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Background



In the late 80s Ian G.

Macdonald introduced a new class of symmetric
functions

Px (xig ,
t)

,
x =(nx2.... )

x is an integer partition of N, x = (x, 1 x ...) , X,x2), ...> Tn30

git are parameters

& (xig ,
+) E #F := ring of symmetric function

over

IF= ((g ,
+)

T

Firld of rational
function over I



(*) Py can be uniquely defined from 2properties :

(1) Px(xigit)= my +2 Rxu(g
,+)Pu(xig ,t)

-

"K" is the dominance partial ordering on x (Mx [ri [xi)

(7 Pairwise orthogonal , i.e. (P ,Pre= 0 unless x=u w. r .

t. the

scatar product :

* ny= SxuEx(g ,
+)

, tx(g ,+) =)ii(m))44 1P
M

power sum symmetriafunctions
Px =R

,Px -- - for > = (1m ..
)

P : [xEs
isa = (23)



Macdonatal operators

My(x...)= +(2) I M F
-F...e iC, ,...,3) I

where Pf(x11 ...(n) = f(x,,...gxi . ...,n) for iEI

For example,

Mh(1 ...n) =



Macdonald polynomials are eigenfunctions of Macdonald
operators , namely , for * = (x

11 ....xm)

MY( * (P(ig ,
+) = e-(g

*+H
-

1x2H-2 gn)Pig
where er(* ) are elementary symmetric polynomials

er[X ...n] = Z- Yir
1(ix) ... in N



At theEvet of Macdonald polynomials
Px(x, .(nig ,t) =[ Mx((g , +)(u(xxx ...,Yn-1ig ,t)xyx)

-m)

u(x

where u are all partitions s
.
t

. x/n arehorizontal strips : x =1321)
m= (2)

[Macdonatol 198 , Chapter v1 .
7) F /u

[Haglund-Haiman-Loehr'05] for the combinatorial interpretation
of 4x((g ,t)

It turns out that there are recurrence retations among Macdonald

operators !!



Recurrence relations for q-Whittaker 
and Macdonald Operators



Setting to and consider the levela g
Whittaker operator

D ..)x
Then one has the following retation

Dh(x,,...,xn) =

x4 Dr-1 (x11..YN-2(Xn) +Y Dn(Xx-
Yn-YN-1

Check : It] for fixed i= 1, ..., N-2

XiIti] B=- Xi -X
= P7Xi = [i]
j+ i Xi - Xj
it 3 , . . .,N3



Dr(x, ....,XN) =

x4 DN- 1 (x1N-2(Xn)+ D(X-
Yn-YN-1

Back to the Macdonald operators :

Mn(x11. ..,XN)= tXn - 1
-Y My

-
z(x1 . .,xn-

1)
XN - 1

- YN

+
+xm - Yx= My

-

1(X11 ... ((n -2 (Ym)
YN -YN-1

- t Mi-z(1 . ... (n -c)



[Di Franceso-V . 'C67 : For r
, 1 ,

the g-Whittaker satisfies
N

MDri... aDi
Fix K[31 , . . ., N3 , (k) = r+ 1

,

M(x1) -Xn) = [ (-1)(5-1s
JK

J jEJ

Mn(x+.. ..,XN) = tXn- 1
-

YMY
-
z(xx (n-

1) j = GN3
XN - 1

- YN

+ - Yx My 1(x1) (xn-2 ,Ym)J= SN- 13
YN - YN-1

- t Mi-z(1 . ... (n-c) J= (N ,
n - 13



For the g-Whittaker , define Pr := Din (x1 ....+n- 1(
+

n+1)

[Ahn-Petror] ,
[Di Franceso -U . 126+]

(D) (D) (D

where Ugaljlk) := ab(digh-j 19 :9

g-deformed binomial distribution
(gigig (gigh-j

4g, (j(k) = 1

where (aigh := (1-a)(1-ag)... (1-agk
-1) is the Pockhammer

symbol



The Macdonate operators also have a-power formula

17 17(Mn)"=
k

1731
...im

En...CIND]
f= 1 :EFe

IFel = r

where my(j: Sjet



Remark :There is a more general notion of g-difference operators
[Di Franceszo-Kedem]

Ba (4) indexed by PE Digit) (xx ...x)S
, deto

17

Ba(p) : =
1

c !(n-c) ! Symm (P(x.....(d) 17
Exi -

xj4...t
1xi<j

Yi -

Xj

where Symmf(x ,, . ..n)=f(x).

The recurrence retations hotal via computation but the trick we use

to prove previous
result has some techinat issue.



