On the Homotopy Groups of the Suspended Quaternionic
Projective Plane

Juxin Yang

Hebei Normal University

May 4, 2022

On the Homotopy Groups of the Suspen Quaternionic Projective Plane



© PREFACE

© MAIN TOOLS
© COMPUTATION
O MY RESULTS

© APPLICATIONS

ebei Normal University

On the Homotopy Groups of the Suspended Quaternionic Projective Plane



PREFACE

INTRODUCTION

In this talk, T'll report

1. the computations of 744 (X*HP?) (¥ r < 15, k > 0) localized at 2 or 3 ,

especially the unstable ones. (Actually , many of these groups in the stable range

have been computed by A.Liulevicius and J. Mukai)
2. the applications including the classification theorems of the 3-local CW complexes

GUHR Bk 12tk B>

and some decompositions of the self smashes.

Remark : Localized at a prime p # 2, 3,

7 YHP? ~ §°v §° 7w, (BFHP?) = m, (S*HE v S8 k> 1
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MAIN TOOLS

Main tools
TOOL 1: the fibre sequence

pinch

JX,A) - XUCA — £A for a CW pair (X, A),

where J(X, A) is the relative James construction defined by B.Gray.

TOOL 2: J.Mukai’s works on the order of the Whitehead products

[lgn,a] € Tngm-1(S™), @ € Trniym(S™) and n > m + 2

TOOL 3: The chasing method, i.e. compare the generators of wm(Zk]HIPQ) with

the generators of w4 (EFTHP?) or 75 _, (HP?).
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MAIN TOOLS

The Relative James Construction

% Such as the famous (absolute) James construction J(X) for a CW complex

X,
Jo(X) C i(X)C J(X)C---, J(X) =U,50 In(X),
[ I -
* X
satisfying with Jpn (X)/Jn—1(X) = X", YJ(X) ~ EVHZI YT

* Defined and studied by B.Gray , there also exists the relative James
construction J(X, A) for a CW pair (X, A),

Jo(X,A) C hi(X,A) C (X, A)C---, JX,A) =, /a(X,4),
| I -
* X

satisfying with Ju(X, A)/Jn_1(X,A) = XAAN™D, BJ(X, A) > BV, 50 XAA".
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MAIN TOOLS

Properties of the relative James construction

Proposition (B.Gray ,[1]) : For a CW pair (X, A), let i : A <> X be the inclusion,

(1) there exists a fibre sequence J(X, A) - X U; CA pinch ¢ 4
(2) H.(J(X,A)) = H.(X) ® H.(QXA), coefficients in a field.

(3) J2(X,A) = X Upy ) C(XAA),if X = XX’ and A=A
([1x,i] :Whitehead product)
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MAIN TOOLS

Properties of the relative James construction

4) Jo(X, A) [T (X, A) = X AAND ) B 7(X,A) =% X AAN,
n=0

they are natural for pairs.

(5) there are the n-th relative James-Hopf invariants

Hp: J(X, A) = J(X A AN™=D) 1 which are natural for pairs.

CLAIM: In next part, by abuse of notations , for any map f: U — V, the

symbol My denotes the mapping cylinder of f, to indicate My ~ U.
—
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MAIN TOOLS

Immediately, by checking homology,

The Skeletons of J

Let ¥ be a CW complex and 2 < dim(Y) =m’ < m.
For Z =Y Uy e™t! | we have

sky(J(My,S8™)) = Ji(My,S™) ;v =m(t —1)+m' — 1.
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The Fibre of SFHP? 20 g8+k

N h y
From now on, F, always denotes the fibre of SFHP? 25" g8+F,

Diagram with rows fibre sequences =  Fy ~ J(Mgati, S"F).

Fp— = S*HpP? L}-— S8tk
pinch
= id
y P}
J(Mgatn, STH) —> Mgarr U CSTHE — S8+H
PiTLC

This provides more homotopy information of Fj .
( than the Serre s.s. for 5%T* — Fj, — YFHP?)
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MAIN TOOLS

By B. Gray's J»(X, A), we have

The Skeletons of F,

Lemma : Suppose k > 1, then
after localization at 2,
skissan(Fr) = S4HF Uy, ell+2k,
where fi = [tatk, Vati] is the Whitehead product;
and after localization at 3,
skisran(Fi) = S4HEU,, ell+2k,

where gi = [tatr, @1(4+ k)] is the Whitehead product and an(4+k) is the generator
of w74, (S*TF) = Z/3.
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MAIN TOOLS

