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Discrete Krichever-Novikov equation [Adler (1998), Hietarinta (2003)]
p(uli + 1) — q(uli + Ta) — r(ut + Ta) + pqr(l + utitn) = 0

(p, P) = (Vksn(a; k),sn'(a; k), (q,R) = (Vksn(B; k), sn'(; k)
(r,R) = (Vksn(vi k), s0'(vi k), y=a—p
points on the elliptic curve: T = {(x, X) : X? = x* + 1 — (k + 1/k)x?}.

u u
U= uUpm, U= Unpy1,m,
=N q
U= Upm+1, U= Upyl m+1 _
u P u

Krichever-Novikov equation [Krichever, Novikov (1981)]

3v2 3
Vi = Vxxx — 2 V. + % —6@(2V)



Multidimensional consistency

Consistency Around the Cube (CAC): Q(u,u,d, T p, q)=0

<)
e}
<

Classification: (MDC+ affine linear +D4+Tetrahedron) [Adler, Bobenko,
Suris (2003)]

> Linearity w.r.t. each {u, 7,0, ﬁ}
» Symmetry: Q invariant under group Dy

=

> Tetrahedron Condition: u = f(u, u,u; p,q,r)



Classification of quad equations [Adler, Bobenko, Suris (2003)]

p(uli + U) — q(ul + T0) — r(uti + Ta) + pqr(1 + ulity) = 0 (Q4)
(" — p)(uli + T) + q(p” — 1)(uii + G) — p(q” — 1)(ull + Udr)

— 8 (p* = @) (p° = 1)(¢" — 1)/(4pq) = 0 (Q3(5))
p(u—)(a - 1) — q(u — )(@ — 1)

+pq(p—q)(u+T+T+1) - palp— q)(p* — pq +¢°) =0 (Q2)
p(u—0)(T — 1) — q(u— B)(a@ — 1) + 6°pg(p — q) = 0 (Q1(9))
(q% — p?)(utitu + 1) + q(p? — 1)(uii + 7t1) — p(¢° — 1) (vt +Tu) =0 (A2)
p(u+0)(@+ 1) — q(u+T)(@+ 1) — 6°pg(p — q) =0 (A1(5))
p(uli + Tu) — q(uti + Ta) + 6(p> — g°) = 0 (H3(5))
(u—0)(T—T)+(q—p)(u+T+T+u)+q*—p°=0 (H2)
(u-W)(E-T)=p—q (H1)

Q4 solution: J. Atkinson, F. Nijhoff, A constructive approach to the soliton
solutions of integrable quadrilateral lattice equations, Commun. Math. Phys.,
299 (2010) 283-304.



Elliptic solitons

KdV and 1SS
> KdV:
U = OUly + Uy (KdV)

" 155 kx+k3t
u=2(Inf)x, F=1+e .

Usual soliton vs Elliptic soliton: Plane wave factor (PWF)
» usual soliton: e Tkt (KdV)
(x+k)

> elliptic soliton: Lamé function We{(““pl(k)t

E.A. Kuznetsov, A.V. Mikhailov, Stability of stationary waves in nonlinear
weakly dispersive media, Sov. Phys. JETP, 40 (1974) 855-859. (Zh. Eksp.
Teor. Fiz., 67 (1974) 1717-1727.)

F.W. Nijhoff, J. Atkinson, Elliptic N-soliton solutions of ABS lattice equations,
Int. Math. Res. Not., 2010 (2010) 3837-3895.



Figure: Elliptic 1-soliton of the KdV

u(x,t) = =2p(x + wa) + 2( In (1 4 \zj(k7 k)e—w’(kl)t))

XX

V,(a, b) = o(x+at b+ wa) _(c(a)+i(b)x—clw)(a+b)
o(x + wa)a(a+ b)
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Introduction

I-1: Lamé function and KdV

KdV:
U = BUly + Uy (KdV)

Lax Pair:

P = (A = U)p,
©r = 4pxxx + 6Upx + 3uxp,

Solution to KdV: u = —2¢p(x)

Lamé function
pxx = (p(k) +20(x))p (Lamé)



I-2: Weierstrass functions

Weierstrass functions: ((z) = Z& | o(z) = —('(2).

