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Introduction

Assume all spaces are pointed CW-complexes and all maps are pointed and cellular.

We say that a space X admits a suspension splitting if X ~\/ Y,.
Examples:

® (X XY)EIXVIYVIXAY

° Z(H:{ll Xi) ~ v{il,.-.,ik}g[m] ZXil A A ka
¢ Z(Ka A)K = \/lg[m] Z(K,A)K/

) ZQSm—i—l ~ \/?;31 Smi—|—1

®* XM~ \/,?51 S2 v S3 if M is an orientable, closed, connected 2-dim manifold



Introduction

Assume all spaces are pointed CW-complexes and all maps are pointed and cellular.

We say that a space X admits a suspension splitting if X ~\/ Y,.
Examples:
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®* XM~ \/,?51 S2 v S3 if M is an orientable, closed, connected 2-dim manifold

Classification of 2-dim manifolds: M = #8S! x St =~ \/,?il Stlu|e?
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Application |: Generalized cohomology theory

A reduced generalized cohomology theory {E"(—) : CW,. — Ab} is a sequence of
contravariant functors satisfying

o EN(X) = EM(XX);
® Iff~g:X — Ythen f*=g*:E"(Y)— E"(X);

® For inclusion A < X there is an exact sequence
E"(X/A) — E"(X) — E"(A);

® For any wedge sum X = \/ X, the inclusions 7, : Xo < X induce an isomorphism

[T E"(X) = [ E"(Xa).

Examples: singular cohomology, topological K-theory, cobordism theories, etc



Proposition

Let E*(—) be a reduced generalized cohomology theory, and let M be a 2-dim
orientable closed manifold. Then there is a group isomorphism

E*(M) = | @7, E*(SY) |@| E*(S?) |

Proof: Let E"(—) =2 [—, Kp] for some Q-spectrum {K,}. Then

E"(M) =~ [M,K,]

= [ZM’ Kn+1]
2g

=~ [\/ SV S Koyl
i=1
2g

= @[52, Kn_|_1] S [53, Kn+1]
i=1
2g

>~ (PIS*, Knl ® [S?, Knl
i=1

1%

2
DE(s) @ E7(S?)
i=1



Application Il: Gauge groups

Let G be a topological group.

Let 7 : P — M be a principal G-bundle over M.

{isom classes of prin G-bundles} &L [M, BG]
TP =M o

The gauge group Go(M; G) of P is the topological group of G-equivariant
automorphisms of P that fix M

pP—~-p P—~5pP
ga(M; G) = Y AUt(P) lﬂ lTr and lg lg

The topology of gauge groups relates to the Donaldson's Theory, the homotopy
theory of moduli spaces of stable vector bundles, etc



If G is a simple, connected, compact Lie group, then [M, BG] = Z and P is classified
by its first Chern class a € Z.

Proposition

Let G be a simple, connected, compact Lie group and let M be an orientable closed
2-dim manifold. Let P be a principal G-bundle with first Chern class . Then there is
a homotopy equivalence

Ga(M; G) =~ |Ga(5%6G) | x| D%, 06|




If G is a simple, connected, compact Lie group, then [M, BG] = Z and P is classified
by its first Chern class a € Z.

Proposition

Let G be a simple, connected, compact Lie group and let M be an orientable closed
2-dim manifold. Let P be a principal G-bundle with first Chern class . Then there is
a homotopy equivalence

Ga(M; G) =~ |Ga(5%6G) | x| D%, 06|

Theorem (Sutherland,92)
Let M be a closed Riemann surface and let G = U(n). For any integers o, 3
1. if Ga(M, U(n)) >~ Gg(M, U(n)) then gcd(c, n) = ged(B, n);

2. if gcd(a, n) = ged(B, n) then Go (M, U(n)) >~ Gg(M, U(n)) after completion at
any prime.



4-dimensional smooth manifolds

M: an orientable, closed, connected, smooth 4-manifold
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where @'_. Z/t:7Z is the torsion part of Hi(M) and Hy(M).
j=1 J

Theorem (S.-Theriault)

Let M be an orientable, closed, connected, smooth 4-manifold. Suppose Hi(M) has
no 2-torsion elements. If M is spin (Sq? : H*(M;Z/2) — H*(M;Z/2) is trivial), then

M ~

ViL, $?

