
Lecture 21 25 - May 2022

Rough isometry ( Cont )
Bounded vertex degree : 7- M > 0 sit

,

↳ up dcgx < M
.

i.IE?Def-GiwenPlocally finite graph and K c- Iso
,

We define filth,Yw) K- fuzz at P as follows
.

Vic = V



¥ :-c { ix.y ) G Vxv I dump ≤ K }
,
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dp.CH) ≤ delay) ≤ kdr.lk'D
≈7 Pk

,
P is rough isometric

.

¢ : ✓→ Va
✗ 1-7 ✗



(2) ¢ : P → ↑ rough isometric

¢ : P → Pic rough Isometric

Pmp_ Suppose P has bounded vertex degree .

.

and K G Z> o
.

Then
,

P recurrent ⇔ % recurrent

P G O,+p €7 Pk C- OHD
.

17£ Goal : To show the norms 11 .lt#rgq.ltl4*p.$
are equivalent .



Pick any f
: V -7112 , YCY,-429

.

{ lfx -typ ≤ E 15×-5%12
HEY XYEYK

⇒ Pdf) ≤ Pratt)
⇒ 115-11

,
≤ 115-114,

The other direction : For e. = IX.KI ETI

Uce
,
K ) = { Gioia c- Y / dcx;,z ;) ≤ Kfar :S :D

.



Pkk any XYGV Sit . I ≤ delay) ≤ K (⇒ xy c- Ye)

/ ftp.flyl/2--(.lfbx)-ftxisl-Hfcxd-fcxul-H$
p ≤ KEHCX;) - ftx.HR

÷÷:÷ "sto-VK-ip.ly/flS)-fLyj/Z
✗
{ { 15-10-4-1112¥4.14K -5-411

>
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Counting : Fix ✗ GV
,

# { veolkes with distance from ✗ ≤ K} ≤ Mk

and any
two latkes might produce an edge in 4k

⇒;;;¥≤";;:;;;"""
⇒ 114th ≤ KM

"

II. Ilp



Norms equivalent ⇒ DIP) = DIR )
Dot) = Polk)

↑ recurrent ⇔ DIP) = Door)
"

DIG
"

Dork

Assumer-EI.at?naTi:-o.#lethc-HD(
Pic)

.

⇒ h c- DIP)



Royden decomposition : h= 5- + g
of RP)

where 5-0-1%07
, GGHDLP)

since PEOHD
.

g const .

Note : 5- c- Doric) , gc-HDV.io)

⇒ 0th = ftg Royden decomposition d- DOH
.

By uniqueness,
⇒ 7=0

h = g const
.

⇒ Pic C- OHD



from Pi to Pz .bet bet 4 É

¢ , → ⇒Y
,
→ Yz

We define the image at 4 is graph
f. = ( vi. Yi)
Vi = 414)

,

4,1--414,1<+2 .
⇒ Pi is connected

. subgraph of Pz
,



Piop Let P
,
P
'

graphs of bounded degree
.

Suppose 4 Morphism from P to P
'
sit
.

4) e
'

image of P under 4
.

(2) 7- m >0
, satiety !ng for × , YGV
41×1=44) ⇒ delay) ≤ m .

Then
,

'

if P transient ⇒ A transient

P Oars ⇒ P
'

QTD
,

keep in mind ! I :P → P



For f
'
: V

'

-7112
,

consider

fly a. = f' (41×1) tx c-V

⇒ f : V -7112
.

( f. = F' ◦ 4)
Goal : 7*D( F) < DIP)

Relate 117th . ~ 119-14

Claim : 114th, ≤ llfllp for all t.ir ' -7112
,

of E H' cxi - Fiji ≤

,
15-61-5-4112

¥-4 '

⇒ 11541m ≤ 115-16



Note ! for ✗
' Y' C-Y

'
. 7- ✗YET sit . 4Lxy1=Xy/

15-1×7 - fly)/
2

= / fix - fly)/
2

Claim ! 7- Go sit . 11th ≤Clif'Hp V8
.

s⇔s!÷recurrent
,

and e
' II const function an M

.

⇒ e
'
c- Doll

'

)
⇒ fin : V'→ IR with finite support



sit
. Ile - fille, -70 as n→o

Consider fn := fn
'
• 4

.

Mm

4
→ .

i

⇒ fn has finite support.

⇒ e := e' • 4 const. on P
.



He - full
,
c Clié - fill

,
,

-70

as his
.

⇒ e c- Dolt)

⇒ P is recurrent
.

Conclusion P
"

recurrent ⇒ P rearmost

P transient ⇒ P' transient .

Question !

12¥ Converse might not hold
.
?