1
p(z)——+g 21 841 025,

20 28
1 82 3 83 5 7
= - = = _—_ O
(@) =7 =607 ~1a07 T O
_ 8 5 8
o(z)=z 540% ~ 8a0? z' +0(2%).

Elliptic curve: y? = 4x3 — gox — g3



I-2: Weierstrass functions: ldentities:
oy = _o(z+u)o(z —u)
o(2) — o) =~
19'(z) —¢'(v)
2 p(z) —p(u)’
0(2) + p(u) + p(z + u) = n3(2)

Xu(2) = C(0) + G +0(a)—Glurt ) = Tt NI DTET

Frobenius-Stickelberger determinant (elliptic van der Monde):

1, p(k), ¢'(k), p"(k), -+, " 2 (k)|
) B ot + -+ )Ll k)
=(-1)’ <H5> kl)o ko), 0(ka)

where f(k) = (f(ki), f(ka), -+, f(kn))".

1mu(2) = ((z + u) = ¢(2) = ((v) =

ch k) _ )n71 (k1—|— —|—k) |17 Eo(k)v p/(k), o p(n72)(k)|

) |17 nx(k)’ @(k)’ @l(k)’ T @("73)('(”7

where ®,(b) = U(a)gé’g).




I-3: Bilinear
» Hirota's bilinear operator D
DI"DYf - g = (0 — 0w)"(0x — O )"F (£, x)& (', X )=t xr=x
e D (x,y) glx,y) = f(x + ey + r)g(x — €,y — k).
> Properties with usual PWF: e, n; = ajx + bjt + ¢;
DIDMe™ - ™ = (a; — a)"(by — by)™Me™ T2,
D'DM(e™f) - (emg) = e*MDDf - g . (sauge property)

» Example: KdV

3 1
up = 7 uux + gloe U= 2(In T)xx (KdV)

(D} — D.D)T-7=0



D vs Lamé-type PWF: [Xing Li, DJZ (2022)]
> Lamé-type PWF of the KdV:

a(x+y)

pilx, 1) = O(2ki)eS, & = —2((ki)x+¢' (k)t+E", du(y) = o(x)o(y)

» derivatives

Pix = 7in,kf(x)pi, Pixx = 277kf(X)pi,Xa
Pixxx = (6p(x) + 2@()( + ki) + 4p(k;))p;7x,

where

nx(y) = C(x +y) — C(x) = C(y),
Xs.e(7) = €(0) + () +C(v) = C(d + & +7).

> Property 1:

DZ2pi - pi = 2(p(x) — p(x + 2k))p?,, Dipi- pi =120(x)DZp; - pi,

D2 o9, o= b,(a)e™ < abceC.



D vs Lamé-type PWF: [Xing Li, DJZ (2022)]
> A general formula: g; = ®,(a;)e?> ¥t a; b;,c; € C
DiDMo1 - 02 = (a1 — @)"Ya(G1, G2, -+, Gp)o102,
where Y, is the Bell polynomials:
Ya(y1,y2, . ya) = eV 0g€,
y = y(x), yi = 0y (x),
Gm(x) = O ar(x) + (=1)"90 e (x),

and a;(x) = ¢(x + a;) — C(x) + bi.

> Property 2 (quasi-gauge):

8
nHm npHAm n n— m
D207 (of) (o) = 0LONT g+ (5 ) (DFea)Dr 075
=1



I-4: KdV: 7 function and vertex operator

(4D<D; — D)7 -7 =0, (Bilinear KdV)
™w=) KH Ci) ( I1 Aij) exp (226,-)], (7: NSS)
JcsL\ied ijed icJ
1<J

where ¢; are arbitrary constants, A; = Ei ’82 &= kix + k3
S={1,2,--- N}, JCS.

cen1X(k
Ty = e XUy on =1

X (k) = e25(th) g=26(0. k), (vertex operator)
1 P
k)ZZk2J+1t2j+1, t=(t1=X,)7 (9 (81, i), jzatj.

