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Plan

Old story:
Definition: (I.M.Krichever, The τ -function of the universal Whitham
hierarchy, matrix models and topological field theories,
arXiv:hep-th/9205110)

Actually F = log τ ;
terminology ...

Matrix models & Topological strings;
Seiberg-Witten theory and integrable systems;

Peculiarities:

Residue formula;
WDVV equations;

New story:

Nekrasov functions, 2d conformal theories and isomonodromic deformations;
2d gravity and Verlinde formula;
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Notations:

Topology of compact oriented Riemann surface: genus g , an example with
g = 3:
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Figure: Riemann surface Σ of genus g = 3 with chosen basis of A and B cycles.

dimH1(Σg ) = 2g , (symplectic) intersection form Aα ◦ Bβ = δαβ .

Dual basis in H1(Σg ) of holomorphic first kind Abelian differentials
∂̄(dωα) = 0, normalized to the A-cycles∮

Aβ

dωα = δαβ

Period matrix ∮
Bα

dωβ = Tαβ
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Riemann Bilinear Relations

Period matrix is symmetric due to

0 =

∫
Σ

dωβ ∧ dωγ =

∫
∂Σ

ωβdωγ =

=
∑
α

(∮
Aα

dωβ

∮
Bα

dωγ −
∮
Aα

dωγ

∮
Bα

dωβ

)
= Tβγ − Tγβ

Proof from the Stokes theorem on cut Riemann surface:

Σ

+

−

j

j

v

v

−1

l

l

l

B

A

A

Figure: Cut Riemann surface (4g -gon) with the boundary ∂Σ. The boundary values
of Abelian integrals v±

α = ω±
α on two boundaries of the cut differ by the period

integral of the corresponding differential dωα over the dual cycle.
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Riemann Bilinear Relations

Meromorphic: second kind Abelian differentials,

dΩk ∼
P→P0

dζ

ζk+1
+ . . . ,

∮
A

dΩk = 0, k ≥ 1

and third-kind Abelian differentials dΩ±

dΩ0 = d log
E (P,P+)

E (P,P−)
∼

P→P±
±dζ±
ζ±

+ . . . ,

∮
A

dΩ0 = 0,

E.g. for the first and third kind Abelian differentials

0 =

∫
Σ

dωβ ∧ dΩ0 =
∑
α

(∮
Aα

dωβ

∮
Bα

dΩ0 −
∮
Aα

dΩ0

∮
Bα

dωβ

)
+

+2πi
∑
P±

res P±ωβdΩ0 =

∮
Bβ

dΩ0 − 2πi

∫ P−

P+

dωβ
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Definition: Krichever data

Complex curve Σg with pair of meromorphic differentials (dx and dy), with
the fixed periods.

Subfamily of curves {Σg} of dimension

(3g − 3)− (2g − 3) = g

Krichever data: an integrable system (back to the Liouville theorem) – on
g -dimensional family of Σg one can choose g independent functions
(Hamiltonians), while the co-ordinates on Jacobian of Σg play the role of
complexified angle variables.
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Definition: prepotential

Krichever data: g -parametric family of Riemann surfaces Σ, endowed with a
generating differential and connection ∇mod on moduli space

dS ∝ ydx , ∇moddS = holomorphic

where y(P) =
∫ P

dy , P ∈ Σ.

Prepotential (a particular case of Krichever tau-function)

a =
1

2πi

∮
A

dS , aD =

∮
B

dS :=
∂F
∂a

where A and B are dual cycles in H1(Σ).

Defined locally on the moduli (Teichmüller?) space of Σ.

Integrability from RBI

∂aDα
∂aβ

= Tαβ = Tβα =
∂aDβ
∂aα
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Prepotential: proof

∇mod: connection via covariantly constant coordinate on Σ, e.g. x = 0
(problems at dx = 0). Then

∇moddS = (∇mody)dx

and ∇mody is defined from equation of Σ ⊂ C2.

Using this and

δαβ =
∂aα
∂aβ

=
1

2πi

∮
Aα

∂dS

∂aβ

one finds that ∂dS
∂aβ

= dωβ is normalized holomorphic differential.

