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e Old story:
o Definition: (I.M.Krichever, The 7-function of the universal Whitham
hierarchy, matrix models and topological field theories,
arXiv:hep-th/9205110)

o Actually F = logT;
@ terminology ...

o Matrix models & Topological strings;
o Seiberg-Witten theory and integrable systems;
@ Peculiarities:
o Residue formula;
o WDVV equations;
@ New story:
o Nekrasov functions, 2d conformal theories and isomonodromic deformations;
e 2d gravity and Verlinde formula;
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@ Topology of compact oriented Riemann surface: genus g, an example with
g=3:

Figure: Riemann surface ¥ of genus g = 3 with chosen basis of A and B cycles.

e dim Hi(X,) = 2g, (symplectic) intersection form A, o Bg = dqap.
e Dual basis in H}(X,) of holomorphic first kind Abelian differentials

0(dwy) = 0, normalized to the A-cycles

% dwa = 5a5
Ap

f dwg = Taﬂ
Ba

Period matrix
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Riemann Bilinear Relations

@ Period matrix is symmetric due to

O—/dwg/\dwV / wgdw,, =
—Z<% dwg]{ dw., — f d%]{ dwﬁ)_Tﬁ7 8

@ Proof from the Stokes theorem on cut Riemann surface:

Figure: Cut Riemann surface (4g-gon) with the boundary 9X. The boundary values

of Abelian integrals v = w? on two boundaries of the cut differ by the period

integral of the corresponding differential dw, over the dual cycle.
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Riemann Bilinear Relations

@ Meromorphic: second kind Abelian differentials,

d¢

~ L = k>1
Qk PP, Ck—}—l + ) fiAko 07 =

and third-kind Abelian differentials dQ2+

— E(PaP+) dC:I: 7{ .
on—legm PPy i@‘*‘, AdS‘ZO—O7

o E.g. for the first and third kind Abelian differentials

0—/0’(4)5/\on—2(% dw;_;}( on*j{ on% dWQ)+
b — \JA. Ba Ao Ba

P
+27I'iz resPiwngO If dQQ 727TI-/ dU.)g
Py

P+ Bs
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Definition: Krichever data

e Complex curve ¥z with pair of meromorphic differentials (dx and dy), with
the fixed periods.

@ Subfamily of curves {¥;} of dimension
Bg—-3)-(22-3)=¢

o Krichever data: an integrable system (back to the Liouville theorem) — on
g-dimensional family of ¥, one can choose g independent functions
(Hamiltonians), while the co-ordinates on Jacobian of ¥, play the role of
complexified angle variables.
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Definition: prepotential

o Krichever data: g-parametric family of Riemann surfaces ¥, endowed with a
generating differential and connection V,0q on moduli space

dS o ydx,  VpoadS = holomorphic

where y(P) = fP dy, Pe L.
@ Prepotential (a particular case of Krichever tau-function)

1 oF
a= 57 dS ap = ]{ ds = B2

where A and B are dual cycles in Hy(X).
@ Defined locally on the moduli (Teichmiiller?) space of ¥.

@ Integrability from RBI
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Prepotential: proof

@ Viod: connection via covariantly constant coordinate on ¥, e.g. x =0
(problems at dx = 0). Then

vmodds = (vmody)dx

and Voqy is defined from equation of ¥ C C2.

@ Using this and

_da, 1 [ 9dS

bap=po=s—¢ ——
p 835 2mi Ao 835

one finds that % = dwg is normalized holomorphic differential.

@ Then 5
Oa adS %
— = — = dwg =T,
3aﬁ B, 5‘35 Ba, A A

Consequence: for the second derivatives
0*F
=T
dandag  *°
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Prepotential: SW example

e (X, dx, dy) given by

AZN N2 dw
w + ” v(z) =z" + E ugz”, =—> dy z

f dz =0, 7{ dw € 2niZ
(A,B) (AB) W

e From Vyoaw = 0 and Vioaz Py (2) = 2211_02 Suzk

since obviously

InoddS vrnodz i Z (SUk

P’i

holomorphic on .
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Definition: Krichever tau-function

@ To complete definition by the time-variables associated with the second-kind
Abelian differentials with singularities at a point Py

1
t = ;res pof*de, k>0

oF
9t = res p,&¥dS, k>0

where £ is an inverse local co-ordinate at Py: £(Pp) = oo.
@ The consistency condition for (10) is ensured by

PF

K
— = dQ,
ator, RS )
symmetric due to (2,); = £", for the main, singular at Py, part.
o Also P
= dQ, = "dwe,
9t 000 fi res oS d

which again follows from RBI,;
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Definition from RBI;

Can be defined for any set of Abelian differentials

{dH|} = {dwq, dQ,,dQ, ...} and corresponding flat-coordinates
{71} ={aa:tn to, ...}
pg-duality: dx <> dy generally a nontrivial tiny point:

o Prepotentials: Vi,q < VY 4
o dKP: a non-trivial relation (e.g. a Fourier-transform for a matrix integral);
e A nontrivial relation for residue formulas ...

