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Discrete Krichever-Novikov equation [Adler (1998), Hietarinta (2003)]

p(uũ + û̂̃u)− q(uû + ũ̂̃u)− r(û̃u + ũû) + pqr(1 + uũû̂̃u) = 0

(p,P) = (
√
k sn(α; k), sn′(α; k)), (q,R) = (

√
k sn(β; k), sn′(β; k))

(r ,R) = (
√
k sn(γ; k), sn′(γ; k)), γ = α− β

points on the elliptic curve: Γ = {(x ,X ) : X 2 = x4 + 1− (k + 1/k)x2}.

u ≡ un,m, ũ ≡ un+1,m,

û ≡ un,m+1, ̂̃u ≡ un+1,m+1
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Krichever-Novikov equation [Krichever, Novikov (1981)]
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Multidimensional consistency

Consistency Around the Cube (CAC): Q(u, ũ, û, ̂̃u; p, q) = 0
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�

�
�

�
�

�

�
�

�
p

q

r

Classification: (MDC+ affine linear +D4+Tetrahedron) [Adler, Bobenko,
Suris (2003)]

I Linearity w.r.t. each {u, ũ, û, ̂̃u}
I Symmetry: Q invariant under group D4

I Tetrahedron Condition: ̂̃u = f (ũ, û, u; p, q, r)



Classification of quad equations [Adler, Bobenko, Suris (2003)]

p(uũ + û̂̃u)− q(uû + ũ̂̃u)− r(û̃u + ũû) + pqr(1 + uũû̂̃u) = 0 (Q4)

(q2 − p2)(û̃u + ũû) + q(p2 − 1)(uũ + û̂̃u)− p(q2 − 1)(uû + ũ̂̃u)

− δ2(p2 − q2)(p2 − 1)(q2 − 1)/(4pq) = 0 (Q3(δ))

p(u − û)(ũ − ̂̃u)− q(u − ũ)(û − ̂̃u)

+ pq(p − q)(u + ũ + û + ̂̃u)− pq(p − q)(p2 − pq + q2) = 0 (Q2)

p(u − û)(ũ − ̂̃u)− q(u − ũ)(û − ̂̃u) + δ2pq(p − q) = 0 (Q1(δ))

(q2 − p2)(uũû̂̃u + 1) + q(p2 − 1)(uû + ũ̂̃u)− p(q2 − 1)(uũ + û̂̃u) = 0 (A2)

p(u + û)(ũ + ̂̃u)− q(u + ũ)(û + ̂̃u)− δ2pq(p − q) = 0 (A1(δ))

p(uũ + û̂̃u)− q(uû + ũ̂̃u) + δ(p2 − q2) = 0 (H3(δ))

(u − ̂̃u)(ũ − û) + (q − p)(u + ũ + û + ̂̃u) + q2 − p2 = 0 (H2)

(u − ̂̃u)(ũ − û) = p − q (H1)

Q4 solution: J. Atkinson, F. Nijhoff, A constructive approach to the soliton

solutions of integrable quadrilateral lattice equations, Commun. Math. Phys.,

299 (2010) 283-304.



Elliptic solitons

KdV and 1SS

I KdV:
ut = 6uux + uxxx . (KdV)

I 1SS:
u = 2(ln f )xx , f = 1 + ekx+k3t .

Usual soliton vs Elliptic soliton: Plane wave factor (PWF)

I usual soliton: ekx+k3t (KdV)

I elliptic soliton: Lamé function σ(x+k)
σ(x)σ(k)e

−ζ(k)x−℘′(k)t

—————————————
E.A. Kuznetsov, A.V. Mikhailov, Stability of stationary waves in nonlinear
weakly dispersive media, Sov. Phys. JETP, 40 (1974) 855-859. (Zh. Eksp.
Teor. Fiz., 67 (1974) 1717-1727.)
F.W. Nijhoff, J. Atkinson, Elliptic N-soliton solutions of ABS lattice equations,
Int. Math. Res. Not., 2010 (2010) 3837-3895.



