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Supersymmetric Gauge Theories and Hitchin Systems

e N = 2 supersymmetric gauge theories are deeply connected to classical integrable
systems via Higgs bundles on a Riemann surface Cy .

@ The Hitchin equations elegantly describe the moduli space M and are equivalent to the
flatness of the connection V = k0, — A(z) (as ( ~ k — 0).

@ The Seiberg-Witten geometry is captured by the spectral curve gy : det(y — ¢,) =0,
which directly encodes the low-energy physics.

@ Motivation: Instead of only quantizing the spectral curve, we directly quantize the phase
space of the flat connections to natively derive quantum BPZ equations.
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Isomonodromic Deformations and Flat Connections

@ The flat connection A(z) gives a linear system %\Il(z) = A(z)W(z) that encodes the
theory's symmetries.

o Isomonodromic deformations of connections with irregular singular points produce
the Painlevé hierarchy.

@ For strongly coupled Argyres-Douglas theories (Hg, H1, H»), this procedure naturally yields
irregular versions of sl Knizhnik-Zamolodchikov (KZ) equations.

@ Applying a unique gauge transformation to these irregular KZ equations will directly yield
the expected BPZ equations (BPS/CFT correspondence).
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The Seiberg-Witten Spectral Curve

The spectral curve flawlessly matches the Seiberg-Witten curve of the 4D theory.

Defined by the characteristic equation of the Higgs field:

1
Yow :det(y — ¢,) =0 = y? = ETV(¢§)

For sl, theories, this produces a hyperelliptic curve that completely encodes the geometry
of the effective low-energy vacua.

The roots of this algebraic curve correspond to the masses of the BPS states in the theory.
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Visualizing the Seiberg-Witten Curve (Painlevé Il)
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@ For sly theories, X sy is a two-sheeted hyperelliptic cover of the Gaiotto curve C.

e Painlevé Il (H; theory): The curve is y? = z* + tz?> — 20z + c, where the singularity
structure encodes the irregular puncture at z — oc.
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Isomonodromic Deformations and Lax Pairs

e For a specific global monodromy of the solution W(z), there exists an entire family of
connections A(z; {t;}) parametrized by deformation moduli t;.

@ Monodromy-preserving (isomonodromic) deformations lead to an extended system:

o V(z,t) = Az, t)¥(z,t)
0V(z,t) = B(z,t)¥(z,t)

@ The strict compatibility of these two linear equations yields the non-linear zero-curvature

condition:
0tA(z,t) — 0,B(z,t) + [A(z, t), B(z,t)] =0
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The Painlevé Hierarchy and Argyres-Douglas Theories

@ The compatibility conditions for connections possessing irregular singular points fully
classify the famous Painlevé differential equations.
@ The specific connections A(z) correspond precisely to the strongly coupled
Argyres-Douglas superconformal field theories (SCFTs):
e Hp theory «— Painlevé | (Degree 2 irregular puncture)
o Hy theory +— Painlevé Il (Degree 3 irregular puncture)
o H, theory +— Painlevé IV (Degree 4 irregular puncture)
@ These isolated SCFTs admit enhanced symmetry properties and bypass standard
Lagrangian descriptions.
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Seiberg-Witten Curves for Hy, Hy, and H,

Irregular Puncture Irregular Puncture Irregular Puncture
(Degree 2) (Degree 3) (Degree 4)
Hy Theor Hy Theory H, Theory
(Painlevé | (Painlevé I1) (Painlevé IV)
Ysw (Genus 1) Ysw (Genus 1) Y sw (Genus 1)

@ The Seiberg-Witten curves ¥ gy for all three theories are elliptic curves (genus 1 tori).

@ They are distinguished topologically by the degree of the irregular puncture, which
fundamentally dictates the boundary conditions of the Hitchin system.
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Example: The Classical Painlevé Il Connection

@ As a concrete example, the Lax matrix A(z) for the Painlevé Il system takes the form:

_( PHp+t)2 u(z - q)
Alz) = (—5(pz+9+PQ) (22 +p+ f/2)>

@ This structure corresponds to a single irregular puncture of degree 3 located at infinity.

@ The zero-curvature compatibility condition elegantly yields Hamilton's equations for
Painlevé II:

Gg=p+q°+1t/2
p=—2pq—0
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Phase Space and Probe Branes

@ In the Painlevé Il geometry, setting the coordinates (y, z) = (p + g + t/2, q) perfectly
satisfies the curve equation:

1 2
y2 _ ETrAZ(Z) =7+ t22 — 20z + 20y + 7

@ This distinguished point can be physically interpreted as the position of a probe brane (a
surface defect) in the geometry.

