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walk
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Id vxv identity matrix I;Y)
(Id - P ) u = f discrete Poisson's eg.

If f-o
,

CID - P)u=o discrete
, Laplace 's eq .

We call II. p discrete Laplace operator.
(sometimes :(Out;= I lxy 14-4×1

Y
ytvlx)

( D= - C lid - P) ×

'

,c www.xxf . ;É÷;D )diagonal



Gicx ,y) Green's function

Green's {
G : 'R'" → IRM

V1

operator f 1-7 Gulf) where (g)
✗
= { Glxipfly)
YEV.

Important :D ,

GUT might not be well defined

②
.

G = (Id -17-1
e-

It only makes sense

If we specify which space we are considering,
IX. Not true if we consider 11214

Cheek! U=l
.

Then we heme (Ictp ) a =O

( Glu) )×=☒ b- ✗EV
.



(Gi.lu#--EGicxiy)al
y

= expected number of visits to some vertex

for paths starting from X
.

= -1W .

However : If we restrict to WCIR
"

which
have finite support.

⇒ Ker#d- P%= { 03
.

↳ Iw is always well destined

⇒ Glu = ( (Id - PM
"



µeep
in mind ! We don't consider 1PM

but we care abut these with finite energy,)which form a Hilbert space

R(f,r)•ThevemÉWÉe
and current outside

-

i:)①
,

No self - loop ( ith) = - iv.x)=o

②.

No multiple edge
→ ¥É :

a-
- roti

¥¥¥÷÷¥→¥i±÷¥
IT = # + ¥



③
,

No vortex of degree 2,

¥i÷÷÷÷¥⇒¥÷☐=÷¥
④

,

Star - triangle move / Y -O move / Yang - Baxter relation
.

i. IF
.

<→

↳
'

Horb i• "

q-☐÷÷F



,i÷÷÷÷m=÷÷
! V'CV

,
V44

. We say u harmonic an V
'

'

it (411--174)×-0 V- ✗ c- V
'

If ✓=V
,

we say u harmonic on r)
⑦ u :vñR superharmonk it (Id -D) 420

u subharmonic '
if lid - D) y C- 0



II. If V. A transient
,

For each -1, 4- ( •

,y)
: ✓→ IR is superhuman :c

and harmonic on ( V- {y} )
Check ! PG = PEP" = G- Id

A-0

⇒ LID - PIG = Id
°

:
⇒ LID- P) / Gi;D ) = ( • )←y -throw .

0

I
y - th column

y - th column of Id



⇒ d-p)G( •

, ,# {
°

,

it ✗ * Y

it x-p
For YEV,

¥;÷""""**p÷÷;.
It f super harmonic and 7- ✗ GV sit

.

5-1×1 = mjinf , then f is constant
.



Pt (Id - Plf 20

A) fix 2 § pay) fly)
I E plx,y) { plyitflt)

Y z

=§& plxiypcyiafltl
= Ez P "↳Z) Ht) 2 . .

-

Suppose fix -_ mlvnf ⇒ fly)2 fedV-yc-V.CHftxz § phony) fly ) 2417447 fix



= fled

⇒ no strict inequality
⇒ fix)=fy) as long as pncxip > o for

some hi

⇒ 5- is constant .



Thin Vir) is recurrent it and it

all non - negative superhuman :c functions
are Constant

,

Recall : ! r) transient ⇒ Gil ;y) nm - negate

superharmonic , mm stunt.

P (G) (Br) transient ⇒ 7- non-constant non-negative

Super harmonic function
,



G) Assume Wil recurrent
.

Let 5- 20 super harmonic

g :-. ⇐d- D)5- 20
Claim

to. 9=-0 .

Suppose not
. gap >0 for some you.

Pick any
✗ c- V

,

(PHP'tPÉ.+pn)g = E.op
"

(Idp) 5-



= (Id - p
"" ) g-

Cms!devthex-throWIe

%p%ipgly) E E ÉP""cxipgcy)
Kio YEN Kio

= ✗throw of

LPHPK.i.IM/g,--x-throwot(Id-pn-4/f--fcx)-EpHYx.yjfLy)yc-V



2- ft)
⇒ %zopMlx,y) I £g¥p

,

for attn
.

⇒
Take n→cs

Gorp c- *g¥y, is finite

⇒ contradiction done Gtx,y)=w For 0hr1 recurrent
.

⇒ gap -0 it YGV



⇒ LID - P )f=g=0
.

⇒ 5- harmonic

µemma ! (Br) recurrent . Then all non-negative)↳÷:÷÷÷÷:÷:mm
Pick XGX

.
Set ME fix ,

hey) := min { M , fly)3 for all you



⇒ h : V→ IR
.

. 9-

Check :① h takes max value * =M

at X
.
thx)=M

②
,

h 20 super harmonic , ⇒ harmonic

Pt ! * It ✗ a-V.

{ play) hly) s { play) fly)
y y
Ph E Pf



C-d-plh >_ f-d-Plf 10 #
①+② ⇒ h is constant by Max principle .

⇒ Choose M big enough ,
we deduce 5- Is constant

#
.

§Gl;y)y-thcolumn•tGEI



We will consider :

• Non-negative super harmonic

• harmonic Dirichlet function

• bounded harmonic function

• bounded harmon ! , Dirichlet function
.

• huh- negative harmonic
.