Starting point for the “topological recursion” ...
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Residue formula: statement

Theorem
O3F o dH;dH dHy
T _ resg o | VI
OT10T,0Tk =0 dxdy

o Idea of proof: to take one mode derivative of a second-derivative formula ...

@ Prepotential case:

0Tap
Oa,

=0,Tag = 0, dw, = —/ wg0ydwq
Bs %
o Further
Oy Tap = —/ wplydw, = / Oywgdw, = Z res gx=0 (Oywpdwe)
ox %

since the expression acquires poles at dx = 0.
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Residue formula: proof

@ Use expansions where dx =0

C
CUB(X) ij w/@a‘i'Cga\/X—Xa—F..., dUJﬁ ij 2\/% dx +
o a 2

(o]

x=const X—3Xs 2 /X_

Vimod 1 Oywg = Oywg] 3 ., Xa + regular

@ Then
Cgaa X3 dwg
res (0ywpdwy) = Z res 2\/)ﬁd Z res deaawxa =
- dwadwgdw,
=3 s ( — )

where last equality similarly follows from

o — o Ya
y(x) S, YavX Xa+ ..., dy S T dx + regular
d
dw, = 0,dS = —220% gy 1 regular

x=Xa  24/X — X
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Landau-Ginzburg topological theories

The topological theories defined by polynomial superpotential (generally of several
complex variables)

N—2
W) =AY+ wer*
k=0
The primaries are given by (dKP equation)

k(N == {;TV‘: = (d W"/N)

where flat times

1 K N 1-k/N
= - =—— wi-k/
ti P res p,”dS KN =) res oo ( d)\)

for (X, dx, dy) = (Xo, dW, dA) with & = W(A\)L/N.
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Landau-Ginzburg topological theories

The derivatives of the Krichever tau-function are given by

oF K
Fr res p,§ dS =

N 14k
N+kreS°°(W Nd)\)
together with

0*F N OW ;
Fik 900t res oo (W ot ) res oo (W W/ )

and (the Grothendick residue)

NN L4 N e G AN OV L)L YL €
a > W W20 Iz
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WDVV equations: definition

LG primaries satisfy the associative algebra (a polynomial ring modulo W’()))

N)oj(A) = Z CEdk(N) + Ri(\)W'(\)
and therefore
[Ci,C]=0

for the matrices |G|} := Cjf. In terms of matrices

OF

Fi = A
|| ij Jk at,'atj atk

it leads to the overdetmined system of the differential equations
F,-FJ._le = FkFJ._lF,- for all i,j, k.

for the Krichever tau-function.
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WDVYV equations: theorem

Theorem

Let F = F(T) be the Krichever tau-function, i.e. residue formula

3 . s .
(ng% = T€S dx—0 (W) holds. Then it satisfies the WDVV equations

once the matching relation

#{T} =#(dx =0)

is fulfilled.
Remarks:

@ The number of critical points #(dx = 0) is counted modulo possible
involution.

@ Upon non-degeneracy conditions the proof is obvious.

@ Constant“metric” 1 = Fy is not necessary.
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WDVV equations: proof

Idea of proof: finite dimensional ring at dx =0
j(Aa) =D Citr(Xa), VY Aa
k

is solved for

= Z(bi()‘a)@()‘a) (¢k()‘a))_l
upon #{i} = #{a} and det;, [|¢i(Aa)|| # 0. Modification (£(A\a) # 0)
$i(Na) Z EQa), VA

only leads to redefinition

Nkn = Fknl — nkn(g) = Zfafkna

with & = 3, €(Aa) (62(Aa))
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2d minimal gravity

@ For each (p, g)-th point take a pair of polynomials
X=MN4..., Y=X{4..

of degrees p and g respectively. Landau-Ginzburg (p, q) = (N, 1).

@ A dispersionless version of the Lax and Orlov-Shulman operators from KP
theory

[)?,ﬂ:h, X=0P+..., Y=09+...
@ An invariant way: an algebraic equation
YP—XI—> XY =0
with some {f;;}. Generally, this is a smooth curve of genus

(p—1)(g—-1)

> = # primaries

g:
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2d (minimal) gravity

Figure: Degenerate curves of Yang-Lee

and

Ising models
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Solution to dKP

@ On rational curve
p+q

pt+q
S=> tiHe =) tXP(\)y, kmod p,

OF d¢
dS = > <kt glde+ —— ot §k+1)

@ Dependence of X(\) = AP + i;g Xk Ak over {t} from dS|;_, =0, a
system “hodograph” equations g—f\ =0 at p— 1 roots of X'(\) =0.