Mukai’s results on the orders of the Whitehead products,

I

The Skeletons of Fj

Lemma :
After localization at 2 or 3,

San(Fl) = S'3 V 313 N Skgﬁ(Fg) = 37 V 317:

after localization at 2,
skaz(F:) = & Uszg 615, skao(Fy) = S® Uy, 819,
sk32(F5) = S Upguy, €21, skas(F6) = S Ua(uay) €22,

where f4 = I/gd11 — 20’31/15.
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The Chasing Method

Diagram with the fibre sequences as rows ,

X O ik Pk
ooy O GEHR F, TFHP? — = > §8FF
Pyt wy 4, =0t O =2txt
3 Q04 Qg Qtppyy
AN Qt+1 SS+A+t QtFkﬁ-t Qt2k+tHP2 Qt38+k+t
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U

9 i
L Wm+1(88+k) Fm41 Wm(Fk) $ '.’Tm(Ek]HIPZ) Pl T (SB-HC)
Ooptn Phtts Whtty Bt ta
r'}k+ Plta

14 ]
- — TIm+1+t(Sg+k+t) $ Wm+t(Fk+t)ZE‘WmH(EkHHFﬂ) —~ TImH(SHkH)

4

0 —— coker(dy., ) ——> mm(S*HP?) —— Ker(dk.,,) —> 0

0 —= mker(ak+t‘ ) — Trm+t(2k+tll-]IP2) — Ke?‘(@k+t,1n+t) —=10

mt1+4t




MAIN TOOLS

The Chasing Method

THE CHASING METHOD IS:
coker((’)‘.z;thr1 ), Ker(ok,,, )
4
an extension problem

0 = coker(dr. .. ) > mm(EFHP?) > Ker(0k., ) = 0

m+1

Solve it, get solutions;

To exclude the extra solutions,

the solutions  “VS”  known mmi+(E*T'HP?) or 75, _, (HP?)

by the two diagrams (yellow) of the precious page.
2

ebel Normal University

On the Homotopy Groups of the Suspended Quaternionic Projective Plane



My methods to get coker(Ok«) and Ker(Ok«) are:

1. three homotopy-commutative diagrams (in next pages) ;

2. H.Toda’s works on the composition relations of the generators of . (S™).




Suppose HP? = 511, €.

Cofibre sequence gi+k __ . wkpp2 = gs+k 7> 2 -x*a gtk

I

Diagram with rows fibre sequences

Qst+e % L p, SFHP? s g8+
id id
Qg8+k 22 etk J(SFHP?, §HHF) > g8tk 22 -zta g5tk




S4+k
C

),
J(S4+k) —r s J(ﬂ'f54+k,sg+k)
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(Ho: the 2nd relative James-Hopf invariant)

S = o p(Masn, §5F) — 0T 51242
< c <
[=]% H
J(SF) — = & J(Mgass, S57F) 2 - J(S'EER)




A rough partition

My computations , of 7,45 (EFHP?) (V r < 15, k> 0), could roughly part

into 4 cases. The later a case we state, the more complicated it will be.




COMPUTATION

The 4 cases to compute mm (2 HP?)

Tt (S%) o T (Fi) — o (SFHP?) — > 7, (859) 2 o (F)

: The stable groups.
Case 2: Only need the 1-cell skeleton of Fj.

with 4 subcases,

Subcase 2.1: There’re many trivial groups in the above sequence ;
Subcase 2.2: coker(dg,,,,)=0 or Ker(d«,,,,) is free;

Subcase 2.3:

coker(Og,, ,,) # 0 and Ker(dg.,, ,,) is not free, but they are both
finite;

Subcase 2.4: coker(kx,, ) # 0 and Ker(dks,,,,) is not free, and one of them
is infinite.

5
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kw41 Bkew
Tt (S5F) o T (i) — o (SFHP?) — > 11 (S%%) =2 71— 1 (Fi)

Case 3: Need the 2-cell skeleton of Fj.

Case 4: m1(2*HP?) localized at 2.




