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Outline of the talk

The Gaussian -ensemble and semicircle distribution

LLN for random [-partitions at high temperature

The limiting measure: moment problem and Jacobi operators

A remark on a deformation of free convolution
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Outline of the talk

The Gaussian -ensemble and semicircle distribution
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Gaussian Unitary Ensemble

The probability measure on the closed Weyl chamber

Wy = {(31 SRR ZaN)GRN}
with density

N

_152

PN(al,...,aN)oC H (a;—aj)zne 2%
k=1

1<i<j<N

will be called the Gaussian Unitary Ensemble (GUE).

It is the distribution of eigenvalues of the N x N complex
Hermitian random matrix

_MN-i-MK,

Ay M My = [mgl, my = N(0.1)+v=1-N(0,1).
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Law of Large Numbers for GUE

The empirical measures are

N
1
= N 12315\% , where (a1 = --- = ayp) is Py-distributed.

Theorem (Wigner '55)

The empirical measures py converge weakly, in probability, to the
semicircle distribution, with density
()= 1 VAo
s =1, —
{—2<t<2} o
DR it M R




Moment method and multivariate Bessel functions

The standard proof of Wigner's theorem uses the moment method
and matrix representation to find the limits

im %-E[Tr(A,k\,)], for all k > 1.

. k _
lim fo pn(dx) = NI_)OO Py

N—wo
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Moment method and multivariate Bessel functions

The standard proof of Wigner's theorem uses the moment method
and matrix representation to find the limits

im %-E[Tr(A,k\,)], for all k > 1.

. k _
lim fo pn(dx) = NI_)OO Py

N—oo
New ideas [Bufetov—Gorin '15] use the multivariate Bessel functions
1N
ajx
det [e?],%_,
)
i<j(Xi - Xj)(ai - aj)

(0N) =1 and are eigenfunctions of differential operators

N-1
B(a yeesd )(X1a~'-7XN) = HJI
1edN i I1

s.t. B(al,..

~7aN)

1 o
Dy :Z—OZ—OH(x,-—Xj), k>=1.

Hi<j(xi - XJ) i=1 aXik i<j
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Moment method and multivariate Bessel functions

The standard proof of Wigner's theorem uses the moment method
and matrix representation to find the limits

im %-E[Tr(A,k\,)], for all k > 1.

|
N—oo N—oo N§+1

lim JR xKpp(dx) =

New ideas [Bufetov—Gorin '15] use the multivariate Bessel functions

det [ea"xf] :{\Llj:l

i<j(Xi —x)(ai — a))’

N-1
B(a yeesd )(X1a~'-7XN) = HJI
1edN i I1

s.t. B(al,...,aN)(ON) =1 and are eigenfunctions of differential operators
1 AN
Dy = OZ koH(x,- xj), k=1
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Bessel generating function = kind of Fourier transform

The idea is to associate, Py(a1,...,an) — Fn(xi,. .., xn),
to the GUE its Bessel generating function:

FN(X]_, e ,XN) = JB(817~--,8N)(X1’ e ,XN)PN(al, N aN)da1 vt daN.
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Bessel generating function = kind of Fourier transform

The idea is to associate, Py(a1,...,an) — Fn(xi,. .., xn),
to the GUE its Bessel generating function:

FN(X]_, e ,XN) = JB(alw-,aN)(Xl’ e ,XN)PN(al, N aN)da1 vt daN.

The moments of empirical measures are exactly the “Taylor coeffs”,
i.e. first apply Dk, then find the constant term (set x; = 0, Vi):

N
o _;%[2 <a,->k].

DyFyn
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Bessel generating function = kind of Fourier transform

The idea is to associate, Py(a1,...,an) — Fn(xi,. .., xn),
to the GUE its Bessel generating function:

FN(X]_, e ,XN) = fB(ahm’aN)(Xl, e ,XN)PN(al, N aN)da1 vt daN.