> J. Lepowsky, R.L. Wilson (1978)
> E. Date, M. Kashiwara, T. Miwa (1981)

KdV : Agl); KP : gl(o0); BKP : o(c0)



Il Bilinear: 7 functions, vertex operators

v

KdV and KP
Elliptic N-th root of unity

v

v

Reduction via elliptic dispersion relation

v

Degeneration via periods
Discrete: KdV and KP

v



I1-1: KdV: Elliptic 1-soliton solution (1SS) and 2SS
> Bilinear KdV:

_ 3., 1_
- = - 7 Vxx = U, KdV
Vi 4 X 4\/ 0 (p )
1
v =2¢(x) + &ttt 2(In7)y, (transformation)
(D} — 4D, D; — 12p(x)D2)7 - 7 = 0. (bilinear KdV)

alternative (7' = o(x)7): (D% —4D,D; — go)7’ -7 = 0.
> 1SS and 2SS:

=14 pi(x 1) =140, (2ky)e™,  duly) = -7,

T =14+ p1(x, t) + pa(x, t) + f(2)(x, t)

J(X + 2k; + 2/(2) ot

=14 O (2ky )" + Dy (2ky)e® + A
 Ox(2ha)et + Ox(2he)e + Az s T )
2(ky — k )
. = 2k £ = —2((k: (ki () A :0'(172.
pl(X’ t) ¢X( ’)e ’ g’ C( ,)X+BO( )t+§l ) 12 02(k1+k2)



NSS: Wronskian
» Wronskian W(p), ¢ = (¢1,92,  ,on) "

W = |(10aax(p>a)2<90a 78N_190|: ‘071727"' 7N_1|:‘

> NSS to the bilinear KdV: 7 = [N — 1]
@i = (9(k;) + 20(x))e;,
@it = Pipooc = 39(X)@jx — %@’(X)@j,
for j=1,2,---,N and k; € C. A general solution of ¢;:
b= aie +ae)

where apf are Lamé functions

| 1
= (k)™ = C(k)x — ¢/ (K)t + 7’



NSS: Hirota’s form

» Hirota's form:

o Z U(X+2NE, 1 iki) (Zuﬁ " Z Mlhau>»

H:O,lg( )H —1 01i(2k)) 1<i<j

where
) ki — k) 2
6, = —2v; = —20(ki)x+9/ (k) e 409, e — Ay — (2K —K))"
i C( )X+@( ) +0;7, e ij O’(ki+kj)
» connected with 7:
(D} — 4D, D, — 12p(x)D?)7 - 7 = 0,

3_"

(D} — 4D, D, — 12p(x)D?)f - f =0, f=

where g = g(X-i-Z, 1 )T—T(X—‘rzl 1 ki),

N
ox— YNk iejen (ki —
g§= (—l)N(Nz )y o(x i=1 ki) [hcicjcn ( ) exp ( E %) )

a(x) oN(ky)---oN



Vertex operator for 7

> Hirota's form: f = 7,(t)

() 1)

Jcs \ied ijed icd

where ¢; are arbitrary constants, S = {1,2,--- ,N}, JC S.

> vertex operator to generate 7: (cf. Date, Kashiwara, Miwa (1981))

X(k) = ¢t1(2k)e9[e1(ik)e0(5,k)

() = Xy 1 (1), 7o(E) =1,

» notations

E:(tlzxvt:‘}?'”3t2/7+17“')7
= 1 1
9= (0p. =04 - — B
( t1) 3 3y ) (2n+ 1) t2n+19 )7
e .- 2n+1 e C(zn
9(t7k) =2 E k" topya, O[e](t =2 E t2,7+1.

n=0

)



Bilinear identity
» Bilinear identity:
dq — —
— h(t,q) h(t,—q)=0
§ 52 HE @) HE.~q) =0
where
_ _ _ _ t s 3
(i ) = X(E@)r(D), X(t.q) = LD eduCactoda,
o(q)
Note that h(t, g) is doubly periodic w.r.t. g.