COMPUTATION

Example Computation of Subcase 2.4

After computing the coker and Ker,

0 = Zy ® Z/16 — m5(Z*HP?) -+ Z/4 > 0,
the solutions: 715(X*HP?) = Z2) @ A,
where A =Z/16, Z/16 D Z/2, Z[/32, Z/32 B Z/2, Z/64 or Z/16 © Z /4.
By the chasing method,
(to exclude the extra five solutions )

==
m15(RHP?) = Z2) @ Z/16 G Z/4
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R P2 .
T JP?) =2 mz(S10)
rstlv, we observe the hnmntn]n'—( ommutative diagram,
where H} and H, are the 2nd relative James-Hopf invariants ,

= M6l n'_l

pinch Mg

1(S") 2 e J(Mgs, §%) =—— Jo Mss, S7) -~ 515
L1} H

H Ha o - (1516

id

-:ri."\‘]‘l ~ J(§15) = = al ~ (56

it induces the commutative diagram (after several identifications Df the ihllil]lllllllihlll
groups),




Thus, Hs,

th,
‘-Hr\n: 1 k‘] |;"'1i*|n’l" 'H\'“'I"‘

ms(S10) —=

- implies 3 = 0 (mod 2

1} I]u'n we :n]mdt[ the homotopy-commutative

&,

So, for any u € ,“‘."\"'
Hence, Im(d;,

diagram,

(u)
.

Qo6

(e~

ms(SY)
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mputation of Case 3

Since m5(S") = —'_:J"‘-J{i“m} Bdl) "[-’m}- miz(F2)/ -i’,'fﬁ:: = &) ".‘{,L’{.n} I —-a-'j{ fuM;l"ll}- Ti7(S%) =
ZI8{&} @ Z/WTgna}, ms(S7) = Z/8{&} @ Z/2{V71n5}, so ¢, is an isomorphism. Ac-
cording to Page 70 of [1], we have vy, = 0. Thus, dy, = 0, successively, cok(dy
mir(F2)/ (2mis) = Z/8{52€6} @ Z/2{jaPrna}-
Next, we observe the commutative diagram |,

Z/8{mae} & Z/2{nep7}

'u) /=

m16(S*) ~ m16(S5")
1,47 |
m7(§1) ———————= m4( F2)
| .
Z[16{a10} L8 javeoo} & /2 jamepir} & Z/2{ 2Tz }
Hence, | Ker(éh,,.) = Z/2{8a9} Therefore, we get the exact sequence,
0= Z/8{j2bs} B Z/2{ jaigirg} —= m7( E*HP?) —=Z/2{801y} =0

solving, chasing
A2
m17(S*HP?) =~ Z/16 D Z/2
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COMPUTATION

For Case 4, all methods we used in Case 1~3 do not work. The chasing
method has its troubles for m1(E?HP?), due to ma+i(S*) # 0 and 754:(S*) # 0

for some small ¢, while in the stable range they are 0.

Previous methods

Wll(ZQHPQ) = Z(g) or Z(Q) & Z/Q

University
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COMPUTATION

Compute ﬂ11(22HP2) localized at 2

Let U = J(ZSHP?) , V = J(ZHP?)/SHP>.

Cofibre sequence YHP? = U —= V % Y2 P2

-

Fibre sequence J(U,SHP?) —> V % $2HP?
=

An injection w1 (E2HP?) < m1o(J(U, SHP?)) = Z(s) ® Z(z),
-

ﬂll(ZQH_Pz) = Z(Q).
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MY RESULTS

My results ( localized at 2)

: 0, k>1
(ZFHP?) ~ =
Tk ) {2/41 i
: Ly, k=1
(SFHP?) ~ 2 =
Ttk ) {2/21 k—0

Z/2, k>3o0ork=0,
To+k(SHP?) = { Zgy, k=2,

0, k=1
_ 2/2, k> 1,
Mok (S"HP) ~ {0,/ k=0
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MY RESULTS

My results ( localized at 2)

Z./16 @ Z./4, k=5
ZRBLIAB L), k=4
o1k (SPHP?) ~ Z/8 @ Z/4, k=3
Z/A @ L/4, =’
Z/2 ®Z/4, k=1
L2y k=0
(Z/2)2, k>6ork=0
(Z./2)3, k=5o0r3
Ttk (ZFHP?) = { (Z/2)4, k=4,
Z/2, k=2,
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MY RESULTS

My results ( localized at 2)

(Z/2)%, k>1
2 _
Ti34+k (SVHP?) ~ (Z/Z)g © L), k=6or2
(Z/2)°, k=53 1or0
(Z/2)*, k=4
Z)2, k>8or k=4
Z/2)?, k=7, 6,5 2orl
rraen (SFHPY) ~ (Z/2)
Z/Q@Z(Q), k:3,

Z/8DL/ASZL/2, k=0
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MY RESULTS

My results ( localized at 2)