V

VJ/':1 P3(tj)

ViV $° Vv

le':1 P4(tj)

If M is non-spin (Sq? : H>(M;Z/2) — H*(M;Z/2) is non-trivial), then

M~

Vii, $*

V

V!

J

_1 P3(t)

VIVIZLS® v

\V/!

J

_1 PA(ty)

where P'T1(t) = S' U; et is the mod-t Moore space

VIVEL St v

S°

VIV St v

YCP? |




Application |: Generalized cohomology theory

Theorem (S.-Theriault)

Let E*(—) be a reduced generalized cohomology theory. If M is spin, then there is a
group isomorphism

EX(M) = E*(S") @ @ E(S’) @ D E*(P(1)) |@

Pi_ E*(S?) @| D), E*(P(t))) || B, E*(SY) |

If M is non-spin, then

E*(CP?) (& @D, E*(S®) &| D, EX(P3(t)) |®

Do E*(S?) @ D EX(PP(y) |®| B E*(SY) |

E*(M)

112




Application Il: Gauge groups
Suppose G is a simple, simply connected, compact Lie group. Then

® [M,BG] = H*(M) = 7Z

® P is classified by its second Chern class «.

Theorem (S.-Theriault)

Assume M satisfies the conditions of the Theorem. If M is spin there is a homotopy
equivalence

Ga(M;G) =~ | Ga(S%G) | x [ILy 3G x|Tj-; B®G{t}|x

[Ti_: 926G | x| [T 226 {5} | x [ I17, 26 |

If M is non-spin and w1(M) is a graph product of Z and 7Z/t;7Z, then

Ga(M; G) ~ | Ga(CP%G) | x T, Q3G | x|[1j—; Q3G{tj} | x

[Tiz1 922G x| TTj— QG{t;} | x | T2, QG |

where Q"G = Map*(S”, G) and Q"G{k} = Map*(P"(k), G).



Example

Let M = CP?#(S* x S3). Its homology groups are

i o 1 2

H(M) |2 |z] |z




Example

Let M = CP?#(S* x S3). Its homology groups are

i o 1 2 3 4
H(M) |z |z] z] |z] |z

As M is non-spin we have

YCP? | v|S%|v|S?

M

12

E*(M)

112

E*(CP?) |®| E*(S3) V| E*(S!)

12

Ga(M; G) Ga(CP?;G) | x Q3G | x| QG




Example

Let M = CP?#(S* x S3). Its homology groups are

i o 1 2 3 4
H(M) |2 |z] |z Z
As M is non-spin we have
M ~ | ¥CP?2|v|S* v|S?
E*(M) = |E*(CP?) @ E*(S3) Vv|E*(SY)
Ga(M; G) =~ | Ga(CP2;G)|x Q3G  x|QG
Topological K-theory: KO(M) 2|72 |and KI{(M) = Z @|Z




6-dimensional smooth manifolds
M: orientable, closed, simply connected, smooth 6-manifold

i o 1

2

3

H(M) | Z 0

Zm | e| T

72 o| T

where T = @le Z/t;Z is the torsion part of Hx(M)

Theorem (Cutler-S.)

Zzm | 0

Let M be an orientable, closed, simply-connected, smooth 6-manifold. Take
localization away from 2. If Pt : H>(M;Z/3) — H®(M;Z/3) is trivial, then

M ) | VI SB V| Viey PAH(t) |V Vil S* V| Vs, PS(Y)

If Pt : H>(M;Z/3) — H®(M; Z/3) is non-trivial, then

M =) | VIS V| V;

J

_1 PA(t) |V

LM >~y Vit S3|v \/1§_j§£ P4(tj)

j#c

where Cz ~ P*(3") U e’

Vii1 tv Vf:l Ps(tj)

VARV Ry,

VARVAPICERAVARCIA

¢
i1 P(1)

VARVASREEVAD X@) =

VIV S V| G




i o 1 2 3 4 5 6
HM) |z o [zn|e[T] 2z e[T] (zm| o |z

Theorem (Huang)

Let M be an orientable, closed, simply-connected, smooth 6-manifold. Suppose
H.(M) has no 2- or 3-torsion elements. Then

SPM o~ VPRSPV VT TRCP? | v VI PO () [V VL, SO v

Vi PO(5) |V VIS8 v s,

for some number t € {0, ..., m}, where

(S3vSHue' t=0

i

We ~ ¢ (ZCP? v S3v S ue' 1<t<m-1

YCP?2 U e’ t=m



Application |: Generalized cohomology theory
Notation: For finitely generated abelian groups A, B we write

Ay B

& A® Z[%] >~ B® Z[%] where Z[%] = {2ir € Q}

Theorem (Cutler-S.)