Then
∂aDα
∂aβ

=

∮
Bα

∂dS

∂aβ
=

∮
Bα

dωβ = Tαβ

Consequence: for the second derivatives

∂2F
∂aα∂aβ

= Tαβ
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Prepotential: SW example

(Σ, dx , dy) given by

w +
Λ2N

w
= PN(z) = zN +

N−2∑
k=0

ukz
k , dx =

dw

w
, dy = dz

since obviously ∮
(A,B)

dz = 0,

∮
(A,B)

dw

w
∈ 2πiZ

From ∇modw = 0 and ∇modz P ′N(z) =
∑N−2

k=0 δukz
k

∇moddS = ∇modz
dw

w
=

N−2∑
k=0

δuk
zk

P ′N(z)

dw

w

holomorphic on Σ.
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Definition: Krichever tau-function

To complete definition by the time-variables associated with the second-kind
Abelian differentials with singularities at a point P0

tk =
1

k
res P0ξ

−kdS , k > 0

∂F
∂tk

:= res P0ξ
kdS , k > 0

where ξ is an inverse local co-ordinate at P0: ξ(P0) =∞.

The consistency condition for (10) is ensured by

∂2F
∂tn∂tk

= res P0 (ξkdΩn)

symmetric due to (Ωn)+ = ξn, for the main, singular at P0, part.

Also
∂2F
∂tn∂aα

=

∮
Bα

dΩn = res P0ξ
ndωα

which again follows from RBI;
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Remarks:

Definition from RBI;

Can be defined for any set of Abelian differentials
{dHI} = {dωα, dΩn, dΩ0, . . .} and corresponding flat-coordinates
{TI} = {aα, tn, t0, . . .}.
pq-duality: dx ↔ dy generally a nontrivial tiny point:

Prepotentials: ∇x
mod ↔ ∇y

mod;
dKP: a non-trivial relation (e.g. a Fourier-transform for a matrix integral);
A nontrivial relation for residue formulas ...

Starting point for the “topological recursion” ...
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Residue formula: statement

Theorem
∂3F

∂TI∂TJ∂TK
= res dx=0

(
dHIdHJdHK

dxdy

)
Idea of proof: to take one mode derivative of a second-derivative formula ...

Prepotential case:

∂Tαβ
∂aγ

≡ ∂γTαβ =

∫
Bβ

∂γdωα = −
∫
∂Σ

ωβ∂γdωα

Further

∂γTαβ = −
∫
∂Σ

ωβ∂γdωα =

∫
∂Σ

∂γωβdωα =
∑

res dx=0 (∂γωβdωα)

since the expression acquires poles at dx = 0.
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Residue formula: proof

Use expansions where dx = 0

ωβ(x) =
x→xα

ωβa + cβa
√
x − xa + . . . , dωβ =

x→xa

cβa
2
√
x − xa

dx + . . .

∇mod : ∂γωβ ≡ ∂γωβ |x=const =
x→xa

− cβa
2
√
x − xa

∂γxa + regular

Then

res (∂γωβdωα) =
∑
a

res

(
cβa∂γxa

2
√
x − xa

dωα

)
=
∑
a

res

(
dωβ
dx

dωα∂γxa

)
=

=
∑
a

res

(
dωαdωβdωγ

dxdy

)
where last equality similarly follows from

y(x) =
x→xa

ya
√
x − xa + . . . , dy =

x→xa

ya
2
√
x − xa

dx + regular

dωγ = ∂γdS =
x→xa

− ya∂γxa
2
√
x − xa

dx + regular
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Landau-Ginzburg topological theories

The topological theories defined by polynomial superpotential (generally of several
complex variables)

W (λ) = λN +
N−2∑
k=0

ukλ
k

The primaries are given by (dKP equation)

φk(λ) :=
∂W

∂tk
=

(
d

dλ
W k/N

)
+

where flat times

tk =
1

k
res P0ξ

−kdS = − N

k(N − k)
res∞

(
W 1−k/Ndλ

)
for (Σ, dx , dy) = (Σ0, dW , dλ) with ξ = W (λ)1/N .
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Landau-Ginzburg topological theories

The derivatives of the Krichever tau-function are given by

∂F
∂tk

= res P0ξ
kdS =

N

N + k
res∞

(
W 1+ k

N dλ
)

together with

Fik =
∂2F
∂ti∂tk

= res∞

(
W k/N ∂W

∂ti

)
= res∞

(
W k/N∂λW

i/N
+

)
and (the Grothendick residue)

Fijk = − res∞
∂λW

i/N
+ ∂λW

j/N
+ ∂λW

k/N
+

W ′
= res

W ′=0

φi (λ)φj(λ)φk(λ)

W ′

A.Marshakov Krichever tau function July 2, 2024 15 / 36



WDVV equations: definition

LG primaries satisfy the associative algebra (a polynomial ring modulo W ′(λ))