Z/128, k>Tbut k#8
Z]128 & Z2), k=28
Z/64, k=6,
Z,/32, k=5,

Tis+.(S°HP?) = ¢ Z/32 @ Z/2 ® L2y, k =4,

Z/16 & (Z/2)?, k=3
Z/16 B ZL/2, k=2,
Z/16 & Z/8, k=1,
(Z/2)* @ Z/4, k=0
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MY RESULTS

My results ( localized at 3)

0 E>1 Zizy, k>2
EkHPQ = ’ = g ’ Ek]HIPQ = (3)» = S
ok ) {2/3, K=o @ Terkl )¥%0, k=o01
Lz, k=2 0 kE>1
SFHP?) & { TG i SFHP?) & { = C
mo+&( ) {0, else mio+x{ ) Z/3, k=0
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MY RESULTS

My results ( localized at 3)

Z/9, k>1andk #4,
T4k (E¥HP?) % { Z/9 @ Zz)y, k=4

0, k>0butk#1,

(EFHP?) &~
sl ) {ch), k=1

0, k>0and k#2,6

W13+k(ZkHP2) = {Z( k=2or6
3): -
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MY RESULTS

My results ( localized at 3)

Z/3, k>50rk=4, 2
. Z3 ®L/3, k=3
(TFHP?) = { TG 2
Tiati( ) Z)9, k=1

Z3B®ZL/3, k=0

Z/27, k>9%9o0rk="7,6,50r3

Z/2T®Lg, k=4o0r8
mis+x(ZFHP?) = { Z/9, k=2

Z/98Z/3, k=1

7/3, k=0

ebei Normal University

On the Homotopy Groups of the Suspended Quaternionic Projective Plane




Now, let’s appreciate the applications of these groups.

Localized at 3:

T114.(SPHP?) (k > 0) and the Stenoord module structures,

Two classification theorems of CW complexes St U e®TF Ue!2th,

In next part, set m12(S°) = Z/3{a}, 7s(S") = Z/3{b} and i, j are the inclusions.
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APPLICATIONE

Theorem After localization at 3, suppose A = S°Uqe'®, cx = E“'_l(ia-&-jb), then
,up to homotopy,

(i) for k > 1 and k # 4, the CW complexes of type S** U e®tF U e!?t* can be
classified as

TFHP?,  TFMHP? Ugse, €2, TFHP? v S

k=1 8+k Qdtk\, sa+krT p2 Atk \, a8+k 124k Atk |, @8+ky, cl2+k.
TFTT Ay SETE Gtk y RATFH P2 (SR VY S8R U, 2R and SR v §BTRY S12tE,
(ii) the CW complexes of type 5% U e'? U e!® can be classified as
TUHP?, TUHP? Uspay, e'®, TUHP? v 816,

Cary, (7 runs over N ), Car,, x4y, (r runs over N), Cir, 354y, (r runs over N),
23Av 812, 8% v 28 HP?, (5% v S'?) U, e' and 5% v §'2 v S'6,
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APPLICATIONE

Theorem After localization at 3, for a CW complex X of type
SRy BtFyel?tF (k> 1 and k # 4)
if H.(X) has nontrivial Steenord operations P} of dimension 8+ k and 12+k, then

X ~¥FHP? .

The Steenord module structure of these X in this picture =— X ~ RFHP?.

[’*l P!
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After localization at 3,

H.(HP?)=Z/3{x,y} ==V, |z| = 4,

yl =8

I}*(H}’Q AHP?) =V @V = Z/3{zx, vy, yx,yy}. Choose u = #

= 1_(2—12) € Z(3)[S2]. They decide two self maps of SHP?AHP? 1 =u+ v is an

orthogonal decomposition of 1 € Z)[S2]. By Selick and Wu's Formula,we have

YHP?A HP? ~ hocolim, (ZHP? A HP?) V hocolim, (SHP? A HP?).

By checking Stenoord module structures of these two homotopy colimits, and

- < e <o
by our Classification Theorem 2, 9 P! 13 P' 17

After localization at 3,

THP*AHP? ~ S v Z°HP?,
56
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APPLICATIONE

Similarly ,

After localization at 3,

YHP]AHP? ~ 2°HP3VY,
where Y is a 6-cell complex with sk,4(Y) = E5HP? .

By the splitting of X(HP?*)"?, we get an interesting splitting,

Corollary

After localization at 3,
(HP*)"? ~ B HP? \f Z°HP? AHP?,
YPHP? A HP? is undecomposable.

57
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