
Lecture 7 2 April 2022

① Review def at Rest
.

②,
YCVXV
s.t.xyc-Vo-7yxc-V.tlcollection at

"

oriented
"

edges

③.

Recall g'non 1-chain Icxyl =- Icy.xj

WLI) = I ¥g, rbxiyk-tlx.PT
Consider 2= KHAI - 8lb) ) ( In particular 4*1 )

and
.

I sohes the Kirchoff's equation 's ① 21=-4

② (I, -2-7=0 for

all finite dates
.



Let let u be potential at I ⇒

rix.y-tlx.yl-uup-ucx.ua/1-uiyt-Claim:WlI1--Res-t.la.b1
.

Note ! Retfla.b-UYYI-ulal-ul.bz
tux -ucy))

WLI)='z { rlx.ylk-lx.HR = I { 4*0)IHy)
xyey HEY ¥7M

a- Such@ Icky) )
✗GV yelled

= Ula ) - ulb) C- :k=1)
,

= Reff la , b)
,



Remarks Thomson 's principle gives upper bound for Refflhib )
,

Molk any
1- chain I sie .

JI = Sa- Sb
. (Might fail

ThenwbIJZReffla.by?ndkiroh.ttGeq#Thm-
(Dirichlet 's principle ) .

Take a ,bGV. We consider

Ulaliel

ulbl :O

U harmonic an V|{a.b}
.

Then
,



DID := Iz Ego, ccxiplucx- uiyÑ I Dlñ)

*Y÷i÷"→÷⇒÷.!"÷÷!÷{-÷÷
I 2 clay) (uol.am/.ldan-dcyD-- { dad { cixykulxtucyl)*pot

*a YGVLX)
and X=b

= 0
.

0

Dlñ) = Dlut d) = DID + 1) (d) + IEax.ylluia.my#x-dyD
⇒ Dlñ ) I Dlul



and equality holds its dis constant ↳ d=o
.

Inthscase.ua/--l,ulb--o.--zro1tage.*&=t(V=RI)
⇒ M that - ulb) = In Reftlaib,

⇒ Rett laid = ¥,
bet I 1- chim be current in P associated to U

.

⇒ 21*4*114*1 - and )= { :<
"

÷!!
""

Honey K ✗ =a

⇒ ÉÉ&q = Nsa - Sb ) .



Claim : Dln ) = R÷fflaibT
D.(a) = I Eu¥pµwuyÑ

= Iz E 1h14 -WYD -1-1×4)

= E und Ivy))
""

XGV

= K ( Uea) - ulb))
= K = R÷ftla%



Pick any ñ :V→1R sit . ñcal =L
,
ñlb)=o

,

Dlñ ) 2 PM) = R¥aiD
,

⇒ Rettlabl 2¥)

DH.ch/et1sprini.plegiveslowerboundatRettCai#



pe-Y.MG?yMen-i;ls,..Y::s-ini-ieenensyWbI1--
Iggy rlxyl #yÑ

11-1-11 , = Cut))±

µ ,
linear space of 1- chains Iwtth finite energy

WLI) < co ,

Ex ! It
,

"Hilbert space .

< I ,I > = { Egg road T-lxip-ILX.gl
Check ! complete metric space .



Ned : j o- cha'm
,

lljll : = { ¥,jHÑ
XGV

p.at?0HI?tI;I;;:;.*o-inhis.-i.wii:#is continues
,

(Recall : 2 linear is continuous c⇒ J is bounded

⇐ " " "=m÷¥¥¥÷< a.)
PI : Given I C- Hi

,



112-1-115--2 #

t.gr?jMTxc-VCauohy-Sahwar-n-ineq
. :)

=

E.vctyE@xiDIYYH-ryI4Eagisa.Eb:3
. ytitg

q.b.IE Zai ""/ ⇐ €v¥ev*)( <a'iminium) EEEÑE¥¥¥⇒
¥

= { Erlxip ix.yÑ
XGV YEUN

= 211111,2 ⇒ 11211=1,÷%¥÷±rz



⇒ 2 is bounded

rm*%µe⇒u:v→!i÷÷÷÷.=*⇒
WLI) = I E ray) LIMP = I E n¥µ-uyÑ

= tz E clay) Lucia -44172

b±:ñremyu:v→q÷mm!"¥☐
energy at n . If Dlulccs

,

we say u Diriohe



Kirchoff 's eq .

Disiretpiaiunisegin
Given 2 0- chin in Ho , find I c- H

,

St . JIT 2=0

( I
,
2-7=0 for all finite cycles Z,

It has at most tsoln I <⇒ all hmmm:c functions with

finiteenergyareconstan-L.at
n terms of u

,
Poisson 's eq

:

(Id - P )u= f where fax -4¥
.



c. 5- = 2 c- Ho ↳ as > E 4%1-5 = { can #xp
'

XGV ✗c- V

Dente ti to be functions f: V→1R

s.tn { can feces
XEV

.

p¥¥:""÷F!*
and 11PM £ I



PI let FEI?

PHI Gi ?

Check !
{ ccxy@plx.y) HIT = { If#Hop/ wlyit )
XGV youth y.tw

( where Wlyit) = Er ccx) plxipplx,z)) = { (www.at/4s-c-plFF-D
"

WIZ,y)

L-GIS-lzillwiy.HN#y7Twlyit~--(Ewly.z1lS-ky7F)4.ZEV

¥1 . I cy) fly)P cos
y



Consider §wly .tl = § ( § can plxipplxit)
= § can plxiy)=§"
= § Cly,x)

*
Ply,×)

= cap

| But ccxip :c#¥⇒p"÷µ÷!"⇒=÷¥
( Pt

,
I > = Ct

, PIT .