The moments of empirical measures are exactly the “Taylor coeffs”,
i.e. first apply Dk, then find the constant term (set x; = 0, Vi):

N
x1=-=xy=0 = EMN [Z (ai)k] .

i=1

DyFyn

Upshot: The moments of up can be accessed without matrices!

The difficulty now is to study limits of Dy applied to the BGF
Fn(x1,...,xn) (which BTW equals = eC3++%)/2), then
set x; = 0, Vi, and take the limit, as N — co.
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Dunkl operators

A new approach, due to [Benaych-Georges—C.—Gorin '22],
uses instead the Dunkl differential-difference operators

0 1
Si=o > (1—sij),

=X — X
N J
Pei= (&) +--+ )k k=1

They also satisfy the key identity:

N
Pk (B(al,...,aN)(Xla e ,XN)) = Z (a,-)k . B(ah._.’aN) (Xl, e ,XN)
i=1

The advantage: they admit a 1-parameter “f-generalization” - --
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Gaussian Beta Ensemble

For any 6 > 0, the following distribution on Wy is the
Gaussian Beta Ensemble (the random matrix parameter is 5 = 26):

N
G [ (ai- ) [
k=1

I<i<j<N

9/35



Gaussian Beta Ensemble

For any 6 > 0, the following distribution on Wy is the
Gaussian Beta Ensemble (the random matrix parameter is 5 = 26):

P,(\Ia)(al, v

,aN) o

[

I<i<j<N

N
(aj — aj)zo H e
k=1

2

1a

2
k

Motivations:

1. For 6 = %,2: IP’(,\?) = eigenvalue density of Gaussian Orthogonal
Ensemble (GOE) and Gaussian Symplectic Ensemble (GSE).

2. P\?) is a Boltzmann distribution with logarithmic repulsion
and inverse temperature 8 = 260.

3. Integrable model, e.g. normalization constant «— Selberg integral.
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Bessel generating functions
The relevant multivariate Bessel functions B((gl) aN)(x
are now defined abstractly from the §-Dunkl operators

0 1
gi(o) — o +0- Z - (1—sj),

7;(9) (5(9)) St (ff\?))k, k=1,

and eigenfunction relations

1, XN)

i=1

PO(BE o baom)) = D (@) BE (xa,e
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Bessel generating functions
The relevant multivariate Bessel functions B (X1y- ey XN)
(31,...,aN) ? ?
are now defined abstractly from the §-Dunkl operators
+0-

OX; A= X — x;
i e i

7;(9) (5(9)) St (ff\?))k, k=1,

and eigenfunction relations

N
8) ( (8 0
Pl )(B((al),.,,,aN)(Xl, e ,XN)> = Z; (ar)* - B((al),._.7aN)(X17 o XN)

0 1
.= = (1-sp),

The relevant Fourier-like transform,

FI(VO)(Xl,...,XN). B(o) (Xl ...,XN)IP,(VG)(al,...,aN)dal...daN,

(a1,--an)

still satisfies: Pl(f) F,(Ve)
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LLN for GBE eigenvalues at fixed temperature

Nothing changes if 0 > 0 is fixed: as N — o0, then
N
1 (@) e
Uy = — Z d_a, where (a; = --- > ap) is Py, -distributed,
N =

converge weakly, in probability, to a semicircle distribution.

20

In the outlier ¢ = 0 case, the interaction | [;_;(aj — a;)*" vanishes

and we get Gaussian distribution as the limit of empirical measures.
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LLN for GBE eigenvalues at fixed temperature

Nothing changes if 0 > 0 is fixed: as N — o0, then
N
1 (@) e
Uy = — Z d_a, where (a; = --- > ap) is Py, -distributed,
N =

converge weakly, in probability, to a semicircle distribution.
In the outlier ¢ = 0 case, the interaction [ [;_;(a; — a;)% vanishes
and we get Gaussian distribution as the limit of empirical measures.