Figure: Elliptic 1-soliton of the KdV

u(x , t) = −2℘(x + w2) + 2
(

ln
(
1 + Ψ̃x(k , k)e−4℘′(k1)t

))
xx
,

Ψ̃x(a, b) =
σ(x + a + b + w2)

σ(x + w2)σ(a + b)
e−(ζ(a)+ζ(b))x−ζ(w2)(a+b)
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I Introduction

I-1: Lamé function and KdV

KdV:
ut = 6uux + uxxx (KdV)

Lax Pair:

ϕxx = (λ− u)ϕ,

ϕt = 4ϕxxx + 6uϕx + 3uxϕ,

Solution to KdV: u = −2℘(x)

Lamé function
ϕxx = (℘(k) + 2℘(x))ϕ (Lamé)

ϕ(x) =
σ(x + k)

σ(x)σ(k)
e−ζ(k)x



I-2: Weierstrass functions

Figure: Fundamental period parallelogram D with boundary Ω.

Weierstrass functions: ζ(z) = σ′(z)
σ(z) , ℘(z) = −ζ ′(z).

℘(z) =
1

z2
+

g2

20
z2 +

g3

28
z4 + O(z6),

ζ(z) =
1

z
− g2

60
z3 − g3

140
z5 + O(z7),

σ(z) = z − g2

240
z5 − g3

840
z7 + O(z9).

Elliptic curve: y2 = 4x3 − g2x − g3



I-2: Weierstrass functions: Identities:

℘(z)− ℘(u) = −σ(z + u)σ(z − u)

σ2(z)σ2(u)
,

ηu(z) = ζ(z + u)− ζ(z)− ζ(u) =
1

2

℘′(z)− ℘′(u)

℘(z)− ℘(u)
,

℘(z) + ℘(u) + ℘(z + u) = η2
u(z)

χu,v (z) = ζ(u)+ζ(v)+ζ(z)−ζ(u+v +z) =
σ(u + v)σ(u + z)σ(z + v)

σ(u)σ(v)σ(z)σ(z + u + v)
.

Frobenius-Stickelberger determinant (elliptic van der Monde):

|1, ℘(k), ℘′(k), ℘′′(k), · · · , ℘(n−2)(k)|

=(−1)
(n−1)(n−2)

2

(
n−1∏
s=1

s!

)
σ(k1 + · · ·+ kn)

∏
i<j σ(ki − kj)

σn(k1)σn(k2), · · ·σn(kn)
,

where f (k) = (f (k1), f (k2), · · · , f (kn))T .

n∏
j=1

Φx(kj) =
(−1)n−1

(n − 1)!
Φx(k1+· · ·+kn)

|1, ℘(k), ℘′(k), · · · , ℘(n−2)(k)|
|1, ηx(k), ℘(k), ℘′(k), · · · , ℘(n−3)(k)|

,

where Φa(b) = σ(a+b)
σ(a)σ(b) .



I-3: Bilinear

I Hirota’s bilinear operator D

Dm
t Dn

x f · g = (∂t − ∂t′)m(∂x − ∂x′)nf (t, x)g(t ′, x ′)|t′=t,x′=x

eεDx+κDy f (x , y) · g(x , y) = f (x + ε, y + κ)g(x − ε, y − κ).

I Properties with usual PWF: eηj , ηj = ajx + bj t + cj

Dn
xD

m
t eη1 · eη2 = (a1 − a2)n(b1 − b2)meη1+η2 ,

Dn
xD

m
t (eη1 f ) · (eη1g) = e2η1Dn

xD
m
t f · g . (gauge property)

I Example: KdV

ut =
3

2
uux +

1

4
uxxx , u = 2(ln τ)xx (KdV)

(D4
x − DxDt)τ · τ = 0



D vs Lamé-type PWF: [Xing Li, DJZ (2022)]

I Lamé-type PWF of the KdV:

ρi (x , t) = Φx(2ki )e
ξi , ξi = −2ζ(ki )x+℘′(ki )t+ξ

(0)
i , Φx(y) =

σ(x + y)

σ(x)σ(y)

I derivatives

ρi,x = −χki ,ki (x)ρi , ρi,xx = 2ηki (x)ρi,x ,

ρi,xxx = (6℘(x) + 2℘(x + ki ) + 4℘(ki ))ρi,x ,

where

ηx(y) = ζ(x + y)− ζ(x)− ζ(y),

χδ,ε(γ) = ζ(δ) + ζ(ε) + ζ(γ)− ζ(δ + ε+ γ).