Yy
ot
Wy _-="7
‘- B

. ,
.- ,
e / _Swy

, -

——
wy AT
—wy A
]I
-J’-

LeeTEw

Figure: Fundamental period parallelogram D with boundary Q.

» Bilinear identity in residue form

Res [A(E, q) h(E, —q)] =0
q=0



Algorithm for calculating residues
> Bilinear identity: Redefining 7/(t) = o(t1)7(t), we have

]{ dg 1 19 ¥ = = =
—1 __— _e2% 4 (T "t — .
Q 2mi <72(Cl)e2 T (t+2(q))r'(t —2(q)) =0

> Introducet=X+y, T =X—

7{ dg 1 e o0+3(@)Dxr (%) . 7/ (x) = 0,
Q

<

1
R 011 (¥,9) o(Y+2(q))-Dx./ ’ —0
ng {Uz(q) € 7'(X) - 7'(X) ,
— q3 q2n+1
where Dy = (Dxu D><3; DX57 . ), €(Q) = (q’ T @)’ .

> Difficulty:

(2n o
O (¢, *22 < f2n+1 Z si(t)k.

7:(X1;X37"')1y:(ylay37"'



Algorithm for calculating residues [Li, DJZ (2022)]
> Algorithm:

Res
q=0

Bll-1 »

(B +D5)’|<1 ( > > pi(Ds)in-jq" 2) T’(X)-T'(X)] =0,
n=0 j=0

B=(B1,B3,- , Boje1,--- ), B; 20, |B] = 372 Baj,

1Bl = S7-o(2 + 1)Bojsr , €9 =322 pn(t)K”, i = X w2

o " (2n)
B=—2(c(q), 9 ... @)y

o Lo (2n)! o DY:(DXUO,

1 1
gD;g,O,gDXS,"').
» Examples: 8= (3,0,0,---), 3=1(2,1,0,---) and B = (5,0,0,---)
(D;, — 4Dy Dy, — go)7' - 7' =0,
6 3 2 2
(DS +4D; D,, —32D;, 4 38D, — 24g3)r" - 7' =0,
(DS + 40031 D,, + 40[)53 — 216D,, Dy, + 3g2DZ — 24g3)T" - 7' = 0.



KP [Li, DJZ (2022)]

» Bilinear
4vi — Vioor — 3(v )2 - 38_1‘/}/}/ =0. (PKP)
V:2<(X) %t+2(|n7)xv
(D;} _ 4Dth _ 12@(X)D§ + 3D§)T T = O7 (Bilinear KP)
or
(Df — 4DyD; +3D] — go)7' - 7' = 0. (7" = o(x)7)

> 7 function: 7 = |N/—\1\ f=7/g

t) = Z (H Ci) ( H A”) £ +Hz,:lecjr((l;< ill))) eDie s (€L (tk) € (t.1)

Jcs \ied i<jed

o(ki — kj)a(li — Ij)

Aj =
Yok — [)o(l — k)




Vertex operator for 7

» 7 function:

o(ti+ 2 e (ki — 1) e € (k) —€pg (6
:Z<Hc,-> (H A,,) tl)H,GJ«JT(k e eSie (e (tk)—Egg (th)

Jcs \ieJ i<jed

> vertex operator to generate 7: (cf. Date, Kashiwara, Miwa (1981))

)((k7 I) — (btl(k _ /)eE[e](t:k)fg[e](t’l)eg(g’k)7§(57/)’

mn(t) = e XUy (1), mo(t) =1,
> notations

= 1 1
t:(t1:X7t27--- 7tn7"')7 a:(atufatzv"' 77815"7"')’