φi (λ)φj(λ) =
N−1∑
k=1

C k
ij φk(λ) + Rij(λ)W ′(λ)

and therefore
[Ci ,Cj ] = 0

for the matrices ‖Ci‖kj := C k
ij . In terms of matrices

‖Fi‖jk := Fijk =
∂3F

∂ti ∂tj ∂tk

it leads to the overdetmined system of the differential equations

FiF
−1
j Fk = FkF−1

j Fi for all i , j , k.

for the Krichever tau-function.
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WDVV equations: theorem

Theorem

Let F = F(T ) be the Krichever tau-function, i.e. residue formula
∂3F

∂TI∂TJ∂TK
= res dx=0

(
dHI dHJdHK

dxdy

)
holds. Then it satisfies the WDVV equations

once the matching relation

#{T} = #(dx = 0)

is fulfilled.
Remarks:

The number of critical points #(dx = 0) is counted modulo possible
involution.

Upon non-degeneracy conditions the proof is obvious.

Constant“metric” η = F1 is not necessary.
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WDVV equations: proof

Idea of proof: finite dimensional ring at dx = 0

φi (λα)φj(λα) =
∑
k

C k
ij φk(λα), ∀ λα

is solved for
C k
ij =

∑
α

φi (λα)φj(λα) (φk(λα))−1

upon #{i} = #{α} and detiα ‖φi (λα)‖ 6= 0. Modification (ξ(λα) 6= 0)

φi (λα)φj(λα) =
∑
k

C k
ij (ξ)φk(λα) · ξ(λα), ∀ λα

only leads to redefinition

ηkn = Fkn1 −→ ηkn(ξ) =
∑
a

ξaFkna

with ξa =
∑
α ξ(λα) (φa(λα))−1.
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2d minimal gravity

For each (p, q)-th point take a pair of polynomials

X = λp + . . . , Y = λq + . . .

of degrees p and q respectively. Landau-Ginzburg (p, q) = (N, 1).

A dispersionless version of the Lax and Orlov-Shulman operators from KP
theory [

X̂ , Ŷ
]

= ~, X̂ = ∂p + . . . , Ŷ = ∂q + . . .

An invariant way: an algebraic equation

Y p − X q −
∑

fijX
iY j = 0

with some {fij}. Generally, this is a smooth curve of genus

g =
(p − 1)(q − 1)

2
= # primaries
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2d (minimal) gravity

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

Figure: Degenerate curves of Yang-Lee and Ising models of g = 2 and g = 3.
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Solution to dKP

On rational curve

S =

p+q∑
k=1

tkHk =

p+q∑
k=1

tkX
k/p(λ)+, k mod p,

dS =
ξ→∞

∑(
ktkξ

k−1dξ +
∂F
∂tk

dξ

ξk+1

)
Dependence of X (λ) = λp +

∑p−2
k=0 Xkλ

k over {t} from dS |dX=0 = 0, a
system “hodograph” equations dS

dλ = 0 at p − 1 roots of X ′(λ) = 0.

Any hamiltonian

Hk(λ) =
∂S

∂tk
= ξk(λ)+

is a polynomial of variable λ = H1: dispersionless Hirota equations: all

second derivatives { ∂2F
∂tk∂tn

} are expressed in terms of { ∂2F
∂tk∂t1

}. E.g.

∂2F
∂t3∂t3

= 3

(
∂2F
∂t2

1

)3
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Ising (p, q) = (3, 4))

X = λ3 + X1λ+ X0

Y = λ4 + Y2λ
2 + Y1λ+ Y0

Flat times {t1, t2, 0, 0, t5, 0, t7 = const}:

t1 = −2

3
X 2

0 +
4

27
X 3

1 +
5

9
t5X

2
1

t2 = −2

3
X0X1 −

5

3
t5X0

Solving for X0

t1 = − 6t2
2

(2X1 + 5t5)2
+

4

27
X 3

1 +
5

9
t5X

2
1 =

t2=0

4

27
X 3

1 +
5

9
t5X

2
1

the Boulatov-Kazakov equation.
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(p, q) = (2, 2K + 1)) series

p = 2 KdV reduction

X = λ2 + 2u, ξ =
√
X =

√
λ2 + 2u

S =
K+1∑
k=0

t2k+1X
k+1/2(λ)+

Dependence u = u(t) from dS |dX=0 = 0 gives

P(u) ≡ 1
2

dS

dλ

∣∣∣∣
λ=0

=
K+1∑
k=0

(2k + 1)!!

k!
t2k+1u

k = 0

Explicit formula F = 1
2

∑
k,l tktl res P0 (ξkdHl) for the tau-function

F = 1
2

K+1∑
k,l=0

t2k+1t2l+1
(2k + 1)!!(2l + 1)!!

k!l!(k + l + 1)
uk+l+1 = 1

2

∫ u

0

P2(v)dv
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(p, q) = (2, 2K + 1) series

In order to compare with the world-sheet gravity: resonances and analytic terms ...