I Property 1:

D2
xρi · ρi = 2(℘(x)− ℘(x + 2ki ))ρ2

i , , D4
xρi · ρi = 12℘(x)D2

xρi · ρi ,

D2n
x % · % =

℘(2n−1)(x)

℘′(x)
D2

x % · %, % = Φx(a)ebx+ct , a, b, c ∈ C.



D vs Lamé-type PWF: [Xing Li, DJZ (2022)]

I A general formula: %i = Φx(ai )e
bix+ci t , ai , bi , ci ∈ C

Dn
xD

m
t %1 · %2 = (c1 − c2)mYn(G1,G2, · · · ,Gn)%1%2,

where Yn is the Bell polynomials:

Yn(y1, y2, · · · , yn) = e−y∂nx e
y ,

y := y(x), yi := ∂ ixy(x),

Gm(x) = ∂m−1
x α1(x) + (−1)m∂m−1

x α2(x),

and αi (x) = ζ(x + ai )− ζ(x) + bi .

I Property 2 (quasi-gauge):

Dn
xD

m
t (%f )·(%g) = %2Dn

xD
m
t f ·g+

[ n
2 ]∑

l=1

(
n
2l

)
(D2l

x %·%)Dn−2l
x Dm

t f ·g .



I-4: KdV: τ function and vertex operator

(4DxDt − D4
x )τ · τ = 0, (Bilinear KdV)

τN =
∑
J⊂S

[(∏
i∈J

ci

)( ∏
i,j∈J
i<j

Aij

)
exp

(
2
∑
i∈J

ξi

)]
, (τ : NSS)

where ci are arbitrary constants, Aij =
(ki−kj )2

(ki−kj )2 , ξi = kix + k3
i t,

S = {1, 2, · · · ,N}, J ⊂ S .

τN+1 = ecN+1X (kN+1)τN , τ0 = 1,

X (k) = e2ξ(t,k) e−2ξ(∂̃, k−1), (vertex operator)

ξ(t, k) =
1∑

j=0

k2j+1t2j+1, t = (t1 = x , ), ∂̃ =
(
∂1,

∂3

3

)
, ∂j = ∂tj .

I J. Lepowsky, R.L. Wilson (1978)

I E. Date, M. Kashiwara, T. Miwa (1981)

KdV : A
(1)
1 ; KP : gl(∞); BKP : o(∞)



II Bilinear: τ functions, vertex operators

I KdV and KP

I Elliptic N-th root of unity

I Reduction via elliptic dispersion relation

I Degeneration via periods

I Discrete: KdV and KP



II-1: KdV: Elliptic 1-soliton solution (1SS) and 2SS

I Bilinear KdV:

v̄t −
3

4
v̄2
x −

1

4
v̄xxx = 0, (pKdV)

v̄ = 2ζ(x) +
1

4
g2t + 2(ln τ)x , (transformation)

(D4
x − 4DxDt − 12℘(x)D2

x )τ · τ = 0. (bilinear KdV)

alternative (τ ′ = σ(x)τ): (D4
x − 4DxDt − g2)τ ′ · τ ′ = 0.

I 1SS and 2SS:

τ1 = 1 + ρ1(x , t) = 1 + Φx(2k1)eξ1 , Φx(y) =
σ(x + y)

σ(x)σ(y)
,

τ2 = 1 + ρ1(x , t) + ρ2(x , t) + f (2)(x , t)

= 1 + Φx(2k1)eξ1 + Φx(2k2)eξ2 + A12
σ(x + 2k1 + 2k2)

σ(x)σ(2k1)σ(2k2)
eξ1+ξ2 ,

ρi (x , t)=Φx(2ki )e
ξi , ξi =−2ζ(ki )x + ℘′(ki )t + ξ

(0)
i , A12 =

σ2(k1 − k2)

σ2(k1 + k2)
.



