(X)

③ Eigenfunctions are -Whittaker function in "open" case

④ Famionic expressions X
*

T &.1



Thank you organizers !


