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Potential Theory on infinite graphs

Q : classification at infinite graphs ?

E# Recurrent or Transient ? 0*0 ? OBH ? Strongly Transient

G.e. strong iso
. ineq.)

.

These classification is invariant under some operations.

1) . Rough isometry
2)
.
Equivalent edge weights : Given r , F , equivalent if 7- K >o

Gil . ñxy ≤ rxy ≤ kttxy



⇒ geometric edge weight vs combinatorial edge weight

Rmk! geometric edge weight from"H%%Ye%%d%%jᵗH.
i. =-D

÷to metric space is equivalent to comb . edge weigh.
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Tools: Extremal lengths , effective resistance
, compactification . . . a. .



CONTENTS

Introduction vii

Chapter I. Kirchhoff's laws 1
O. Examples of infinite electrical networks 1
1. Graphs and networks 3
2. Chains and cochains 8
3. Kirchhoff's equations 12
4. The associated Markov chain 14
5. Harmonic functions 18

Chapter II. Finite networks 22
1. Existence and uniqueness of currents 22
2. The effective resistance 25
3. Three basic principles 28

Chapter III. Currents and potentials with finite energy 32
1. Finite energy and Dirichlet sums 32
2. Existence of currents with finite energy 36
3. The minimal current 39
4. Transient networks 43
5. Recurrent networks 46
6. Dirichlet's and Rayleigh's principles 51
7. Decomposition and approximation of functions in D 58
8. Extremal length 63
9. Limits of Dirichlet functions along paths 67

Chapter IV. Uniqueness and related topics 72
1. Spaces of cycles 72
2. Bounded automorphisms 74
3. Cartesian products 77
4. Nonuniqueness and ends 79
5. The strong isoperimetric inequality 81
6. Graphs embedded in the hyperbolic disk 89
7. Nonuniqueness and hyperbolic graphs 93
8. Moderate growth and Foster's averaging formula 96

Chapter V. Some examples and computations 100
1. Transience of infinite grids 100
2. Potentials in zn 104
3. Ungrounded cascades 109
4. Grounded cascades. Generalized networks 113

✓

{
✓

,
limit current .

☆ Royden 's decomposition
for transient network

it D= Do ④ HD.
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Other related topics :( Mostly for Finite graphs ),
① . Spectral graph theory : Eigenvalues at Laplacian ( Id - P)

② Spanning tree model in statistical mechanics
.

ke-ih-s-hm-H-KPI.es = deto (Ckd - P) )
weighted sum of

= product of nonzero eigenvalues,
spanning trees
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Another version = C. (Id - P)
⇒ Ecxylfy- fx)

Tx
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C=✗(cʳ③ . Geometry :

nwant to find nice realization

of P into some metric space .

a)
.

Tutte embedding
:

Given ( Pir) , find f : ✓ → IRN

* ) minimize Dirichlet energy Er¥§x-fyP
HEE

**) f satiates some boundary condition
.



discrete Niemann mapping U'inear)

b)

b)
,
Circle packing



discrete Klemann
mapping (non-linear)

Fail : Infinitesimal change of radii
,

is a harmonic

function
.

- discrete minimal surface

Chile packing

representation

\ Técchmiiller space .



Extra tool for planar graphs : conjugate harmonic fun .

→
hav

.
function 1- Conjugate harm ,

→ discrete holo
.
function

Q: Extend the theories on finite graphsᵗ°Hegrap