NSS: Wronskian

I Wronskian W (ϕ), ϕ = (ϕ1, ϕ2, · · · , ϕN)T :

W = |ϕ, ∂xϕ, ∂2
xϕ, · · · , ∂N−1

x ϕ| = |0, 1, 2, · · · ,N − 1| = |N̂ − 1|

I NSS to the bilinear KdV: τ = |N̂ − 1|

ϕj,xx = (℘(kj) + 2℘(x))ϕj ,

ϕj,t = ϕj,xxx − 3℘(x)ϕj,x −
3

2
℘′(x)ϕj ,

for j = 1, 2, · · · ,N and kj ∈ C. A general solution of ϕj :

ϕj = a+
j ϕ

+
j + a−j ϕ

−
j ,

where ϕ±j are Lamé functions

ϕ±j = Φx(±kj)e∓γj , γj = ζ(kj)x −
1

2
℘′(kj)t + γ

(0)
j ,



NSS: Hirota’s form

I Hirota’s form:

f =
∑
µ=0,1

σ(x + 2
∑N

i=1 µiki )

σ(x)
∏N

j=1 σ
µj (2kj)

exp

 N∑
j=1

µjθj +
N∑

1≤i<j

µiµjaij

 ,

where

θi = −2γj = −2ζ(ki )x+℘′(ki )t+θ
(0)
i , eaij = Aij =

(
σ(ki − kj)

σ(ki + kj)

)2

.

I connected with τ :

(D4
x − 4DxDt − 12℘(x)D2

x )τ · τ = 0,

(D4
x − 4DxDt − 12℘(x)D2

x )f · f = 0, f =
τ̃

g̃
,

where g̃ = g(x +
∑N

i=1 ki ), τ̃ = τ(x +
∑N

i=1 ki ),

g = (−1)
N(N−1)

2
σ(x −

∑N
i=1 ki )

σ(x)
·
∏

1≤i<j≤N σ(ki − kj)

σN(k1) · · ·σN(kN)
exp

(
N∑
i=1

γi

)
.



Vertex operator for τ

I Hirota’s form: f = τN(t)

τN(t) =
∑
J⊂S

(∏
i∈J

ci

)(∏
i,j∈J
i<j

Aij

)
σ(t1 + 2

∑
i∈J ki )

σ(t1)
∏

i∈J σ(2ki )
exp

(∑
i∈J

θ[e](t, ki )

)
,

where ci are arbitrary constants, S = {1, 2, · · · ,N}, J ⊂ S .

I vertex operator to generate τ : (cf. Date, Kashiwara, Miwa (1981))

X (k) = Φt1 (2k)eθ[e](t,k)eθ(∂̃,k)

τN(t) = ecNX (kN )τN−1(t), τ0(t) = 1,

I notations

t = (t1 = x , t3, · · · , t2n+1, · · · ),

∂̃ = (∂t1 ,
1

3
∂t3 , · · · ,

1

(2n + 1)
∂t2n+1 , · · · ),

θ(t, k) = 2
∞∑
n=0

k2n+1t2n+1, θ[e](t, k) = −2
∞∑
n=0

ζ(2n)(k)

(2n)!
t2n+1.



Bilinear identity

I Bilinear identity: ∮
Ω

dq

2πi
h(t, q) h(t

′
,−q) = 0,

where

h(t, q) = X (t, q)τ(t), X (t, q) =
σ(t1 + q)

σ(q)
e

1
2 θ[e](t,q)e

1
2 θ(∂̃,q).

Note that h(t, q) is doubly periodic w.r.t. q.

Figure: Fundamental period parallelogram D with boundary Ω.

I Bilinear identity in residue form

Res
q=0

[
h(t, q) h(t

′
,−q)

]
= 0



Algorithm for calculating residues

I Bilinear identity: Redefining τ ′(t) = σ(t1)τ(t), we have∮
Ω

dq

2πi

1

σ2(q)
e

1
2 θ[e](t−t′,q)τ ′(t + ε(q))τ ′(t

′ − ε(q)) = 0.

I Introduce t = x + y, t
′

= x− y, x = (x1, x3, · · · ), y = (y1, y3, · · · ),∮
Ω

dq

2πi

1

σ2(q)
eθ[e](y,q)e(y+ε(q))·Dxτ ′(x) · τ ′(x) = 0,

Res
q=0

[
1

σ2(q)
eθ[e](y,q)e(y+ε(q))·Dxτ ′(x) · τ ′(x)

]
= 0,

where Dx = (Dx1 ,Dx3 ,Dx5 , · · · ), ε(q) = (q, q
3

3 , · · · ,
q2n+1

(2n+1) , · · · ).