@ The variables (p, q) thus serve as canonical coordinates on the phase space of this probe
brane.

@ This phase space is naturally equipped with the standard symplectic form: w = dp A dq.
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Quantization via Non-commuting Operators

@ We transition to the quantum regime by imposing strict commutation relations on the
classical phase space coordinates:

[p. 4] =K
@ This algebraic step is the physical equivalent of formally introducing a surface defect into
the 4D gauge theory (the Omega background).

@ The canonical variables p, g are promoted to non-commuting operators acting on a
suitable representation space (a Whittaker module).

@ This fundamentally alters the nature of the flat connection and its associated differential
equations.
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Quantization of the Seiberg-Witten Curve (BPZ)

e Upon quantization, the classical algebraic equation y? 1TrA2( ) translates into a
second-order differential equation:

(w202 = 102 5.0) + 0() ) (@12(2)12(a)1 ) -
@ This operator equation is precisely the BPZ equation (often called the quantum curve).

@ It governs the Liouville conformal block featuring one degenerate operator insertion at z
and an irregular operator at infinity.
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The Quantum Flat Connection Equation

If the curve quantizes to BPZ, what is the interpretation of the quantized version of the
linear system k0, V = A(z)W?
The connection A transforms into an operator-valued matrix A(z; p, §).

The corresponding quantum differential equation reads:

kO, U = A(z; p, §)V

@ Our core result demonstrates that this equation is exactly an irregular version of the
Knizhnik-Zamolodchikov (KZ) equations from 2D CFT.
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Irregular KZ Equations: Affine Lie Algebras

@ Regular KZ equations are well-known for describing conformal blocks in 2D
Wess-Zumino-Witten (WZW) models.

@ They are rigorously built using the loop algebra Lg = @, g[n] and its central extension,
the affine Lie algebra g.

e For our sl, focus, we utilize standard matrix generators H, X, Y acting on C2.

@ The standard commutation relations apply: [H, X] = 2X, [H, Y] = —2Y, and
[X,Y] = H.
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Affine Currents and Higher Evaluation Representations

@ We construct affine currents /7 (u) and I (u) using the loop algebra generators /,[n].
@ While standard evaluation representations produce simple poles (%) for regular
singularities, irregular singularities require more.

@ We define higher evaluation representations acting on degree [ irregular Kac-Moody
modules:

.+ a
w1 (u) — RS

@ This perfectly maps the higher-order poles in the gauge theory to the representation
theory of affine algebras.
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The Irregular KZ Connection and Flatness

@ By projecting the universal r-matrix, we construct complex operators Q;({z}) that act on
tensor products of these g-modules.

@ In terms of the loop algebra generators I,[n], the KZ operator for the i-th puncture takes
the explicit form [N. Reshetikhin]:

bt n+m\ (=1)"1i[n] ® lp j[m
n=S Y S (") e

J#i a,b n=0 m=0

@ The irregular KZ connection is subsequently defined as:
V,’ = m@z, — Q,’

@ The mutual commutativity of these operators, [Q2;,Q;] = 0, strictly guarantees that the
KZ connection is flat: [V;, V] = 0.
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Quantum Flat Connections as KZ Equations (Painlevé 1)

@ The classical Painlevé | connection is given by:
Al(z) = —=pH + (¢* + zq + 2 + t/2)X + (42 — 4q)Y

@ Promoting p, g to operators, we match this with KZ operators and identify generators for
the irregular puncture at infinity:

HY =—2p, X =-4g, v =4¢

Y@ =5 Xx® =4 v®=1

@ Many affine KZ commutation relations naturally hold, for instance:
[HD, XO] = 2X0), [, Y] = MO, (A0, Y] = 2y

@ However, calculating the following commutator directly reveals a failure of the loop

algebra closure:
[HD, Y] = 4 7 ~2v®
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Closure of the Loop Algebra in Painlevé |

To restore the closure of the loop algebra, we must introduce a shift at the level of affine
modes:

AAp = (zg + 2°)X

@ This effectively corresponds to selecting a specific slice in the (t,z) coordinate space:
t/2 =zq + 2°.
@ On this slice, the loop algebra cleanly truncates and all commutators close properly:

XM=y =H" =0 forn>4

o Key Insight: This choice breaks mutual flatness of A and B, representing a genuine
obstruction to class-preserving KZ closure. The Painlevé | reduction is rigid and cannot
be compensated within the polynomial class.
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Conformal Blocks and the Painlevé | KZ Equation

@ Solutions to the irregular KZ equation for Irregular Operator
Painlevé | correspond directly to sl (Degree 3) at co
conformal blocks.

