
t.edu#l--Y:Ena.E!Y?-mhddgme.7T--xample:-Suppose P plane graph sit . T is uniformly
embedded in 1122

>
i. e. 7- K >0

¥¥→Éz≤É,
- z.lk,

Then P %É4%mñ""
1122 ~ 2,2

⇒ P recurrent .
-

Thin Pi
,
Pz roahty isometric with bounded vertex degree.

Then Pi C- Otto ⇔ PZGOHD
,



PI : Take ¢ :P
.
→ Be rouh isometry .

7- KZO Sit
, & :P, → Pzk morphism .

%
f. c-Oars ⇒ ¢1M ) c- OHD
True

because#7¥ R
"
c- Q+☐

the following ⇒ Pz C- OHDproposition .



Pry let F- 149) transient subgraph of 1--14-1=1

sit . ↑ ↳ A is rough
'

isometry ,

Then if P c- Qtb ⇒ A GOAD
.

PI let to HDIA) .

Royden deianp.i.hn : 5- Ip =

g t K

for DLP) a
r £

a
HDIP) = { coast . }

,DID DID

Want to show : f K
.

,



Pick of V
'mA

Denote : Io one
- sided infinite paths

↓ starting from 0
,

I! - -
. .

.
. .

infinite paths In M
a
-
_ . . . . .

.

Know : For almost all pE Io
,
flip) : -11m flxn) exists

,

✗nap
n→A

(4) (Want to show
,
for almost all photo

,
tip) = K)

In other words : PI = { p c-I
, I tip)=K }

,

PE = {p c- I
, I 5-407--1 K }

,

P # = { p c- I. I 5- Ip) limit not exists }
.



I
,

= PI V PI
'

Up
#

know ! 71115¥ = co

lit) ⇔ anlPʰvP¥)=w

knw:⇐rÉ!*¥!:⇒÷?,¥
⇔ art # n por) = • .

Claim : Xr(P%Po7=o ⇒ 7×1154--0 ,



Sketch : _ .

(¥ ,

Pek #-)

P ↳ A rough isometry,
I 0

'

we can project path P
\

_
_

'

to a path 15 on P
,

Gil .
"

they are close ! It ✗ Ep .
7- I c- § sit ,

dlx , F) < c

With this protection , we exsttmate
. Lip) in terms of

2451 .



( pro

.+ssñmeH⇒'""⇒=°¥¥¥¥stmgisoperinetiuineguai.tv/-
.

L

Det L finite subset of vertices in P
.

Define 714 C L sit . each vertex

in 714 has a neighbouring vertex & L
.

Call 714 combinatorial boundary of L .



bet we
say

P locally finite graph satisfies

a strong
'

isopermet.dk '

inequality
'
if 7- K >OH

.

17141 ≥ K 14 for all finite subset!

and Lal denotes cardinality .

T-xampt.eu) I , Zi fail strong isopermetiu
'

inequality.

n{#☒§ No """""t K > ◦ satisfies

4N -714 > 7<14 -_n2 for akn
.

Ex



(2) Infinite triangulation of disk Sil
. degcx) > 7

for all ✗ C-V,
⇒ strong iso

, ineq ✓
.

(3)
. Cayley graph of fundamental group of

closed surfaces of genus g > 1
.

⇒÷÷÷:"i::÷
713N = Bn - Bay = 2^-1

17134
"
E-
" £1Bn /



⇒ binary tree . satisfy strong Tso
. ineq .

T-xgieI-stss-F-y.tn
V- ◦ c- V

,
11.3nA ≥ city

"

where Bnlo):= { × c- V1 dlx.co) C- n }
,

⇒ number of vertices grow exponentially along
distance

.

Sketch ! Bnei = Bn -143mi -Rn)



113mi / =-3 / Bnl -11713mi /
≥ 113Mt K 11%+11
≥ 113m14 -1K )

⇒1Bnl≥lHkl"1BH=lHK↑-



☆ all Cxy -=1 ).
Thin Assume P has uniform bounded vertex degree,

i. e. M :-•Snp degli < • ,

✗c- V

Then the following are equiv.

4)
. P satiates strong Iso

. ineq ,
(2)

,

7- 8>0 gal , for every function F. V -7112

with finite support , we have

11th := Eux)ifcxÑ ≤ 8D (f) .XGV

where can = degcx) ,
( Poincare ineq , , Sobolev - Dirichlet Tneq ) .



(3) P has operator norm 11171<1
.

(4) , 7- T where octet satktfes for some Cso

pncxiy) = (F) ix.y) <C kayak

(5) CT := Id -1 ftp.t/3-....--4Id-p)-t is

a bounded operator .

( Recall : Glx ,y1:= Iim & p
""
ix. y) )

h-78 k=o

Message ! (3) ⇔ 141 ⇔ 15) proved from definitions
.



Pf : 14 ⇒ (1) .

Take 2 finite subset
.

if ✗ EL
Xian := { !

otherwise

813th) ≥ 11%115 = { degixal ≥ 14 .

XGL

"

82 /Xian -WDP ≤ 8M 17141
✗c-714

ynx
but yell

⇒ 17141 ≥ ¥ 14 ⇒ strong iso
,

equality F-ÉM
.



4) ⇒ ID
.

Let 5- any function with Finke support .

It take values

Elka , cazc , . . .

Lak <0
.

↳ := { ✗ c- V1 flx.it#- a:3
,

er
.

LK C Lky C.
. . . ↳ = supp (f) ,

⇒ 5- = E ai et
, -4+1

= { c-
, er

,

where Cy = a,
↳ = Ai -Ayy



Idea ! Strong
'
so .

'

cneq , ⇒ 171411 > KIL ;)

⇒ DIG;) > I Heidi

•ms↳:.:!÷¥"⇔?¥÷÷"
becauseHsatkt1es(#