I Difficulty:

θ[e](t, k) = −2
∞∑
n=0

ζ(2n)(k)

(2n)!
t2n+1 =

∞∑
j=−∞

sj(t)k j .



Algorithm for calculating residues [Li, DJZ (2022)]

I Algorithm:

Res
q=0

(B + Dx)β |≤1

||β||−1∑
n=0

n∑
j=0

pj(D̃x)µn−jq
n−2

 τ ′(x) · τ ′(x)

 = 0,

β = (β1, β3, · · · , β2j+1, · · · ), βj ≥ 0, |β| =
∑∞

j=0 β2j+1,

||β|| =
∑n

j=0(2j + 1)β2j+1 , eξ(t,k) =
∑∞

n=0 pn(t)kn, 1
σ2(q)

=
∑∞

j=0 µjq
j−2,

B=−2(ζ(q),
ζ′′(q)

2!
, · · · ζ

(2n)(q)

(2n)!
, · · · ), D̃x =(Dx1 , 0,

1

3
Dx3 , 0,

1

5
Dx5 , · · · ).

I Examples: β = (3, 0, 0, · · · ), β = (2, 1, 0, · · · ) and β = (5, 0, 0, · · · )

(D4
x1
− 4Dx1Dx3 − g2)τ ′ · τ ′ = 0,

(D6
x1

+ 4D3
x1
Dx3 − 32D2

x3
+ 3g2D

2
x1
− 24g3)τ ′ · τ ′ = 0,

(D6
x1

+ 40D3
x1
Dx3 + 40D2

x3
− 216Dx1Dx5 + 3g2D

2
x1
− 24g3)τ ′ · τ ′ = 0.



KP [Li, DJZ (2022)]

I Bilinear
4vt − vxxx − 3(vx)2 − 3∂−1vyy = 0. (pKP)

v = 2ζ(x) +
g2

4
t + 2(ln τ)x ,

(D4
x − 4DxDt − 12℘(x)D2

x + 3D2
y )τ · τ = 0, (Bilinear KP)

or
(D4

x − 4DxDt + 3D2
y − g2)τ ′ · τ ′ = 0. (τ ′ = σ(x)τ)

I τ function: τ = |N̂ − 1|, f = τ̃ /g̃

τN(t) =
∑
J⊂S

(∏
i∈J

ci

) ∏
i<j∈J

Aij

 σ(t1 +
∑

i∈J(ki − li ))

σ(t1)
∏

i∈J σ(ki − li )
e
∑

i∈J (ξ[e](t,ki )−ξ[e](t,li ))

Aij =
σ(ki − kj)σ(li − lj)

σ(ki − lj)σ(li − kj)



Vertex operator for τ

I τ function:

τN(t) =
∑
J⊂S

(∏
i∈J

ci

) ∏
i<j∈J

Aij

 σ(t1 +
∑

i∈J(ki − li ))

σ(t1)
∏

i∈J σ(ki − li )
e
∑

i∈J (ξ[e](t,ki )−ξ[e](t,li ))

I vertex operator to generate τ : (cf. Date, Kashiwara, Miwa (1981))

X (k, l) = Φt1 (k − l)eξ[e](t,k)−ξ[e](t,l)eξ(∂̃,k)−ξ(∂̃,l),

τN(t) = ecNX (kN ,lN )τN−1(t), τ0(t) = 1,

I notations

t = (t1 = x , t2, · · · , tn, · · · ), ∂̃ = (∂t1 ,
1

2
∂t2 , · · · ,

1

n
∂tn , · · · ),

ξ(t, k) =
∞∑
n=1

kntn, ξ[e](t, k) =
∞∑
n=1

(−1)n
ζ(n−1)(k)

(n − 1)!
tn, ζ(i)(k) = ∂ i

kζ(k).



Bilinear identity [Li, DJZ (2022)]

I Bilinear identity∮
Ω

dq

2πi
h(t, q) h∗(t′, q) = 0, (bilinear identity)

h(t, q) = X (t, q)τ(t), h∗(t, q) = X ∗(t, q)τ(t),

X (t, q) =
σ(t1 + q)

σ(q)
eξ[e](t,q)eξ(∂̃,q), X ∗(t, q) =

σ(t1 − q)

σ(−q)
e−ξ[e](t,q)e−ξ(∂̃,q).