@ Any hamiltonian

HN) = g = €.

is a polynomial of variable A = H;: dispersionless Hirota equations: all
ot *F ; > F
second derivatives { 55} are expressed in terms of { 5z5-}. E.g.

PF L (PFY
Otz30t3 N 8t12

Krichever tau function
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Ising (p, q) = (3,4))

X=X+XA+X
Y=XM4+Y2 A2+ YiA+ Y

Flat times {t, t2,0,0, t5,0, t7 = const}:

2 4 5
t1=—-X§ + EXE + s X]

3 9
2 5
th = —=Xo X1 — = t5X
2 370A1 — 3t5%o
Solving for Xy
6t3 5 5 5 o
LT T2 ) X 0271+951

the Boulatov-Kazakov equation.
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(p,q) = (2,2K + 1)) series

e p =2 KdV reduction

X=MN+2u, =VX=vVN+2u
K+1

S= tan X2\,
k=0

o Dependence u = u(t) from dS|,_, = 0 gives
K+1

2k + 1)1
=3 Bt =0
A=0 k=0 '

ds
P(u)y=1 Y

o Explicit formula F = 337, | tits res p,(£¥dH;) for the tau-function

K+1
2k + 1112/ + 1)1 u
F=32. st k!/!(13+(/+1)) s %/0 P
k,1=0
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(p,q) = (2,2K + 1) series

In order to compare with the world-sheet gravity: resonances and analytic terms ...

@ Resonances: absent for (2K + 1)-reduction;

@ Residue formula (contributions from infinity?);

@ p—qor X — Y duality;

o Verlinde formula (with A.Artemev and P.Gavrylenko).

Only p # 0: Chebyshev background ...
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Chebyshev curves

@ At only cosmological constant p # 0
Tp(Y) = Tq(X)

parameterized by z € P!

Degenerate at
Up—l(y) = 07 Uq—l(X) =0

e For (p,q) = (2,2K + 1) a degenerate hyperelliptic curve with nodal
singularities at

U(Y)=Y =0, Ux(X)=0
2K pairwise glued points
w(2n—1) N
22K + 1)’ ST

w(2n—1
§K7_|_1)7 Y, = T2K+1(Z,:7t) =4cosm <n— ) -0

zf = =+ cos

X, = Ta(zF) = cos
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Chebyshev curves

0.5

=0
0.0

-0.5-

-1.0 -0.5 0.0 0.5 1.0

Figure: Chebyshev curve for (2,2K + 1)-series, with (degenerate) cuts {z; }marked in
red, critical points {¢f} where dY = 0 — in green, and the point z = 0 where dX = 0.

A.Marshakov Krichever tau function July 2, 2024 26 /36



Ground ring and tachyons

@ Ground ring of minimal (2,2K + 1) gravity - isomorphic to
Uk()Ui(x) = Upes1(x) + Uki—2(x) + ..+ Up—yg(x),  k,1=0,1,...

modulo Uk (x) = 0.
o KP hamiltonians Hap11(2) = Topt1(2) ~ Y(z)f"Jrl)/(ZKH).
@ Non-faithful “tachyonic” module:

dH —2n
T, = K412

dz = UZ(K—H)(Z)7 n:17"'7K

ground ring acts as
To(2) = Upo1(X)Ta(2) = Up—1(T2(2)),  n=1,...,2K

@ The tachyonic operators T, ~ Tak_, are identified up to a sign, due to
“reflection relations”
Uok41(x) 4+ Uak—i(x) =0
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Indeed, 7-1 ~ U2K72(Z)
1
Tn ~ Un—1(T2(Z))U2K—2(Z) = ;U2n—1(Z)U2K—2(Z) ring U

1
=7 (Uak+2n—-3(2) + Uakt2n-1(2) + ... + Uk —2011(2) + Uak—20-1(2)) =

reflection

1
=~ (Uak—2n11(2) + Uzk—20-1(2)) ol Us(k—n)(2)

Identification T, ~ Tox—_p due to

U n(X) = Vs ol Tol2)) = “Usc2n1(2) = U a(2) =

reflection

= —Un-1(T2(2)) = —Up-1(X)
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Residue formula

Residue formula for on a Chebyshev curve
BF dH;dH:dHj, 1 Uy UpUpi(2) dz
dtotoy 0T Ay K1 O T ()

_ 1 K Ui Upi Upi (Cm)
2K +1 2= (U (Gor)

for i =2(K — n) + 1 etc, and

™m
=12...
2K+17 m )&y )

YE =4+Tok1(¢E) = £cosmm = F(-1)"

Usk(z) =0, z=(f=+cos K

2mm
2K +1°

Xm = T2((,jn:) = cos
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Residue formula

