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Suppose
claim : ⑨ GFLV, E) is contact graph of a circle padding

that fills up a bounded domain,U then G is transient
.

② no dine it
touches the

boundary -

Here
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Remark :
the acclimation

④ ante ante Is
pints at dirks

boundary of the graph.
②

.

hmmmtcfhnolbns have
well-defined value

along the branding



pfi. We want to show there edits a non-constant

harming with Strite energy.

function

Notation : ii. k vertices

7. Zg ,Za Complex coordinates at icrfloes = centers

Z
:*

center of dual circle
.

I Zijk - Zjil 1-2
c-
is :=ñ =

> 0

Cig = Cj,



Chedi , 2- " ✓→ ① is harmed ' WITH respect to C.

For each i
, gyro, cijtti

-2T) = off { ⇐ye -Zjil)
jet:)

= 0
.

× := Rett . y := Imlay
.

Xiv → IR
, y : ✓→ IR

⇒ ×
,
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y real - Valued harmonic functions wlfhnespeoltoc
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Check : Ky have finite Dirichlet energy.
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⇒ the coordinate functions 4.y are

①
.

harmonic

②.

Finite Energy
③ .

bounded
.
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④ non - constant ( geometric weights,

⇒ G is transient
,

with respect c:j:=Y;!m÷%! ,
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claim : Cy ≤
1

.

⇔: ⇒ =
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⇒ 21 ⇒ as > Restarts ≥ Reft
, ⇐ 1190)

⇒ CT Is transient with respect 5=1
.

( combinatorial weights)



lirde 4%1"" G,=(v,⇒ 1- skeleton of triangulation of open disk .

We assume IT has hounded vertex circle packing ,Ñ①
.

⇒ am. paving in unit disk ⇔ a ↳ tha"""

② . 7- circle packing filling up IN ⇔ CT is recurrent

-

ilemark No dude packing with combinatorics of

a triangle lattice in a bounded domain
.



Defy C. T two edge . weights on a graph are

said to be comparable If 7- K >0

SI
.
It ✗YEE ,

¥8# ≤ cxy ≤ Kay

Éxenh If c
,
I comparable, then .

G Is transient with repsol to e ⇔ transient respect

PHIosophyigeomeyi.iud.gi.ge#
from iink packings

are comparable to combinatorial
edge weights,



Royduispecimpriitlon-pkkoc-V.IT
= { u :V→IR / Did := Ecixycay -4×12 < • }

,✗YEE

Do = {u:V→iRluhnsfinHesnpprHÉ
U
,
VGD ⇒ <a. v7 := Uld V10) -1 { Cxy @y

-Uxllvy-Vx)
*GE

Denote e : ✓→ IR as Houston-1 function ezl
.

This LP, r) . Then the following are equivalent.

1)
, Isr) Is recurrent

2)
,

e C- Do

3) , D= Do



Pti 1) ⇒ 2) , Foreaohnui ;v→iR

Assume 1AM recurrent
,

↓

⇒ 0=(12*+10,8)
"
= Tnf ( Dtu) / UHH

, u has

finite sapporo)
⇒ I { Un } sit . - Unto)=1

,
DUD -30 as n→o

.

Check ! Hun - elf -_ ¥Éᵈ -1 Dian - e)
= Dlun ) → o as n→cs

,

⇒ Sun } converges to e with respect to 11.11ps
,

⇒ .ee Do

2) ⇒ 1) exercise ,



3) ⇒ 2) is obvious
.

Need to show 2) ⇒ 3) .
Idea: Lee 5- c-D.

Assume e C- Do
. Want to uÑ{fa }

,

⇒ 7- { Un}
.

with Strite supp .it !4①. fn has finite

at . 11 Un - ell -70 as now
,

support.

② tlfn- HID -30 as n→o
.

Without loss of generality, assume
.

① . Un non- negative .

② Hun - ell < ¥

⇒ Un := nun has flute support,
For each fix ×

, K→%VnlD = • .



Suppose £ is non-negative ,

5-nun := min { fix , Unca ?

If Vncx)=0
.
⇒ talk -0,

⇒ snppltn ) csupplvn)
⇒ fn has finite support .

Furthermore, Hm Valid → is ⇒ 11m fax = fix
,n→w n→o

excise ! Hm /Ha -5-11 , =O .
n→x



Recurrent : D= Do ④HD&
Tomorrow : Transient . D= Do HD

I

hnrmenk function WITH

finite energy,
"
d 'm HD ≈ # Points of boundary

"