We were interested in the crossover high temperature regime,
N—ow, 6—-0", NI—~vye(0,0),

expecting that: when v — o0, get semicircle distribution;
when v — 07, get Gaussian distribution.
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LLN for GBE eigenvalues at high temperature

Theorem (Duy, Shirai '15 & Benaych-Georges, C, Gorin '22)

Consider the empirical measures

. 2 5s, where (ay = -+ = ay) is P\ -distributed.
i=1
In the regime: N — o0, 0 —0", NO— e (0,0),

the measures iy g converge weakly, in probability, to certain ,u(V).

v

The density of (?) is known [Allez-Bouchaud-Guionnet '12],

dps(t) _ e /2

dt ar A (o)

£ (t) \/> §o fy(s)e™ds, f,(s):=m, oLl 1 e\/%z.

where

but it is complicated:

12/35



Global asymptotics of GBE eigenvalues at high temp
Theorem (Duy, Shirai '15 & Benaych-Georges, C, Gorin '22)

Consider the empirical measures
N
1
o = N 62, where (a1 > -+ > ay) is Py -distributed.
i=1
In the limit: N — o0, 6—0%, NO—~e(0,0),
we have iy g — ,u(’Y) weakly, in probability.

_ o L — s .
% = 2 2 1 6

Density of 1(?) for various 7 (courtesy of [Allez-Bouchaud-Guionnet '12])
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Moments of the limiting measure 1)
Theorem (Duy, Shirai '15 & Benaych-Georges, C, Gorin '22)
The limiting measure () is uniquely determined by its moments:
0
f K (dx) = 2 weight(P),
- Dyck paths P of length k

where: Weight(P) = H (k + ,7)#down steps from height k\(kfl)'
k=1

v

/\
/\ /\ /\/\ / \
/N/N/\, /\/ \, / \N/\, / \, / \
(1+7)%, (149)2(2+7), (1+9)%(2+7), 1+7)(2+7)?, (1+7)(2+7)(3+7)

[B-G, C, G '22]: LLN + combinatorial moments «— control over BGF.
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Outline of the talk

LLN for random [-partitions at high temperature
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Discrete Beta Ensembles

We switch gears to discrete random partitions.
We are motivated by the discrete B-ensembles, due to
[Borodin—Gorin—Guionnet '17], on Wy z := {(A\1 > ---=An) e ZN}:
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Discrete Beta Ensembles

We switch gears to discrete random partitions.
We are motivated by the discrete B-ensembles, due to
[Borodin—Gorin—Guionnet '17], on Wy z := {(A\1 > --- = An) e ZN}:

e it is convenient to shift the coordinates ‘ =X —(i— 1)9‘

so that measures are on N-tuples ({1 > --- > ly);

¢ [BGG "17] considered probability distributions of the form

N
) (6 — ¢+ DIl — £+ 0)
PN(fl>...>fN)oC H F(E,—E)(K _€+1_ H fk

1<i<j<N =

The interaction factor comes from Jack symmetric polynomials
(characters and spherical functions on symmetric spaces).

o They proved the LLN for uy = & 'V | 6, (variational principle).
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Discrete (5-Dyson Brownian Motion
Another motivation, due to [Gorin—Shkolnikov '15], is a
continuous-time, discrete-space, #-deformed Markov chain

((t) > - > ty(1), £20,
regarded as the discrete 8-Dyson Brownian motion.

