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Lecture22_ 30 May 2022

Recall : P Recurrent ⇔ DIE Dolly

comments Royden decomposition fer transient P
o n

DCP ) = Polly ④ HDCP)

PEOHD ⇔ ( DLP) = Dolly ④ { coast }
.

)
/*

⇒ y :P, → r

f n Be recurrent ? ⇔ Hidy DEH , Dolf. ) for i -4.2

A. B. C- OHD ? G) steady Royden decomposition
Is it in The form of 1*1 ?



HMM
'

""

µ ,,

7-1<>0 sit.

É≤ c. ≤
Kc
'

#
Consider P : 4*1×14=(4%411%81) ④ (4%1%11-1719)

✗ ↑? isom
. 4 ↑ well-defined ?✓

✗

r
'

: DCP ') = Dog
"" ?✓%
shall pme

HMM)
Claim : Suppose F- Fool . Then 7=-0 =É "

"

1=-0
.

It is true since 4 is surjective .



P
'
recurrent ⇒ e' GD.CM/--7e--~EeeYc-X*DlMnDolMcDotY

Ne×tgout:PGQ+o⇒poµ,?"°""#
Claims f- C- Y*DV ') A Doll) ⇔ F' C- Dolf ' )

,

know already : f ' c- Dolf) ⇒ 9- C- 7*13114^1%14

Problem : If 5- c- Doll) ⇒ 7- fn with finite support

sit . Ilf - full -70 as a-76

However
, if 5- c- 4*11781 )

,
# tn C- 4*(1%4)



""

& *.¥Dolt) "
"

g-
Problem ! We don't know f ' C- DIM even if

we know 5- c- Doll)
.

Idea of proof ! Want to find sequence { In} Finite support
and inside 4711114

that
converge to f.



Approach : Project { 5-n} to 4*(1%1) to get Efi?

Let ✗ c-V. Define ( x ) := { y c- V1 Kid --7417
.

W( ×) := # (x) number of elements
.

Given g : V-7112 , define (Mg ) : ✓→ IR by
fifty

✗
g
,

Mg 1×1 := ⇒ { gut
✗ . 561×1

'

. •

Y
'

, 4¥41
⇒ 1491×7 = Mgly) it yet.



⇒ Mg is induced by some funding
' :onP!

Tag . Suppose 2- = 447
,

C- V
'

g' 12-1 := Mglx) is

independent of the preimage in 7-42-2--14
.

⇒ My = g' ◦ 4 .

T If gE DIM ⇒ My c- DID

⇒ M : DID → 7*4319) CDH
.

DIM → Polin #IDO'll
.



Take In := Mtn finite support
and ✗* (DIP'll

,

⇒ Iii f 'm:t support C Poll ')
,

⇒ g-n'
"¥
"

t ' C- DIM
.

⇒ 4¥ Pdf) → Down # DIP 'D
surjective

and isomorphisms

claim ! P GOAD ⇒ P' c- Oita



Pf ! Assume P
, P
'

transient
.

and PGOHD
.

Take 5-' C- HDIPY,
f := £04 , c- DIP!

5- = g + K where GE Dol
K is coast

.

Note ! K = K' ◦ 4 ⇒ f ,KG~F(DIP'D
⇒ g c- * IMM)

,

⇒Ot f
'
= g

'
+ K

'

7 A 9 ↑

Both harmonic Dolly const .



Uniqueness of Royden decongestion ⇒ 91=-0 and F- K
'

⇔:rre•m⇒%!!¥°ⁿ
PI P recurrent ⇒ 7- 5-n flmtte support Gil.

He - fall -70 as naw
.

Define In := Mtn ⇒ 7- In ' s.t.fn-fn.it
has finite support on

.

Note : Me = ei

He
'
- till ≤ che - Intl = 41 Mle- fall / ≤ Elle - full -70.



Reiaii.hr?-TpI?:Y!,.*.?rrecuw#
Take P

'
:= HIM

,

C Pz

We proved ! A transient ⇒ P' transient ⇒ Pztmaiient

P, recurrent ⇒ P' recurrent # threw"
"

transient

( e.g. 212 ⇒ 22 ⇒ z
} )



Thy f. Pz roughly
'

isometric graphs of bounded

degree . Then P, transient ⇔ Pz transient
.

pf ! & :P,
→ Pz roughly isometric ii. e. 7- a. bio

G) adqlx.yl-be-dpzldk.t.ly/lc-adp.lx.y1tb
.

Do ¢ might not be a morphism
.

P ,

÷ -4ohm
"""m " & :P' → Bt is morphism

for K > atb
.

Moreover
,

& is roughly isometric
,



Pf ! Suppose × - y 0-407)

⇒ dry :D ≤ I

⇒ dpzlatcxitly) ) ≤ atb < K
⇒ dad -44) c- YIPE )

,

Recall ! P, ~ Pz n Tak roughly isometric
.

Claim : 7. mso
,

41*-441 ⇒ dµid< m .

Pf ! dqkttadillypjf.la#ikH--o--Yad&x.y) - b ≤ 0
"
o ⇒ david ≤ ab

.



er:
P, transient ⇒ 411 ) transient

⇒ Bt transient

⇒Rtraui-