Let E*(—) be a reduced generalized cohomology theory. If
Pl H2(M;Z/3) — HO%(M;Z/3) is trivial, then there is a group isomorphism

E* (M)

=(2)

LEN(SY) @

E*(S°) |© DL, E* (%) @

D, E*(PX(1)) |

D1 EX(P3(1y)) |® DL, E*(S) |

If P : H>(M;Z/3) — H®(M;Z/3) is non-trivial, then

E* (M)

E*(M)

|12

(2)

(2)

E*(CP?) & 7]

LEX(SY) @ @], E*(PY(t)) |@

L ET(S) @

L EX(P3 (1)) |&| DT EX(S?)

LEX(S®) @

E(C) @ DL E*(SY) @ @}:1 E*(PY(ty)) |®

@fgjge E*(P(t))) | @

DL, E*(5?)

j#e




Theorem (Huang)

Let E*(—) be a reduced generalized cohomology theory. Suppose
H. (M) has no 2- or 3-torsion elements. Then

E*(M) = | E*"(W:) @ @I E*(CP?) @ @I, E(SY) @

D, E*(PX(t)) | i, E*(S®) @

D E*(P3(1y) |®| BT T E(S?) |

for some number t € {0, ..., m}.



Application Il: Gauge groups

Denote the gauge group of the trivial bundle P = M x G by Go(M; G).

Theorem (Cutler-S.)
If P : H>(M;Z/3) — H®(M;Z/3) is trivial then

Go(M; G) ~p | GxQG | x T Q4G x|[Ij—; Q*G{t} | x

2 @36 | x| [T, Q36 g} | x| 1, 926 |.

If P : H>(M;Z/3) — H®(M;Z/3) is non-trivial, then

Go(M; G) ~p) |G xMap*(CP3,G) x T[T 'Q*G | x|[[_, Q*G{t;}|x

3G x| TT, @36{y} | x| [17, Q%G

Go(M; G) G x Map*(Ce, BG) | x | T, Q*G | x| [Ti_; Q*G{t;} | x

12
—~
N
~

2 Q3G x H1§;§KQ3G{Q} x| [T, Q%G
j#¢C




For G = SU(n), n > 3, a principal SU(n)-bundle P is determined by
o(P)eZ™ and c3(P) € Z.

Theorem (Cutler-S.)

Denote by Gy (M; SU(n)) the gauge group of P with trivial co(P) and c3(P) = k.
If Pt : H>(M;Z/3) — H®(M;Z/3) is trivial then

Go,k(M; SU(n)) =) | Gox(M’;SU(n)) | x| T2, @3SU(n) | x

[Tj—, 23SU(n){t;} | x | T, Q2SU(n) |

If Pt : H>(M;Z/3) — H®(M;Z/3) is non-trivial, then

Gok(M: SU() =) | Gou(M":SU(n)) | x TT, 3SU(n) |

[T, 3SU(n){t;} | x| [177" Q2SU(n)

Gok(M: SU() =) | Gou(M"; SU(m)) | x T2, Q3SU(n)  x

[Ti<j<e °SU(n){t;} | x| TTZ, Q2SU(n) |
j#

Here M', M"" M’ are 6-dim CW complexes.



Higher dimensional manifolds

M: orientable, closed, (n — 1)-connected, 2n-dimensional manifold

i |0 1<i<n—-1 n n+1<i<2n—1 2n
Hi(M) | Z 0 zm 0 Z

Theorem (Huang, 21)
If n=3,5,6,7 (mod 8) then

YM o~ | 2L v\ S G (M; G) | Ga(S?") | x| TIM, Q"G

Ifn=0,1,2,4 (mod 8) and m > 2 then

M ~[EX V| VITES™L | Go(M; G) ~| Ga(X) | x| TI7SE QG

where X = S" U e2n
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