Resonances: absent for (2K + 1)-reduction;

Residue formula (contributions from infinity?);

p − q or X − Y duality;

Verlinde formula (with A.Artemev and P.Gavrylenko).

Only µ 6= 0: Chebyshev background ...
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Chebyshev curves

At only cosmological constant µ 6= 0

Tp(Y ) = Tq(X )

parameterized by z ∈ P1

X = Tp(z), Y = Tq(z)

Degenerate at
Up−1(Y ) = 0, Uq−1(X ) = 0

For (p, q) = (2, 2K + 1) a degenerate hyperelliptic curve with nodal
singularities at

U1(Y ) = Y = 0, U2K (X ) = 0

2K pairwise glued points

z±n = ± cos
π(2n − 1)

2(2K + 1)
, n = 1, 2, . . . ,K

Xn = T2(z±n ) = cos
π(2n − 1)

2K + 1
, Yn = T2K+1(z±n ) = ± cosπ

(
n − 1

2

)
= 0
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Chebyshev curves

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0 т т Аĸо р зй

dXz
О

ЕО ZED F

8 E rn

а с dr=o о зй

Figure: Chebyshev curve for (2, 2K + 1)-series, with (degenerate) cuts {z±n }marked in
red, critical points {ζ±m } where dY = 0 – in green, and the point z = 0 where dX = 0.
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Ground ring and tachyons

Ground ring of minimal (2, 2K + 1) gravity - isomorphic to

Uk(x)Ul(x) = Uk+l(x) + Uk+l−2(x) + . . .+ U|k−l|(x), k, l = 0, 1, . . .

modulo U2K (x) = 0.

KP hamiltonians H2n+1(z) = T2n+1(z) ∼ Y (z)
(2n+1)/(2K+1)
+ .

Non-faithful “tachyonic” module:

Tn =
dH2K+1−2n

dz
= U2(K−n)(z), n = 1, . . . ,K

ground ring acts as

Tn(z) = Un−1(X )T1(z) = Un−1(T2(z)), n = 1, . . . , 2K

The tachyonic operators Tn ∼ T2K−n are identified up to a sign, due to
“reflection relations”

U2K+l(x) + U2K−l(x) = 0
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Proof

Indeed, T1 ∼ U2K−2(z)

Tn ∼ Un−1(T2(z))U2K−2(z) =
1

z
U2n−1(z)U2K−2(z) =

ring U

=
1

z
(U2K+2n−3(z) + U2K+2n−1(z) + . . .+ U2K−2n+1(z) + U2K−2n−1(z)) =

reflection

=
1

z
(U2K−2n+1(z) + U2K−2n−1(z)) =

ring U
U2(K−n)(z)

Identification Tn ∼ T2K−n due to

U2K−n(X ) = U2K−n(T2(z)) =
1

z
U4K−2n−1(z) =

reflection
−1

z
U2n−1(z) =

= −Un−1(T2(z)) = −Un−1(X )
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Residue formula

Residue formula for on a Chebyshev curve

∂3F
∂tĩ∂tj̃∂tk̃

= − res dY=0

dHĩdHj̃dHk̃

dXdY
= − 1

2K + 1
res U2K (z)=0

U2ĩU2j̃U2k̃(z)dz

2zU2K (z)
=

= − 1

2K + 1

K∑
m=1

U2ĩU2j̃U2k̃(ζm)

ζmU ′2K (ζm)

for ñ = 2(K − n) + 1 etc, and

U2K (z) = 0, z = ζ±m = ± cos
πm

2K + 1
, m = 1, 2, . . . ,K

Xm = T2(ζ±m ) = cos
2πm

2K + 1
, Y±m = ±T2K+1(ζ±m ) = ± cosπm = ∓(−1)m
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Residue formula

Due to Tn+1(x) = xUn(x)− Un−1(x) and

ζ±mU2K−1(ζ±m ) = (−1)m cos
πm

2K + 1
, m = 1, 2, . . . ,K

at U2K (z) = 0 further

∂3F
∂tĩ∂tj̃∂tk̃

= − 1

2K + 1

K∑
m=1

U2ĩU2j̃U2k̃(ζm)

ζmU ′2K (ζm)
=

= − 1

(2K + 1)2

K∑
m=1

U2ĩU2j̃U2k̃(ζm)(1− ζ2
m)

