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É
Det BD = space of branded Dirichlet functions

.

where 11h14m = "plum / + ( Dcu) )±
✗ c- ✓

Here DUI = -122 cry @x-uyP



① BD '
is better than D shoe their restriction

to "

boundary
"

is a well-defined function
.

② . BHD Is dense in HD with rupert 11.14s

BHDi-F-DBD-B.no
Let t.ge BHAN BD

C-g) ex) := flag

⇒ fog c- BD ?



Cheuk ! ① fg '
is banked

since supltgl ≤ sup # suplgl

③ fog has Finite energy ,

let a := saplfl ,
A-=

suplgl.ca/iy)(fg)cx-S-gkyH--cxy/s-odglid-fapglyj/--cxy#I-Ngan -9411+491%111*-5"
≤ day (gangue) ) + Pcxylfify)



⇒ Dlfg) ≤ ( ✗ (Dlg ))± + BIDA))±↑
THI BD '

is commute're algebra ahh respect to

the pointwise product . The subspace BDO is ideal d- RD
,

for any 5- c- BDO and gGBwe have fg GBD
.
-

generally
Remark ! GET It fig ED ,

tarot fg & D



Det BD the Dirichlet algebra of 174
.

Recall : Roydon decomposition

D= HD ④ Do
BD = BAD ④ BDO

Thm-letl.fr) is transient .and FCV subset of residues /possibly
empty ?

Then for any 5- c- BD
,
7- ! n , V sit

,

4) f- U t V



(2) UGBD and harmonic over V - F

B)
. V=0 on F and v can be approximated

by functions wth finite support in V-E
.

V=f-y
Idea !f¥

µ noir)

5- lot



%Ee.n.is?;:*..:Raaisde.mi.*ms-.Thm-leillMr
) be Hattie network

. There edits a

unique Cup to homeomorphism) compact Hausdorff space R

ft
, ✗ weak ? ,

- topology)g'n'jeutlve , pimtwse - conveyance

4) , V ↳ R and V is
open dense set :ⁿR

.

(2)
, every function in BD can be continuity extended to R

.

for any HYERD)
, BD separates pints in R

,

'

"e. 7-fat . for -45-41 .



Construct R using functional analysts .

Recall : If U is normed vector space,

then U* dual space = space of all bounded
linear functional

.

⇒ V* normed vector space .

⇒ u
#

= µ)* ,

V**

There is an injection U ↳ U** given as follow :

bet y c- V. Define I sit . for
'

any 5- c- V*

41ft := 9-1×1



⇒ I is linear over V*

cheikixltt-RGJ-kftpgkx-axlfl-p.it#
V BD*BE

5- iV→IR

branded with finite
energy

1- !
-

VCs BD*
For any ✗ GV

, we define I c- BE sit ,

I (f) = thx for all ftp.D
.



We define R to be the compact space

at all non-trivial multiplicative linear functions

on BD
.

Lie . C- R is multiplicative if

I lfg) = Itt . Ilg) for f. g c- BD
.

cheek ? know

claim : V C R C BD*

Check ! Pink XGV
.



I lfg) = ⑤ 1×1 = 5-1×1967
= IHI Ilg)

⇒ I Is multiplicative a

and ni, since Klsx ) = 8×1×7--1

⇒ ñ c- R
.

⇒ V ↳ R a BD*

Remark from functional analysts :



① R = multiplicative linear}
,

⇒
ti.in/-Eg Compact in

on BD .
Weak " topology,

② The same construction can be applied to
normed

any vector spare Uut functions over V.

e.g. U = BD ≈7 Royden's comparator!"

U = span at green's functions ⇒ Martin
boundary

✓↳ Rauf .

'[
compact



Det R Royden 's compactification of Cbr)
,

BR := R - V Royden's boundary .
cBÑ it

Oz { ✗ GBR / HÑ=o V-fc-BD.3.is
called harmonic boundary of Irr)

,

R = V + BR
"

0+412-01



Ttm 0=4 ⇔ (Pir) is recurrent
.

Pts (G) Assume (Pir) is recurrent.

e come . function C- Do
.

⇒ D= Do

⇒ BD=BDo

let It BE , sit . I (f) =o b- 5- c- BDo=BD

⇒ ☒ (f) =o V- 5- c-RD

⇒ I -=0 is trial as
an element in BD*

⇒ I d- R



⇒ 0 = &

Converse statement holds wtfh some analysts

using weak 't topology . ¥1

Corollary : 8-1-01 ⇔ (Pir) is transient
.