=3kt gt )= >0 G 0w =i



Bilinear identity [Li, DJZ (2022)]
» Bilinear identity
dg ;N . ) )
f i h(t,q) h*(t',q) = 0, (bilinear identity)

h(t,q) = X(t,q)7(t), h"(t,q) = X" (£, q)7(t),
X(t,q) = J(:(;r)qf)eslel(‘vq)eﬁ(é"’), X' (t,q) = Z0=9) s te=s00),

- o(=q)
» Calculation

[1BII-1 n
Res B+D)’ <t | > > pi(Dunjq" 2 | T'(x)- T (x)| =0,
n=0 j=0

» Examples:
(D} +3DZ — 4Dy Dy, — g2)7' - 7' =0,
(D3 Dy, + 2Dy, Dy, — 3Dy, Dy, )7’ - 7' = 0,
(DS + 45031 D2 + 20D3 Dy, + 40DZ, + 90D, Dy,

—216D,,D,, + 3g,D Xl —24g3)T -7 =0



11-2: Elliptic N-th roots of unity [Nijhoff, Sun, DJZ (2023)]

Definition
There exist distinct {w;(¢) j/v:—01, up to the periodicity of the periodic
lattice, such that the following equation holds,

N—-1 1

H P, (wj(0)) = m(@wﬂ)(*"@) — oM=2(5)),

=0

where wo(6) = ¢ and all {w;(4)} are independent of k. {w;(d) J'-V:_Ol are
called elliptic N-th roots of the unity.

These roots also satisfy

and



Discrete plane wave factors (PWFs):

» discrete PWF /dispersion relation for usual solitons

Zaj — k) H(p —wj(k)), an=1

J

P = <p-‘i1,-’€k>>"<qii,fk>>m

N=2: &.(8)P.(-0) = p(r) —p() .
N=3: &.0)bu(wi(5))
N=4: &.0),(wi(5))




11-3: Reduction by dispersion relation

» 7 function of KP:

U(t1+2ie (ki — 1)) re s (e (6 k) — € (8.1
=2 (H> (H AU) @) eyt & ey

Jcs \ieJ i<jed

oo (n—1)
u(t. ) =3 (1w

» Reduction to KdV HIERARCHY: [; = —k;

> Reduction to Bussinesq:
ok: from the KP equation to the Boussinesq equation,
fail: from the KP hierarchy to the Boussinesq hierarchy (because
elliptic cube root of unity is not the 6th root of unity.) [It can be
zero by redefine t, — tp + 12g2t6.]

o (w1(8)) - 9'(6)
= 30(p'(w1(9)) — ¢'(9))(¢' (w1(9)) + ¢'(9)) + 12&2(p(w1(6)) — ©(8))-



11-4: Degeneration by period
» Elliptic curve: y? = R(x) = 4x3 — gox — g3
> Degenerations:
A:g§f27g§20.

> trigonometric/hyperbolic:

SV S DN .
g2_3 7g3_27 ) _2W7
1
o(q) = =e®V"sin(aq),

a
1

C(q) = ga q + acot(aq),

1
p(g) = —gaz + a? csc?(aq).

> rational: go = g3 =0,

o(q) =g, C(q):i7 o(q) =



11-4: Degeneration by period

Res
q=0

[1BlI-1 n

(B+Dy)’|<1 ( > ZPj(ﬁx)un—jq"‘2> r'(x)-r'(x)] =0,
n=0 j=0

(bilinear KP)

> trigonometric/hyperbolic:

7' = s sin(axy) T (x),

o _/ ) sin(ala + 3 (ki — 1))
™(x) = Z (H c,) ( H A’J) sin(ax1) [ [, sin(a(ki — 1))

