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Thm_ Suppose 5- c- HD and nonunstaat such that

5- to ≥o

Then 5- > 0 an V

Thm_ Assume (Ar) transient
.

Do = { FED I fix -0 b- ✗ GO }
.

Recall : Given one-sided infinite paths p

Extremal points : Ecp) =# - Up) a BR



That Assume V74 transient
. And I family

at
one
- sided infinite paths in P such that

.

p a BRF :=
pose

is disjoint from D
.
Then 7117=0 .

⇔ a-
'

II )-0

Recall ! If a path p satisfies Ercxnxaei) < •
n

Then Elp) C- Do



Corollary ! Suppose I family of one-sided 'ont
. paths

sit . 211 ) < 0 .

⇒ WEPT no ≠ &
.

i-k.FI?:Is-crr#srem-
we know already 0--4

i.
and 7117--0.



Ey I = {p } where p is one-sided int path
sit

. { rlxn.int,) <A
n

then7lI)c#



Thy l Harmonic measure )
,

let (Pir) Transient .
For every 2- EV

,
there exists

a unique posture regular Borel measure Uz on BR

Sillsfytng the following :

4)
,
Nz ( U) >0 It all open sets UCDR at .

Uno ≠¢
.

A)
, Suppntlllz ) =D .

(b)
, every 5- C- HD is llz - integrable and

f- 12-1 = iffy dtlzlx)
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12m¥ the depends very much on

edge weights.

⇒ boundary value problem depends on

%;÷::É

y

'

_ ⇒ boundary value problem
- that is not sensitive with

\ edge weights but depend
'

_ _

_

'

in embeddings.



Rough '

isometry = Gromov 's quad - Isometry ,

bed suppose ( Xi
, d.) , (Xz,dz) are metric

spaces . A map & :X
, -7×2 is

called
• rough isometry it

4)
,

7- a > o
,

b ≥o at . -Kay c- ×,

a-
' dicky) - b ≤ dzldcxs.tt/1) ≤ adilx ,y)+b

(2)
.

7- C > 0 set , for all 2- C- Xz
,
7- ✗ C- Xi Sil

.

dzlz
, 41×71 ≤ c.



(1)
,
⇔ di.dz comparable aayñloctiully

&
'"

. $ →
We call a,b,c constants at rough

'

isometry
and Xi ,X2 are roughly isometric

.

Remark :o) Generally , ¢ is not surjective
is not continues

,

(2) rough isometry Is meaningful only it



diamcxz.dz/--cs--dtamCXi.dc )
.

"

supldlx.pl ×,yGXz)

Claim : If diam CK,dz) <• ,
dianna , /dies.

then for
any & :X

, → Xz
,

such constants a. b. c always exists
,

If diam th,dit cos and diam Linda)=o

then no rough isometry .



Thin Roughly Isometric is an equivalence
relation on metric spaces.

(1) Transitive : & :* ,d , ) -7 LY.dz)
& :( Y.dz/ → (⇒ day

} "ugh isometry

claim : ⇒ 40¢ : IX. d.) → LZ,d } ) is rough > some-4

7- a , ,
bi 4--1 . aidilxiy) - b

,
≤ data .tn/1) ≤ a. dicky)tb,

7- az.bz Sit . aizdl.FI/Y-bze-dzf4CxY,4lyY)L-azdzlx7yY+bz



(a) aiduttlxlikyp-k-dz.tt-11×1,44×1
a-

≤azdzldk.dk/1)tbraia(i'dlxiy)-bi)-bz
11 ≤ area , dicky) -1 azbi -1b£

la.ad-ldlx.gl - aÉb ,
-bz

(b)
,

let 2- C- 2- .
7- y c- Y sit ,

d
} / £, 441 ) ≤ Cz

7- ✗ C- ✗ sit .

dzly , 41×77 ≤ c
,



dzlz, 4041×1) ≤ d} 1744 )) + d> (441,44*1)
≤ cztazdsly.dk/-bz)
≤ Cz -1 azcltbz

(2)
. Symmetric : Given & :* , ,d , ) -7 (Xz,dz) rough isometry.

Want to find

§ : Uh
,
do) → Ah

, d.) rough isometry.

Pt : tick any 2- C- Xz
.



7- ✗ C- Xi Siti

dz(Z☒ ) a C

Define 9- A) = X
.

K"

±i÷¥¥
Rank ! & is not unique ,

not continues generally
Ex: 4- Is rough isometry.



Det Pi ,
Pz locally finite graphs

are roughly isometric if

( V1
,
deom )

,
1h
,
dam ) roughly

isometric
,

E.i.ir?:::::::.:::::.::-E
Isometric

,
then P

,
is recurrent ⇔ This recurrent

.

P, c- Outs ⇔ R e- Qtp
.