@ These conformal blocks are defined on the
Riemann sphere P! with two distinct
operator insertions:

@ An irregular operator of (Kac-Moody)
degree 3 located at infinity (z — 00).

@ A regular operator (corresponding to a
highest weight sl, representation) located
at z.

Regular Operator
(Highest Weight) at z
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Closure of the Loop Algebra in Painlevé Il

@ The Painlevé Il Lax matrix also faces a loop algebra obstruction when naively quantized.

@ Unlike Painlevé |, where we are forced to break flatness on a specific slice, Painlevé Il
allows a more elegant solution.

@ We treat the auxiliary deformation variables v and 6 from the connection as fully-fledged
quantum operators.

@ By imposing the specific commutation relation [H. Nagoyal:
[0,0] = —kd

@ This powerful step automatically ensures the closure of the loop algebra commutators
without sacrificing any dimensions of the deformation space! The full quantum flatness
condition is preserved.
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Visualizing the Extended Phase Space (Painlevé II)
Isomonodromic Leafi~
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e For Painlevé Il (and 1V), analyzing class-preserving deformations reveals an extended
symplectic form: w =dp A dg — df A dlog u.

@ The connection A(z) takes values in the extended tensor product algebra:
A= Wﬁ(p? q) ® an(97 |Og U).
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The Quantum Flatness Condition

@ In this fully quantized setting, the classical zero-curvature compatibility condition is
elevated to a rigorous Quantum Flatness Condition.

@ The classical matrices A and B are replaced by the operator-valued matrices acting on
the extended Weyl algebra A.

@ We mathematically prove that classical flatness continues to hold identically at the
quantum level.

@ This confirms that the integrability of the Argyres-Douglas theories successfully survives
quantization.

Babak Haghighat (BIMSA) Quantum Flat Connections RTISART-26 23/29



Gauge Transformations and the Oper Form

@ To bridge the gap between the KZ formalism and the BPZ equations of Liouville CFT, we
apply a quantum gauge transformation S.

@ Under this transformation, the operator-valued connection transforms as:
As = SAS™! 4+ k(9,5)S7!

@ We demonstrate that there exists a unique gauge matrix S that transforms A strictly into

the standard "oper” form:
0 1
Ac = [ ~
° <T(z) 0)
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Recovering the BPZ Equation: Painlevé |

e For Painlevé |, setting Ax; = 4(z — q) and Az = p, the transformation yields the specific
operator:
p 1

z—q 4(z—q)?

@ The residue at the pole z — g perfectly matches the conjugate phase space variable of
the corresponding Seiberg-Witten curve.

T(z) =detA+

_3
4

@ The first-order system algebraically decouples. The bottom component 1) satisfies the
second-order equation:

(w202 - T(2)) v =0

@ This is precisely the BPZ equation for Liouville theory with an irregular singularity, derived
entirely from a gauge-theoretic quantization!
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Virasoro Conformal Blocks and the BPZ Equation

@ The solution to this derived BPZ equation
corresponds directly to a Virasoro conformal
block.

@ In the Painlevé | case, this conformal block
structure is particularly interesting:

Irregular
at oo

@ An irregular operator located at infinity (z — 00). Degenerate
@ A degenerate operator located at the point z. at q ’\/ ----
© A fascinating feature: Yet another degenerate e

operator dynamically generated at the canonical

coordinate q!
Degenerate

at z
@ The explicit appearance of g as an insertion point

beautifully bridges the geometric and algebraic
perspectives.
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o Phase Space Quantization: We executed a direct quantization of the class-preserving
deformation space of the Painlevé Lax pairs (I, II, IV).

o Loop Algebra Closure: We analyzed the rigid obstruction in Painlevé I, and showed how
quantum obstructions in Painlevé Il are elegantly resolved by elevating deformation
variables to quantum operators.

o lIrregular KZ Equations: These quantized flat connections naturally and rigorously
satisfy irregular versions of slp KZ equations.

@ BPZ Connection: A well-defined quantum gauge transformation elegantly maps these
KZ equations directly to the expected BPZ equation.
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Future Directions

e General Quantization Conditions: Extend the current specific slice (¢; = 1,ep = k) to
the fully general Omega-background parameters (e1, €2).

@ Higher Rank Algebras: Generalize the framework from sly to higher-rank Lie algebras
like slp, which correspond to more general Toda CFTs.

@ Quantum Tau Functions: Connect our formalism to recent, cutting-edge developments
on quantum Painlevé 7-functions and their representation theory.

o Knot Invariants: Explore the relationship between these irregular KZ equations and
emerging topological knot invariants.
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Thank You!
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