ζmU2K−1(ζm)
=

=
2

(2K + 1)2

K∑
m=1

sin 2πmi
2K+1 sin 2πmj

2K+1 sin 2πmk
2K+1

sin 2πm
2K+1

=
1

2(2K + 1)
(−1)1+i+j+kNijk

with the Verlinde expression at the r.h.s.
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Verlinde formula: basics

S-matrix: χa(−1/τ) =
∑

b Sbaχb(τ), unitarity S†S = 1

Verlinde formula: relation with fusion algebra:

N c
ab =

∑
m

Sma Smb (S†)cm
Sm1

Minimal (p, q)-model S2 = 1:

Srs,ρσ = 2

√
2

pq
(−1)1+sρ+rσ sinπ

p

q
rρ sinπ

q

p
sσ

(p, q) = (2K + 1, 2) series s = σ = 1:

Sr ,ρ =
2√

2K + 1
(−1)1+ρ+r+K sin

2πrρ

2K + 1

A.Marshakov Krichever tau function July 2, 2024 31 / 36



Verlinde formula

Verlinde formula for (p, q) = (2K + 1, 2)

4

2K + 1
(−1)1+i+j+k

K∑
m=1

sin 2πmi
2K+1 sin 2πmj

2K+1 sin 2πmk
2K+1

sin 2πm
2K+1

= Nijk

with {Nijk} ∈ {0, 1}. (One more?) nontrivial proof:

Nijk = (−1)1+i+j+k 4

2K + 1

K∑
m=1

sin 2πmi
2K+1 sin 2πmj

2K+1 sin 2πmk
2K+1

sin 2πm
2K+1

=

= (−1)i+j+k res U2K (z)=0

U2ĩU2j̃U2k̃(z)dz

zU2K (z)
=

= (−1)1+i+j+k ( res z=0 + res z=∞)
U2ĩU2j̃U2k̃(z)dz

zU2K (z)

by moving the contour to dX = 0 or z = 0 and z =∞.
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Verlinde formula

Substituting z = 1
2

(
w + 1

w

)
(−1)1+i+j+kNijk = ( res z=0 + res z=∞)

U2ĩU2j̃U2k̃(z)dz

zU2K (z)
=

z= 1
2 (w+ 1

w )

= ( res w=i + res w=0)

(
w2ĩ+1 − w−2ĩ−1

)
(i → j) (j → k)

(w2 − w−2) (w2K+1 − w−2K−1)

dw

w
=

= (−1)1+i+j+k + res w=0

(
w2ĩ+1 − w−2ĩ−1

)
(i → j) (j → k)

(w2 − w−2) (w2K+1 − w−2K−1)

dw

w

The last residue gives

Nijk = 1−
K−2∑
l=0

δi+j+k+2l,2K −
[ K−3

2 ]∑
l=0

(δi+j+2l+1,k + δi+k+2l+1,j + δk+j+2l+1,i ) =

=

min(i,j)−1∑
l=0

δ|i−j|+2l+1,k +

[ K−2
2 ]∑

l=0

δi+j+k,2(K+l+1)
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Non-algebraic generalization

“Continuous” theory (Collier, Eberhardt, Mühlmann and Rodriguez)

N (p1, p2, p3) = 2b
∞∑

m=1

(−1)m
sin 2πmbp1 sin 2πmbp2 sin 2πmbp3

sinπmb2

(b2 = p
q in minimal theory). Here

(−1)m sinπmb2 = sin(πmb2 + πm) = sin 2πmbp0 = Sm0

where p0 = (1/b + b)/2 corresponds to h0 = 0 or “unity” operator.
Zamolodchikov’s (?) formula comes from residue formula for a non-algebraic curve

x(z) = cosπb−1z , y(z) = cosπbz

with (
p

q
=

)
b2 ∈ R
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Non-algebraic residue formula

Indeed

N (p1, p2, p3) =
∑
dx=0

dHp1dHp2dHp3

dx dy
=

∑
x′(z)=0

φ(p1z)φ(p2z)φ(p3z)

x ′′(z)y ′(z)

since x ′(z) ∼ sinπb−1z = 0 at zm = bm, m ∈ Z, where

y ′(zm) ∼ b sinπbzm = b sinπb2m, x ′′(zm) ∼ b−2 cosπb−1zm = b−2(−1)m

and the rest comes from identification φ(pz) = sin 2πpz

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

Figure: Non-algebraic curve gives rise to an infinite sum over dx = 0.
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Many other developments

Instanton partition functions;

2d conformal field theories;

“Relativistic” (qt)-deformations;

“Topological vertices”, cluster algebras, double-loop algebras;

Isomonodromic deformations;

...

A.Marshakov Krichever tau function July 2, 2024 36 / 36


