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Graphical Zonotopal Algebras

Let G be a graph on vertices V(G) = {0} U [n]. For an integer k, consider
the ideal Jék) in the ring R[xq, - - -, x,] generated by

d[—‘,—k
pi = (Zw) , 1< nl,

i€l

where d; is the number of edges of G connecting / and V(G) \ /.

Cg() = R[xy,... ,X,,]/Jék).

Remark
These algebras are independent on choice of the root. J
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@ k = 1: External Zonotopal algebra;
@ k = 0: Central Zonotopal algebra;

@ k = —1: Internal Zonotopal algebra.

Theorem (Postnikov-Shapiro; Ardila-Postnikov; Holtz-Ron)

Given a connected graph G. The Hilbert series of Zonotopal algebras are
given by

o Hou(q) = ¢ MONT (14 g, 1),
G

° Ho(q) = g9 MEOTT(1, 1)
G

® Hyn(q) = g~ 1T(0,),

where T¢ is the Tutte polynomial of G.
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In this case zonotopal ideals are given by the formula

j(k) ( f+k,X23+k (

,xa+ X2)2+k>~

° ’HC(Gl)(q) =1+2qg+3¢°+3q% + ¢° and the total dimension
dim(cY) = 10;

° ’HC(O (g) = 1+ 2q + 2g? and the total dimension dim(Cg))) =5

° HC(G,U(q) = 1+ g and the total dimension dim(Cé_l)) =2.
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Theorem (N.)

For graphs Gy, Gy, the external zonotopal algebras C( ) and C(l) are

isomorphic if and only if graphical matroids Mg, and M@ are lsomorphic.
V.

Conjecture (N.)

For graphs Gi, Gy, the central zonotopal algebras C( ) and C(G) are
isomorphic if and only if graphical matroids MGI’ and I\/IGQ/ are isomorphic,
where G/ is the graph obtained from G; after removal all bridges.
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Theorem (Eur-Huh-Larson)
The Hilbert series of the external zonotopal algebras are log-concave. J
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Let ¢g) be the graded commutative algebra over C generated by the
variables ¢., e € G, with the defining relations:

(¢e)?> =0, for every edge e € G.

Theorem (Postnikov-Shapiro-Shapiro)

For any graph G, Cg) is isomorphic to the subalgebra of ®

the elements
Xi=> +oe.
eceG

(Gl) generated by
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Fomin-Kirillov

Fomin-Kirilov algebra FIC,, is generated by ¢;;,i # j € [n] with relations
° 97 =0;
° ¢ij = —oji;
® 9jjQjk + GikPki + Pritij = 0;
o ¢ijdu = Py for {i,jyn{k, 1} =0.

Theorem (Fomin-Kirillov)

The subalgebra of FK,, generated by 0; =3, _; ¢ij — > 4~ Gjk,J € [n] is
commutative.
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Fomin-Kirillov

Fomin-Kirilov algebra FIC,, is generated by ¢;;,i # j € [n] with relations
° 97 =0;
° ¢ij = —oji;
® 9jjQjk + GikPki + Pritij = 0;
o ¢ijdu = Py for {i,jyn{k, 1} =0.

Theorem (Fomin-Kirillov)

The subalgebra of FK,, generated by 0; =3, _; ¢ij — > 4~ Gjk,J € [n] is
commutative.

Conjecture (Fomin-Kirillov)

For any permutation w € S,,, &,,(01,62,...,0,-1) can be written as a
positive sum of ¢j j, Pjyj, - -  Bitupot) -

V.
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Part 2
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Grassmannian and Incomplete grassmanian algebra

Let D be a diagram of boxes in d x (n— d), where columns are indexed by
1,2, ... and rows are indexed by 1,2, .. ..

Define a bipartite directed graph Gp as follows

@ The two sets of vertices are columns and rows of d x (n — d).
(indexed by {1,2...,d} c Nand {1,2,...,n—d} CN);
— —
@ For any box (i,j) € D we have exactly two edges (/,/) and (j, /).

@ We are working with the exterior algebra of edges.
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A 2d-th Chern form is
Ge= Y cp(B)m(B),
BEE'D, |B|=2d

where
o Ep = {B is Eulerian : Vi € [d] indegg(i) = 0 or 1}.
o cp(B) = [ljein—q indegg(j)! is the number of cycle partitions of B.
e m(B) is the product of edges of B in some order.
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Proposition (N.-Postnikov-Shapiro-Shapiro)
L+ Gt + et +... = [J(1 + m(C)tl2),

where the product is over all directed cycles of Gp.

Corollary

(1+Cot+Cat’ +.. )1+ Gt + G2 +...) =1.
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Let FPSp be the algebra generated by Chern forms of D.

Theorem (N.-Postnikov-Shapiro-Shapiro)

Given a Young diagram D. The linear dimension of the k-graded
component of FPSp is equal to the number of Young diagrams inside D
with exactly k boxes.

Problem
cgd corresponds to hy. What are Schur functions? J
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Flag varieties and graphs

Let G be a graph on k labeled vertices. And a;, i € [k] are integer
positive numbers.

@ Let n=a; + ...+ ax. We will consider a partition
A1 LAy U. ..U Ak = [n], such that |A;|= a;.

o Let G be the following directed graph:
o V(G) = [n];
o For every edge (/,j) € G, we have 2a;a; its oriented clones, which form

Ai Aj

@ We consider the exterior algebra of edges of G.
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® FPSG a,...a. is generated by

=S p(B)m(B).