50 A

40

30 A

20 A

10 4

0

—ISO (I) 5‘0 160 15';0
Initial condition: A(0) = (0,...,0) < £;(0) = —(i — 1)6.
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Discrete (5-Dyson Brownian Motion

Another motivation, due to [Gorin—Shkolnikov '15], is a
continuous-time, discrete-space, #-deformed Markov chain
(4(0) > > tu(t), £>0,

regarded as the discrete 8-Dyson Brownian motion:

e [discrete — contin. space limit] gives -Dyson Brownian motion;

e random evolution of N non-intersecting particles

(Doob h-transform of Poisson random walks if only if § = 1);

e if at time 0, we have A(0) = (0,--- ,0) < ¢;(0) = —(i — 1)6,

then fixed-time distribution at T is the discrete $-ensemble with
Té

O = Fr =D+ 1)
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Cherednik operators, Jack polys & generating functions

The Jack symmetric polys. J)(\G) (X1, oy XN) :J((fz AN)(Xl’ ce XN
are defined by

N N
(2 (EN,-("))k) J§> (X1,...,X Z (e) e x), k=1,

i=1 i=
0)

where the Cherednik operators §1 . ..,{N are
@ P i1 N
. ! _ J —
3 _0(1_1)+X'8X,-+HZX,-—XJ-(1 sij)+0 Z : Xj(1 si))
j=1 j=i+1
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Cherednik operators, Jack polys & generating functions

The Jack symmetric polys. J)(\G) (X1, oy XN) :J((fz AN)(Xl’ ce XN
are defined by

N N
(2 (gi(e))k) J/(\) (X1, X Z J(é)) (Xt xn), k=1,

i=1 i=
0)

where the Cherednik operators §1 . ..,{N are
~(0) o i—1 x; N X
R ; e ! _ .. _ ..
&9 =001 -1 +Xig o+ 9_2 ” ~—(1—sij) +0 Z ” 7 (1)),
j=1 J j=i+1 J

Our results apply to measures with “nice” (analytic near 1)
Jack generating functions:

0 0 X17 "aXN)
FIEI)(X;[,..., Z]P’( ) J(e)(lN) .

A variation was used for LLN/CLT at fixed temperature [Huang '20].
For high temperature, we proved - - -
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LLN for random 6-partitions at high temperature

Theorem (C.—Dolega '25; part #1)
Let {Pn}n=1 be measures on partitions (A1 = --- = A\y), with

empirical measures py := % Z,N:1 O¢;, where £; := X\j +0(i —1).

If the JGF's {F\ (x1, .., xn)} o, Satisfy:

¢
e lim 7 In(F,S,e)) = mgﬁ, for all ¢ > 1.

II\\IIGH—»O'.; (E — 1)! ﬁxf xy=--=xy=1
al’
o lim ———in(F) — 0, for all mixed derivs.
N—00 8x,-1 s 6X,‘, xp=-+=xy=1

NO—~

Then there is a prob. measure ;i{7) with finite moments my, mo, . . .

s.t. NIim BN = ,u(V) in the sense of moments, in probability.
—00
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LLN for random 6-partitions at high temperature
Theorem (C.—Dolega '25; part #1). LLN for empirical measures if

¢
fim in(FY) = 5 forall £>1.

¢ 7
Nﬁo?y (E - 1)! 6x1 xp=-=xy=1

o lim 07 In(F,EIQ)> = 0, for all mixed derivs.
N—o0 6X,'1 tee aX,'r x1=--=xy=1

NO—~
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LLN for random 6-partitions at high temperature
Theorem (C.—Dolega '25; part #1). LLN for empirical measures if

. 10 (6)
e lim ———;In(F
Nﬁo?y (f— 1)! 6xf ( N )

e lim Lln(ﬁsﬁ))

N—o0 5X,'1 tee 5X,'r
NO—~

— &, forall £ > 1.
xp=-=xy=1

= 0, for all mixed derivs.
xp=--=xy=1

Example: For fixed-time T distribution of discrete 3-DBM from (0V):

K,SY) = (5@71 - T




Outline of the talk

The limiting measure: moment problem and Jacobi operators
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Fixed-time distribution of the discrete 5-DBM
Fixed-time T distribution of discrete 5-DBM, started at (OV), is
}P’(e 7) (ty > >ly)

I1 F(6— 0+ )T — 0 +0) lﬂ[ Tt
1<i<j<N M = )Tl — 4 +1-0) €k+( —-1)0 + )

Theorem (C.—Dolega '25; part #1). The empirical measures
BN = %ZIIV:I d¢; where ({1 > --- > L) is ]P’%Q;T)—distributed,
converge as N — oo, N — ~, to some prob. measure p(%:7).