Jcs \ieJ i<jed
X exp (Z(ﬁ[r}(& ki) — & (x, I,-))) )
icJ

where
= "~ cot(ak)

f[,_»](x7 k) =« nz;(—].)"xnak(n1)!7

,_ sin(a(ki — kj)) sin(a(li — 1))
Y sin(aki — 1)) sin(a(l — k)’




11-4: Degeneration by period

[1BII-1 n
E{:eg (B + Dy) |<1 ( Z ij ) tn—jq" 2) T/(X)-T,(X)] =0,
n=0 j=0
(bilinear KP)
> rational:
7= x; Tn(X),
X1+ Y ie (ki — 1)
v(x) = Z (H C:) H Ajj T
Jcs \ieJ i<jed xaITies (ki =)
X exp (Z(é[rl(& ki) = &n(x, //))) :
icJ
where

_ ( )(/, - I)
£ (x, k) Z an”’ Aj = m



11-5: Discrete KdV and KP [Xing Li, ZDJ (2023)]

» Bilinearisation
(u—u)u—1)=p*—q*, P =p(0)—e, ¢°=p()—e

u = (¢ + Ny) = NC(3) = n(8) = m¢() = h(7) — C(&) + 5

where £ = nd + me + hvy,

Ky = x5, (E+ Ny )FF + Fg — F — d5(—e)FF =0,
36, = x5.0(6 + N7)FF + Tg — BF — Bs(e)FF =0,
Xuw(2) = ¢(u) +¢(v) +¢(2) = ¢(u+v +2)
> NSS:
f=o@IN=1, g=0(©IN-2N|

¢ = (¢, 0N\ G = Py p(KD)Pe (ki) + ppy o n (1) Pe (),

st = (i) (G5) (52 v




IpKdV: 7 function and vertex operator

» 7 function

N o€ 25 e k) 7 4 .
™ %o(f)niaa(ﬂg) I;IJ ij gpn,m,h( i)

i<j

w= ()
pomst) = (365 3) (273) (i) oot

> vertex operator: same as for the continuous KdV

_ o0 (2!1) k
— Pk K — (k)
p = e’ gt k) = =2 E tont1
—~ (2n)!

h
after redefining ¢; = (ZE’;’;;@) 00,0,0(ki) and introducing Miwa's

coordinates ) )
62]+1n + E2J+1m

toj41 =
4+t 2j+1



IpKP
> IpKP A R
(w—w)(w—w)=(Ww-—w)(w-w), (IpKP)

w = C(€ + Ny) = NG(y) = n¢(8) = mG() — h(7) = ¢(0) + &,

Hy = Xy (€ + (N + 1)9)FF + 8F — &F — 0 (—)fF =0,
Ha = xo,—(E+ (N + 1)) Ff +gf — F — ds(—7)FF =0

» Casoratian solution
» 7 function

> vertex operator: same as for the continuous KP in light of Miwa’s
coordinates

> discrete AKP reduction (cf. Jing Wang, DJZ, K Maruno (2024))



Il Direct linearisation (DL) approach

» Elliptic DL scheme

» Marchenko equation



111-1: Elliptic scheme of DL approach
> DL for the KdV [Fokas, Ablowitz (1981)]

i ikt [P /)d>\l _ ik Kt)
ol 1)+ it [ESED () — et

u=—0x [, o(x, t;1)dX(/), Lax pair is needed.
> DL+: infinite matrix [Nijhoff, Qiuspel, Caple, et al. (1980s)]

Ui + Pk // G’)\(/7 //)U/J//Qk?// = PkCy,
D

1
(- kY1 kN, Q= ——
Ck=0(- k" Lk-)", Quy Py
UZ// d)\(k,k’)uktcak/
D

Dis PWF : p = [[(pi + k)%, o = [J(p; — k)™

Jj=1 Jj=1

S _ oo 1.
Cont PWF : py = e Kt g, = e 25 K8

no need to check Lax pair



Elliptic scheme of DLA:  [Nijhoff, Sun, DJZ (2023)]