Be&;, |B|=2d

where &; is the set of eulerian graphs in G such that

o for any edge, one end is in A;;
o indegree of any vertex from A; is 0 or 1;

and
o cp(B) is the number of cycle partitions of B, i.e.,

cp(B) = ][ indegs(j)!:

J€ln]

o m;(B) is the product of edges of B in some special order.
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@ FPSg,..1 is the external Graphical Zonotopal algebra of G.
® FPSK,,a,..,a» @ € Nis the algebra corresponding to the flag variety

t k—1
(0; av; ar+ap ...; > ai ...; Y ai n)
i=1 i=1

In particular, FPSk, m.n—m is isomorphic to the Cohomology ring of
Grassmanian.
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k
[T Getxe)= > O x)[[snx: je€A
i=1

é‘Eé, e1<er ALy Ak

where edge €= (e1, &) and A; are Young diagrams.

Conjecture (N.-Postnikov-Shapiro-Shapiro)

The dimension of FPS¢ ,,.....a.» ai € Nis equal to the number of
non-zero coefficients c(A1, ..., Ak).
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Part 3
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Schubert polynomials

For the polynomial ring Q[x1, x2, x3, .. .], the i-th divided differences

operator is given by
f%f:zz—i:;ﬂf—.

Xi — Xi+1

Definition (Lascoux—Schiitzenberger)/

Theorem (Demazure and Bernstein—Gelfand—Gelfand)

For a permutation wyp = (n,n—1,...,1) € S,, we define its Schubert
polynomial as

n—1_n-2

1
Gu =X| Xy “Xp_1 € Q[x1, %, .. ]

For a permutation w € S,,,

Sy 1= 0iGys if L(ws;) = (w) + 1.

Gleb Nenashev (St.Petersburg University) Bott-Chern Forms RTISART 2026 19 /28



Schubert polynomials

Theorem (Lascoux—Schiitzenberger)
For any u € Sy, its Schubert polynomial &, is well defined and G, is a
homogeneous polynomial of degree ((u).

The set {&,, u € Sx} of all Schubert Polynomials forms a linear basis of
Q[Xl,XQ,X3, .. ]
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Schubert polynomials

Theorem (Lascoux—Schiitzenberger)

For any u € Sy, its Schubert polynomial &, is well defined and G, is a
homogeneous polynomial of degree ((u).

The set {&,, u € Sx} of all Schubert Polynomials forms a linear basis of
Q[Xl,XQ,X3, . ]

Therefore, we have unique coefficients ¢y, (u, v, w € Sy) such that, for
any u,v € Sy,

GuGy = > ¥, Gu.
wE Sy

Problem

Give a combinatorial interpretation of c,’,,. J
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RC graphs/ Pipe dream

wl= 4 2 1 6 5 3 7 8 degrees of x;
‘i / :
2 o —+— 2
3 2
4 —o— 1
-
5 0
6 0

7 i 0
8 0

Proposition (Fomin-Kirillov)

For any permutation w € Sy, its Schubert polynomial is given by

gERC(w)
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Schubert polynomials

Bumpless Pipe dream

H
L]
= o & [ F &R

Proposition (Lam-Lee-Shimozono)

For any permutation w € Sy, its Schubert polynomial is given by
Gy = Z m(g).
gE€BPD(w)
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Schubert polynomials

Monk’s rule (Monk)

For u € Sy and m € N, we have

GuGs, =6, -(x1+x+...+xm) = Z Sut, ps
a<m<b: L(ut, p)=L(u)+1

where t,  is a transposition of a and b.

Monk’s rule (Monk)

For diagram A, we have

s,\sD:6u-(x1+X2+...):ZSM,
m

where summation is over all Young diagrams pu s.t. p/\ is one box.
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Schubert polynomials

Let [a, b],a < b € N be

Syla, b] = Sut,, i L(utap) = (u) +1
o otherwise.

6,6, =6, - (x1+x2+...+xn) = Z Syla, b].
a<m<b

Remark

Operators {[i,j],1 < i < j < n} satisfies the relations of Fomin-Kirillov
algebra.
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Schubert polynomials

Pieri’s rule (Sottile)

For u € Sy and k, m € N, we have

Gu-hk(Xl,XQ,...,Xm):Gu' E X,'IX,'Q---X,'k =
1<ik<...<ik<m

_ 3 Gulaibi][azba] - - - [akbi]

a<...<a<m
m<by,...,bx are distinct

and
Gu'ek(X15X27"'7Xm):6Ll' E Xig Xip ** + Xiy =
n<in<..<ix<m
== E 6u[a1 b1][a2b2] cee [akbk]
al,...,axk<m are distinct
m<b1 <...<by

o’
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Schubert polynomials

Theorem (Murnaghan-Nakayama)

S\Pk = > (—1)H Vs,

p: ACH, |pl=|Al+k,
LA\ is a border strip
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Schubert polynomials

Murnaghan—Nakayama rule (N.)
For u € Sy and k, m € N, we have

Supr(X1, X2y oy Xm) = Gu-(xf—l—xé‘—i—...—l—xrlg) =

— > (-1)=® N &,Mp(a,b).

P is a Dyck path of length 2k al,...,aUe(p)+1§m
bl:“'vbd—ue(P)>m
are distinct

e o [a1b1][a2b1][a3 bo][23 b1 ][ a1 b3]
by

b3
& NN
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Thank Youl
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