300 3

- ﬂ
200 [ |

150

Il




Law of Large Numbers for random 6#-partitions
PS\?;T)(&[ > e > EN) oC
I C(0;— 6 + )T (4 — € +0) lﬂ[ T
F(E,- — éj)r(é,- — EJ- +1-— 0) pilic] F(Ek + (N — 1)9 + 1)

1<i<j<N

Theorem (C.—Dolega '25; part #1). The empirical measures
HN = ﬁZ,N:l ¢, where ({1 > --- > ly) is P(,g;T)—distributed,
converge as N — o, N — ~, to some prob. measure p(%7).

2N ' 24/35



Law of Large Numbers for random 6-partitions

PO (> > ty)

1—[ F(E;—£j+1)r(€;—€j+9) lﬂ[ T %k
TG =T =+ 1-0) LI (0 + (N—1)0 +1)

1<i<j<N

Theorem (C.—Dolega '25; part #1). The empirical measures
HN = %Z,Nﬂ 0¢; where (01 > --- > L) is ]P%;;T)—distributed,
converge as N — oo, N — , to some prob. measure p(%7).

u 300
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Law of Large Numbers for random 6-partitions

PO (> > ty)

I F(— 0+ DT (L — € + 6) lﬂ[ Tt
l<icj<N i —6)r—¢+1-0) 1 r(fk +(N—-1)0 + 1)

Theorem (C.—Dolega '25; part #1). The empirical measures
HN = %211\121 d¢; where (€1 > -+ > L) is ]P’%Q;T)—distributed,
converge as N — oo, N — , to some prob. measure p(%7).

300 +

250 -

T A

The support of p(*iT)
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Moments of the limiting measure

Theorem (C.—Dolega '25; part #1)

The probability measure p{"'7) is uniquely determined by its
moments, e.g., if v = T, then

L () — wt, (P)
| @ = %

PeMotzkin(k) 1 + #horizontal steps at height O

where

th(P) = ,}/#up steps H (k + ,Y)#hor. steps at k + #down steps k™, (k—1)
k=0

v

é :i | j: ! j ! j cee

1 1
wty(P) = 7(149)3, ¥?(2+7)(1+7), 572(1+7)2, g’y“,

P:
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What's new?

i—1

. 0 X;
5":9(1_')+X"(9><,-+9.21x,-—>9 —si)+0 Z
Jj=

j/+1'

- X.I
Unlike Dunkl operators: Even if F(X) symmetric, we have

(&) Fx)

2t ~ if i #J.

S,J).
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What's new?

i—1

0 X

& = 9(1_i)+xi(9><;+9j21 " _XJ —5i MJZ,L ” —x,
Unlike Dunkl operators: Even if F(X) symmetric, we have

) FR)|_ # @) FE|_ . i)

2=(1N) =(1M)

The Hecke relations

§isi1j=s-1;&1—0-id, V2<j<N,
reduce the prelimit k-th moment to a polynomial function of

&P, (B)FO|_ e (&) O

S,J).
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What's new?

i—1

. 0 X;
5":9(1_')+X"(9><,-+9.21x,-—>9 —si)+0 Z
Jj=

j/+1'

- X.I
Unlike Dunkl operators: Even if F(X) symmetric, we have

(&) F(x)
The Hecke relations

§si1i=5-1;§1-0-id, V2<j <N,

1) ™~ if i #J.

reduce the prelimit k-th moment to a polynomial function of

& F()?)L?:(l/v)’ (gl>2F(’?) g=qany (gl)kF(’?)