I Calculation

Res
q=0

(B + Dx)β |≤1

||β||−1∑
n=0

n∑
j=0

pj(D̃x)µn−jq
n−2

 τ ′(x) · τ ′(x)

 = 0,

I Examples:

(D4
x1

+ 3D2
x2
− 4Dx1Dx3 − g2)τ ′ · τ ′ = 0,

(D3
x1
Dx2 + 2Dx2Dx3 − 3Dx1Dx4 )τ ′ · τ ′ = 0,

(D6
x1

+ 45D2
x1
D2

x2
+ 20D3

x1
Dx3 + 40D2

x3
+ 90Dx2Dx4

− 216Dx1Dx5 + 3g2D
2
x1
− 24g3)τ ′ · τ ′ = 0



II-2: Elliptic N-th roots of unity [Nijhoff, Sun, DJZ (2023)]

Definition
There exist distinct {ωj(δ)}N−1

j=0 , up to the periodicity of the periodic
lattice, such that the following equation holds,

N−1∏
j=0

Φκ(ωj(δ)) =
1

(N − 1)!
(℘(N−2)(−κ)− ℘(N−2)(δ)),

where ω0(δ) = δ and all {ωj(δ)} are independent of κ. {ωj(δ)}N−1
j=0 are

called elliptic N-th roots of the unity.

These roots also satisfy
N−1∑
j=0

ωj(δ) = 0

and
N−1∑
j=0

ζ(l)(ωj(δ)) = 0, (l = 0, 1, · · · ,N − 2).



Discrete plane wave factors (PWFs):

I discrete PWF/dispersion relation for usual solitons

GN(p, k) :=
N∑
j=1

αj(p
j − k j) =

∏
j

(p − ωj(k)), αN ≡ 1

PWF : ρ =
( p + k

p + ωj(k)

)n( q + k

q + ωj(k)

)m
I Elliptic Nth root of unity

N = 2 : Φκ(δ)Φκ(−δ) = ℘(κ)− ℘(δ) ,

N = 3 : Φκ(δ)Φκ(ω1(δ))Φκ(ω2(δ)) = − 1
2 (℘′(κ) + ℘′(δ)) , ∀

N = 4 : Φκ(δ)Φκ(ω1(δ))Φκ(ω2(δ))Φκ(ω3(δ)) = 1
6 (℘′′(κ)− ℘′′(δ)) ,

I Elliptic PWF:

ρ =
∑
j

(Φp(ωj(k))

Φp(ω0(k))

)n(Φq(ωj(k))

Φq(ω0(k))

)m



II-3: Reduction by dispersion relation

I τ function of KP:

τN(t) =
∑
J⊂S

(∏
i∈J

ci

) ∏
i<j∈J

Aij

 σ(t1 +
∑

i∈J(ki − li ))

σ(t1)
∏

i∈J σ(ki − li )
e
∑

i∈J (ξ[e](t,ki )−ξ[e](t,li ))

ξ[e](t, k) =
∞∑
n=1

(−1)n
ζ(n−1)(k)

(n − 1)!
tn

I Reduction to KdV HIERARCHY: li = −ki
I Reduction to Bussinesq:

ok: from the KP equation to the Boussinesq equation,
fail: from the KP hierarchy to the Boussinesq hierarchy (because
elliptic cube root of unity is not the 6th root of unity.) [It can be
zero by redefine t2 → t2 + 12g2t6.]

℘(4)(ω1(δ))− ℘(4)(δ)

= 30(℘′(ω1(δ))− ℘′(δ))(℘′(ω1(δ)) + ℘′(δ)) + 12g2(℘(ω1(δ))− ℘(δ)).



II-4: Degeneration by period

I Elliptic curve: y2 = R(x) = 4x3 − g2x − g3

I Degenerations:
∆ = g3

2 − 27g2
3 = 0.

I trigonometric/hyperbolic:

g2 =
4

3
α4, g3 =

8

27
α6, α =

π

2w
,

σ(q) =
1

α
e

1
6 (αq)2

sin(αq),

ζ(q) =
1

3
α2q + α cot(αq),

℘(q) = −1

3
α2 + α2 csc2(αq).