» Scheme:
e P // du(l, )opuede(s + ) = puPe(N)ex
D

U§ = //D d,u(@,@)uz(ﬁ)tc@/a,/cbg(tl\)
_ ox+¢)

*<C) = S te)

pr(n,m, 1) = (®5(r))"(®<(%))" (P (5))'px(0,0,0)

o (n,m, 1) = (&5(—"))"(®c(~+"))""(®,(~+")) '5,2(0,0,0)

Ac, = ke, €=& —nd—me—Iv

> lattice KP: u(§) := (Ug)oo
[€(8) — C(e) +C(€ — ) — ¢(€ — &) U(E — 5 —¢)
+[C(r) = CO) +C(€ — e —v) — (€ — 6 — )Tl — <)
+(Ue-6-e)-TE—e—v))UE—¢) + eyl =0,



Elliptic scheme of DLA:
> lattice mKP/SKP: variables:

wa(€) =1 (1€ +C(0) + <N ~ (e +a+ AU

wa(€) = 1= (UelC(€) + C(a) + C(M) = C(¢ + a+ M) )

s0,5(6) = (16(6) +C(@) + C(A) = ¢(€ +a+ )] - Ug
O +CB) M) — e+ B+ M),

0,0

> lattice mKP:

Va(f_g)
J) — —¢)—((x a—0—¢)=———"—
[60) = ¢l — &) — ¢la) + ¢Lé + R Tl
Va(§ —0)
) a—0 — = _
= [6(e) = (€ = 8) = () + (€ + N e 5.9

+ cycl. =0



» lattice SKP:

1*XEX _s(&—v

)s.
1_X(x a( V)
)

Sap(€ — 1) = XS5~ 6 — v)Sa (€ — 5 —v)
ap(€ =) = XYL(E — e~ 1)Bap(E —c — )
1—xa | 5(6 = £)8ap(€ — ) — XUH(E— 6 —&)5ap(6 — 5 —¢)
1Y V(f—e)a (€ — ) = x5 (€ — e~ v)Sap(t —c —v)
L xe (6= 0)Bap(€ = 0) = X (€= 3 — V)Sas(E— 5 — )
1~ (€ — )3a(€ —8) = XYU(E — 0 — €)sap(€ — 0 —¢)

()]

Sgl)

(h)

where

XS2(7) = €(8) + C(e) +¢(7) = C(3+ e +)



DBSQ:

> elements

o = (Ug)gp » t10:=(AcUc)oq » woa:= (Ue t’\ﬁ)o,o

» DBSQ

Pelio,o + Up1 = Pelioo — U1,0 — Uoolo,o
Geloo + Uo1 = qelio,o — U1,0 — Uo,olo,o
1 p'(6)—¢'(e) _1(0)—p'(s) —

= ——— + U1+ o1 + Uoolo o
2pe — Qe+ U —Uoo 2  pe—qe

—

+ (pe + g¢)(uo,0 — wo,0)

» deformation

wW—uu+v=0, w—uu+v=0,

10 ! PR
77@(5) E)(g)zwfuﬂ+7
2 u—u



» transformation:

U0 =% — U\ tho = YoV~ %0lo » o1 = 20— W otoo .
where
%0 = C(€) + nC(8) + mi(e) ~ C(6o) , €= —nd —me,
Vo= 338~ 59(6) + 5(mp(8) + mp(e) + p(6o))
2= 238~ 50(6) — 5 (no(0) + mo(e) + (&)

> 1-component form (9-point)

(') —¢'(e)  3(9'(0) —¢'(e))

~ =~

N=

—u u—u

)=y

~
~ N ~
= =

= (@-0)(@—u)— (@-)(u— 1)

» There are other DBSQs. [Nijhoff, Sun, DJZ (2023)]



111-2: Marchenko equation
> DLA for the KdV [Fokas, Ablowitz (1981)]

Pl 1K) + e [ ELE)

d)\l — i(kX+k3t)
Tk A =e ’

u=—0x [, o(x, t;1)dX(/), Lax pair is needed.
> DLA to GLM:

’(/J(X7 t: k) _ (p(X, t: k)e—i(k><+k31:)7
1 ; 3
Ky ) = = [ olx 6k 0dAk)
L

Flx, t) = / ei-H0) g3 (),
L
—+o00
K(x,y,t) + F(x +y, t) + K(x,& t)F(y +&,t)d§ =0,

X

u = 20.K(x,x;t).