Due to Tpi1(x) = xUp(x) — Up—1(x) and

" y _(_1ym m _
iU a(Gh) = (-1)"eos ™ m=1.2,.. K
at Uak(z) = O further
83.7: 1 K U27U2]U2;(<m)

at;atjat; o _2K +1 1 CmuéK(Cm)

1 ZK: Uy Uy Upic(G) (1 — G11)
(2K +1)* =~ CmUak—1(Cm)

K oo 2mmi oo 2mmj o 2rmk
_ 2 Z sin S sin o7t sin 5 _ 1 (—1)H RN,
(2K +1)? £~ Sin SRt 2K +1) J

with the Verlinde expression at the r.h.s.
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Verlinde formula: basics

o S-matrix: xa(—1/7) = >, SExs(7), unitarity STS =1
@ Verlinde formula: relation with fusion algebra:

SmSr(St)e
acb:Z a b( )m

p ST
e Minimal (p, g)-model S? = 1:
2
Sis.po = 24 | —(=1)TPF77 5in ﬂ'BI‘p sintIso
Pq g p

° (p,q) =(2K+1,2) series s =0 = 1:

2 . 2mrp
S, = —(-1 LhptriK gin
P V2K F 1( ) 2K +1
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Verlinde formula

Verlinde formula for (p,q) = (2K + 1,2)

K s 2mmi i 2mTmy _x . 2wmk
4 (—1)LHiHtk Z SIN k=1 SN okt SN ok1 N
- Ny

2K +1 e 2K+

with {Njx} € {0,1}. (One more?) nontrivial proof:

sin 2mm

K o 2mmi o0 2nmj - 2wmk
N :(_1)1+i+j+k 4 Sin ST SN 35ch g SIN 3R
ik 2K +1 Z sin 2xm
m=1 2K+1

U27U2JU212(Z)°'Z
ZUZK(Z)

" Uy:U,xUsi(2)dz

— (_1)i+ititk - e 2i 72j Z2k
(-1) (resz—o + res —0) Unr(2)

= (=1)*"*kres Unk(2)=0

by moving the contour to dX =0o0r z=0 and z =

A.Marshakov
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Verlinde formula

Substituting z = % (W + %)
L Uy U,z Uy (2)dz
CN)IHHERNL — (tes g - Tes yeog 20 72j T2k\T/ T —
( ) ijk ( 0 ) ZU2K(Z) z:%(w—&-%)
W27+1 _ W—27—1> (i —>J) (J s k) dw
(w2 — w—2) (w2K+1 — y—2K-1) W
WAt w21 (7 ) (G K) gy

(w2 — w=2) (w2K+T = =2K-1)

= (res y—; + res,—o)

= (—1)"HTR 4 res g

The last residue gives

K-—3
K2 (5]
Nige =1=3 biijphrarck — O (isjrarsih + Oigriarinj + Okpjsarini) =
1=0 =0
mini)~1 (5]
= E Oli—jl+2i41,k T E Otk 2(K+1+1)
pry 1=0
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Non-algebraic generalization

“Continuous” theory (Collier, Eberhardt, Miihlmann and Rodriguez)

m Sin 2w mbpy sin 2t mbp, sin 2T mbps
sin mmb?

N(p1,p2, p3) = 2b i(—l)

m=1
(b? = £ in minimal theory). Here
(—1)™sin tmb* = sin(rmb? + wm) = sin 2rmbpy = S’

where pg = (1/b + b)/2 corresponds to hy = 0 or “unity” operator.
Zamolodchikov's (?7) formula comes from residue formula for a non-algebraic curve

x(z) = coswb 'z, y(z) = cosmbz

(‘D—>b26R
q

with
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Non-algebraic residue formula

Indeed

= dHy dHpdH,, ¢(p12)(p22)p(p32)
N(p17 P2, p3) - (g::o dx dy - X/g):_o X/I(Z)y/(z)

since x'(z) ~sinTtb~1z =0 at z,, = bm, m € Z, where
Y'(zm) ~ bsinmbz,, = bsinwb*m,  x"(zy) ~ b ?cosmb 1z, = b 3(-1)"

and the rest comes from identification ¢(pz) = sin 27 pz

R
i
e
e

A
e .0.0‘0’00.9 ‘ 0‘0’0’0.0’0‘0‘000%%:.:‘:‘:‘:.:{':{

A1
E

L
i
‘,‘Q‘&‘ﬁ‘.‘t‘n‘x‘x’x‘t’xﬂ’tﬁ’ !
o

QUL 0

O

IMAMIIIIINONRRNOMANL

Figure: Non-algebraic curve gives rise to an infinite sum over dx = 0.
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Many other developments

Instanton partition functions;

2d conformal field theories;

“Relativistic” (qt)-deformations;

“Topological vertices”, cluster algebras, double-loop algebras;

Isomonodromic deformations;
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