I rational: g2 = g3 = 0,

σ(q) = q, ζ(q) =
1

q
, ℘(q) =

1

q2
.



II-4: Degeneration by period

Res
q=0

(B + Dx)β |≤1

||β||−1∑
n=0

n∑
j=0

pj(D̃x)µn−jq
n−2

 τ ′(x) · τ ′(x)

 = 0,

(bilinear KP)

I trigonometric/hyperbolic:

τ ′ = e
1
6 (αx1)2

sin(αx1) τN(x),

τN(x) =
∑
J⊂S

(∏
i∈J

c ′i

) ∏
i<j∈J

A′ij

 sin(α(x1 +
∑

i∈J(ki − li )))

sin(αx1)
∏

i∈J sin(α(ki − li ))

× exp

(∑
i∈J

(ξ[t](x, ki )− ξ[t](x, li ))

)
,

where

ξ[t](x, k) = α
∞∑
n=1

(−1)nxn
∂n−1
k cot(αk)

(n − 1)!
,

A′ij =
sin(α(ki − kj)) sin(α(li − lj))

sin(α(ki − lj)) sin(α(li − kj))
.



II-4: Degeneration by period

Res
q=0

(B + Dx)β |≤1

||β||−1∑
n=0

n∑
j=0

pj(D̃x)µn−jq
n−2

 τ ′(x) · τ ′(x)

 = 0,

(bilinear KP)

I rational:
τ ′ = x1 τN(x),

τN(x) =
∑
J⊂S

(∏
i∈J

ci

) ∏
i<j∈J

Aij

 x1 +
∑

i∈J(ki − li )

x1

∏
i∈J(ki − li )

× exp

(∑
i∈J

(ξ[r ](x, ki )− ξ[r ](x, li ))

)
.

where

ξ[r ](x, k) = −
∞∑
n=1

1

kn
xn, Aij =

(ki − kj)(li − lj)

(ki − lj)(li − kj)



II-5: Discrete KdV and KP [Xing Li, ZDJ (2023)]

I Bilinearisation

(u − ̂̃u)(ũ − û) = p2 − q2, p2 = ℘(δ)− e0, q2 = ℘(ε)− e0

u = ζ(ξ + Nγ)− Nζ(γ)− nζ(δ)−mζ(ε)− hζ(γ)− ζ(ξ0) +
g

f

where ξ = nδ + mε+ hγ,

H1 ≡ χδ,−ε(ξ̂ + Nγ)f̃ f̂ + f̃ ĝ − g̃ f̂ − Φδ(−ε)f
˜̂
f = 0,

H2 ≡ χδ,ε(ξ + Nγ)f
˜̂
f +

̂̃
f g − ̂̃gf − Φδ(ε)f̃ f̂ = 0,

χu,v (z) = ζ(u) + ζ(v) + ζ(z)− ζ(u + v + z)

I NSS:

f = σ(ξ)|N̂ − 1|, g = σ(ξ)|N̂ − 2,N|,

φ = (φ1, · · · , φN)T , φi = ρ−n,m,h(ki )Φξ(ki ) + ρ−n,m,h(li )Φξ(li ),

ρ±n,m,h(z) =

(
σ(δ ± z)

σ(δ)σ(±z)

)n (
σ(ε± z)

σ(ε)σ(±z)

)m (
σ(γ ± z)

σ(γ)σ(±z)

)h

ρ±0,0,0,



lpKdV: τ function and vertex operator

I τ function

τN =
∑
J⊂S

σ(ξ + 2
∑

i∈J ki )

σ(ξ)
∏

i∈J σ(2ki )

∏
i,j∈J
i<j

Aij

∏
i∈J

ρn,m,h(ki ),

Aij =

(
σ(ki − kj)

σ(ki + kj)

)2

ρn,m,h(ki ) =

(
σ(ki − δ)

σ(ki + δ)

)n (
σ(ki − ε)

σ(ki + ε)

)m (
σ(ki − γ)

σ(ki + γ)

)h

ρ0,0,0(ki ).