Fokas-Ablowitz’s DLA (elliptic)

» KP:
Up + Uy + 6L, + 33;1uyy =0

» Elliptic DLA for the KP
b(x,y, tik) + pily, t)/ 0y, t Do (y, )Wu(k, 1A, 1)
= Vi (Kk)pi(y, 1),
u(x,y, t) = —2p(x) — 20, // W(x,y, t; Doy (x,y, t)(INdX(I,1).
> notations:
pilx,y,8) = exp(p(k)y — 26/ (K)t + pO(K) )

(k) = (()’:)JUF(’;)) ~Cx Z (k) CUx,
> Lax pair
Py(x,y,t)=0, P=09,— 02— u(x,y,t),
My(x,y,t) =0, M =0, + 493 + 6udy + 3u, + 30 u



Marchenko equation
» Elliptic DLA for the KP: deformation

0y, K+ u(r,0) [ [ 0y tion(y, Uk 1AL
D
=V (k)pk(y, t),
> real valued: wy > 0, wy purely imaginary
W0y K1) [ [ 6yt 0%k 1dA(L )
D

= {Dx(k)pk(yv t)a

\fo(a) _ o(x+a+ w) e~ C@x—C(m)a,
o(x + wa)o(a)
U (a, b) = TXHAEDEW) (cayic(e)x—clm)(arn)
o o(x + wy)o(a+ b)

)

> nonsingular, \Tlx(k, 1) exponentially decays when x — +o00,

/ k)T dE = Tl ).



Marchenko equation
» Elliptic DLA for the KP

B0,y t k) +pu(y t /’¢xy¢0ww,)<knwum
= U (K)pely. 1),

» Marchenko equation

—+o0
m&a%n+FMa%w+/‘ K(x, &y, )F(E,5, v, )dE = 0,

K(x,s,y,t) = —/ PY(x,y, t; k)\TJS(k’)Uk/(y, t)d\(k, k'),
Flx,s,y,t // ) pely, )W (K ) (s ) dA (K, &),
» solution

0
U(vav t) = _2p(X+ W2) + zaK(vav)@ t)'



Figure: Elliptic 1-soliton of KP



IV Related problems

> Discrete Krichever-Novikov equation:
p(uli + U11) — q(ul + T0) — r(ul + Ua) + pqr(l + uida) = 0

(p, P) = (Vksn(a; k), sn'(a; k)), (g, R) = (Vksn(B; k), sn'(B; k))
(r,R) = (Vksn(v; k), sn'(v; k), v=a—p

> Algebras for the vertex operators?
X (k) = by, (2k) %0 D.K)
(E) = e X0y 1 (D), () =

> High order Boussinesq?

o (@1(6)) — 0 (8)
= 30(¢'(w1(9)) — ¢'(9))(&"(w1(9)) + ¢ (9)) + 12&2(p(w1(8)) — 9(9)).

» New formulation of KP?



New formulation of KP?

Saburo Kakei, Solutions to the KP hierarchy with an elliptic background
[2310.11679]

Lo = VooVt
Vo = 1 —|— Z V())n(X)aX_l7
n=0

02(x) = ~C(x), w020 = 2100 ~ o],

1
Lo =0x = p(x)0 " + 59/ (x)0 2 + -+,

L= 02 = 20(x) = 32077 = 6p(x)¢/ ()0° + -



Thank You!

Da-jun Zhang
Dept of Math, Shanghai University
djzhang@staff.shu.edu.cn