~ P .
and & =x3— + 92 % (1 —s1j) ~ Dunkl operator!
3 :

7=(1V)

S,J).
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Moment generating function of the limiting measure (7

The moments m = S_ 7T)(dx) can be assembled into:

Theorem (C.—Dolega '25; part #2)

As formal power series in z ™1

~ ;O ”’ T) evx_ X —
1Fi(viz;—T) =eXp[’Y-E{Z ,;1}(2)]
where: .
o 1Fi(a b;x) = Z (2 X—I () :=t(t+1)---(t+n-1),

n=0 (b)" n
is the confluent hypergeometric function;

o L is the formal Laplace transform:

L {Z ;n!x"} (z) = 2 foz "L
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Density of 1(7) via the zeroes of an entire function
By the Fourier inversion theorem:
Theorem (C.—Dolega '25; part #2)
For any v, T > 0, the density of the /imiting measure is

dpnm) 1
dx Z; 1[ -, é(wn] kle 1 £, g(w)]( x)

where ggv:T) > ggw:T) >

- are the real zeroes of the entire function

G(V;T)(z) = -1F1(fy;z;—T), zeC.

b
r(z)

300

250 4
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Density of 1(:7) via the spectrum of a Jacobi operator

G T)(z) is the characteristic function of a Jacobi matrix:

Theorem (C.—Dolega '25; part #2)
For any ~, T > 0,

dprT) 1 &
(x) = - 1[ . gwr) Z 160D, mp]() :

dx ¥

where (— 1

T T(v+1)
T(y+1) T+1 T(v+2)
JOT) = T(y+2) T+2 T(y+3)

T(v+3) T+3

A > —€§7;T) > -+ ) = spectrum of the Jacobi matrix
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Outline of the talk

A remark on a deformation of free convolution
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Discrete 5-DBM with arbitrary initial condition
Assume the discrete S-DBM has initial conditions

N
N (o) = (V) (V) 1 N—w
(N(0) = (él (0) > -+ >l (0)), s.t. N ;64,\/)(0) — v
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Discrete 5-DBM with arbitrary initial condition
Assume the discrete S-DBM has initial conditions

N—wo

N
N (o) = (V) (V) 1
(N(0) = (él (0) > -+ >l (O)), s.t. N ;54,\/)(0) — v

Theorem (C.—Dolega '25; part #2)

Let (N(T) = (ng)(T) >. .. >€$VN)(T)) be the Markov chain at

time T > 0. Then
N

1 T
: - — TV
A NZ%N)(T) = pr,
NO—~ i=1

where 1\ T¥) s uniquely determined by its moments, equivalently,

by the following equalities:
np) [,u(”;T;")] = HE,’Y) [M(W’T)] + /4;5,7) [v], foralln>1.
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A deformation of (quantized) free convolution

Question

Let v > 0. Given prob. measures 11, v with x5 [1], 55 [v] < o0,

does there exist a probability measure p m v such that
) [ =R v] = k) (1] + K [v], foralln>17

Our theorem answers YES, if = p(T) and v is of the form
Vv = IimN_,oo % Z’N=1 (SZ(N)(O).
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A deformation of (quantized) free convolution

Question

Let v > 0. Given prob. measures 11, v with x5 [1], 55 [v] < o0,

does there exist a probability measure p m v such that
) [ =R v] = k) (1] + K [v], foralln>17

Our theorem answers YES, if = p(T) and v is of the form
Vv = IimN_,oo % Z’N=1 6Z(N)(O)'

Conjecture
The answer is always YES. J

The question is a limiting case of the conjecture of [Stanley '89] on
the positivity of Littlewood-Richardson coeffs. of Jack polynomials.

1 EH v would be a y-deformed (quantized) free convolution
([Voiculescu '92], [Speicher '94], [Bufetov—Gorin '15]).
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