Nevertheless ,
there's a multi-vant construction via shuffle

product [DiFrancesco-Kedem17] . Define

3(x) :=
For PEgit(x ,, . . .xc)

S

PEgit(x,....,Xp)
Px4(

, x .. x x+p) : = (Symm(P(x,x)P(an)13(xi(xj)1(i jxx+3

↑
over <+B

and

8c (p)8p(p) =Ba
+ p(4 + 4)



Application to q-deformed Totally 
Asymmetric Exclusion Processes 

(q-TASEP)



g-TASEP [Borodin-Corwin11)
[Borodin-Corwin-Sasamoto '12], ...

ai- ,
(1 - gY(t)

-

xi- ,
(t)-1)

1 E
I 1111111111

Yiz(t] Xi-e(t) Xi,
(t) Xi(t)

- N- particle system on E-lattice
.

- Each particle has a continuous independent clock, with rate a
, , ...,an

parameter gt (0, 1)

-
An interesting family of observables for g-TASEP is EgXi()

+i since

is 1

they share the same distribution with Eg
**Sis

, I from Macdonald

processes.



what's integrable about g-TASED
?

Duality with the g-Boson Process

Cusing Coordinate Bethe Ansatz)

time-scaling to licit formula for distributionswith exp

Kardar-Parisi-Zhang - as Fredhatm determinant

equation [Borodin - Corwin11]

[Borodin-Corwin11) g-TASEP [Borodin-Corwin-Sasamoto]
12

&
& Connection to stochastic

" Conserved quantities" vertex modetswhere

[Petron' 197 Yang-Baxterequation
[ Petrov -Saenz'22] appeared

[Borodin-Corwin' 11]
This is not a completefirst

[Borodin-Corwin-Gorin 14)
of references



(Ascending) Macdonald Processes
· measures on triangular arrays of interfacing nonnegative integers

I also known as Gelfand-Tetlin Pattern)
(j)

x = Se1 j < N: x x ,., 3
xith level of the triangle and also a partition of length

at most j
45(5)A 11

I
&

x4
X
1x 1371/ [B1 GB
41
xi [GT((7/
↓ (171/

x1



Definition of Macdonald measure [Borodin-Corwin11]

The measure IP(x) depends on a, , . . . ,ant 10, 1) , 30, , ... 3
,
Bripa ... 3,

US O and2parameters git t 10.1)

IP (x)=
Py(a ,)4x()(x))(a2) ... 4x()/x(-x(an)Qy(n)(f)

a
, . . . . ,9Nif # (a, , ..., if)

single-bret marginal
Ma

,...
anig(x(n)) =

Py(n)(a,,...,am)Qx(m)(y)
M(a, , . . .,9 if)

where Pxi)
,Pxy ,Q :=

Pxn
are Macdonald and stewed Macdonald polynomials<P

>
(H)

, Py(n)g,t

17 (a, ...,anig) is the normalizing constant 17(a......9 if) =2 Pla...
)Q y

g is a non-negative specialization depending on 30;3
, 3 pi3 and us o



Theorem [Borodin-Corwin 11) . Starting from stepped initial data,
X;
(0)== i

lEIgY] = E IgYiC)+if Xo(t) = x

·

observables ↑
Fixed time observables

of Macdonald processes of g-TASEP.

Moreover , (M2817(
, , ...nig) = Elgy]

17(x,.
...nig] X; =a

and more generally [Borodin-Corwin-Gorin-Shakirow] single-level moment

7
113

urmMya=Mer(g
17(x, , .. .,YNig)

↑ Multi-bret moment

Remark : Unlike the situation of fixed rank Mr & Mm does not commute if N + M.



Some signs of integrability/symmetry from g-TASEP [Petrov 19]

Trajectory of X
,

in both cases are equal in distribution



g-Hahn TASEP [Porotosty' 13]
- Discrete Markow process generalizing g-TASER
-

At time+
, particle can jump to the right j steps with probability

&
gu , (j(xi-Xi-1-1) ,

where give (0, 1),
_

g-deformed 13 binomial

distribution

&
g ,u ,

o (j(m) =u2(rig)(iglmj Igiglm
, 02jem

Sigim (gig)m-j(gigj

&
g,555 ,(115) 4a(313)

Z
-·11.1 >

- X4 32 X1

Pg ,5 ,5 (315)



Theorem [Petror 19
,
Petror- Saenz'22]

The g-Hahn TASEP under the swap In Snea
, In Onta ,

started from stepped initial

condition is equivalent to the action of the Markow swapped operator pst on particle xn

which moves Xn to a random new location xn' with probability

Og, , (x-n-1 KnXnt-1) ,xEEXnut...it so

ge with5
·-To
· 11 11 · 3 Remark : Markov swapped
-- X1 operator came from a

i PgH J i coupting of 2 processes

I in distribution Taking
"suitablea

I I I I I · >

·X, X1 g-TASEP

5 i



-
Can we create Markow operator for coupting with more paritate !



Thank you so much for your attention!
 