I vertex operator: same as for the continuous KdV

ρ = eθ[e](t,k), θ[e](t, k) = −2
∞∑
n=0

ζ(2n)(k)

(2n)!
t2n+1

after redefining ci =
(
σ(ki−γ)
σ(ki+γ)

)h
ρ0,0,0(ki ) and introducing Miwa’s

coordinates

t2j+1 =
δ2j+1n + ε2j+1m

2j + 1
.



lpKP

I lpKP

(ŵ − ̂̃w)(w − ŵ) = (w̃ − ̂̃w)(w − w̃), (lpKP)

w = ζ(ξ + Nγ)− Nζ(γ)− nζ(δ)−mζ(ε)− hζ(γ)− ζ(ξ0) +
g

f
,

H1 ≡ χε,−γ(ξ + (N + 1)γ)f f̂ + g f̂ − ĝ f − Φε(−γ)f f̂ = 0,

H2 ≡ χδ,−γ(ξ + (N + 1)γ)f̃ f + g f̃ − g̃ f − Φδ(−γ)f f̃ = 0.

I Casoratian solution

I τ function

I vertex operator: same as for the continuous KP in light of Miwa’s
coordinates

I discrete AKP reduction (cf. Jing Wang, DJZ, K Maruno (2024))



III Direct linearisation (DL) approach

I Elliptic DL scheme

I Marchenko equation



III-1: Elliptic scheme of DL approach

I DL for the KdV [Fokas, Ablowitz (1981)]

ϕ(x , t; k) + ie i(kx+k3t)

∫
L

ϕ(x , t; l)

l + k
dλ(l) = e i(kx+k3t),

u = −∂x
∫
L
ϕ(x , t; l)dλ(l), Lax pair is needed.

I DL+: infinite matrix [Nijhoff, Qiuspel, Caple, et al. (1980s)]

uk + ρk

∫∫
D

dλ(l , l ′)ulσl′Ωk,l′ = ρkck ,

ck = (· · · , k−1, 1, k , · · · )T , Ωk,l′ =
1

k + l ′
,

U =

∫∫
D

dλ(k , k ′)uk
tcσk′

Dis PWF : ρk =
∏
j=1

(pj + k)nj , σk′ =
∏
j=1

(pj − k ′)−nj

Cont PWF : ρk = e
∑∞

j=1 k
j tj , σk′ = e−

∑∞
j=1 k

′ j tj

no need to check Lax pair



Elliptic scheme of DLA: [Nijhoff, Sun, DJZ (2023)]

I Scheme:

uκ + ρκ

∫∫
D

dµ(`, `′)σ`′u`Φξ(κ+ `′) = ρκΦξ(Λ)cκ

Uξ :=

∫∫
D

dµ(`, `′)u`(ξ) tc`′σl′Φξ( tΛ)

Φξ(x) :=
σ(x + ξ)

σ(x)σ(ξ)
, Λcκ = κcκ, ξ = ξ0 − nδ −mε− lν

ρκ(n,m, l) = (Φδ(κ))n(Φε(κ))m(Φν(κ))lρκ(0, 0, 0)

σκ′(n,m, l) = (Φδ(−κ′))−n(Φε(−κ′))−m(Φν(−κ′))−lσκ′(0, 0, 0)

I lattice KP: u(ξ) := (Uξ)0,0

[ζ(δ)− ζ(ε) + ζ(ξ − δ)− ζ(ξ − ε)] ̂̃u(ξ − δ − ε)

+ [ζ(ν)− ζ(δ) + ζ(ξ − ε− ν)− ζ(ξ − δ − ε)] û(ξ − ε)

+
(̂̃u(ξ − δ − ε)− û(ξ − ε− ν)

)
û(ξ − ε) + cycl. = 0 ,



Elliptic scheme of DLA:

I lattice mKP/SKP: variables:

vα(ξ) = 1−
(

[ζ(ξ) + ζ(α) + ζ(Λ)− ζ(ξ + α + Λ)]−1Uξ

)
0,0

wα(ξ) = 1−
(

Uξ[ζ(ξ) + ζ(α) + ζ( tΛ)− ζ(ξ + α + tΛ)]−1
)

0,0

sα,β(ξ) =
(

[ζ(ξ) + ζ(α) + ζ(Λ)− ζ(ξ + α + Λ)]−1 ·Uξ

· [ζ(ξ) + ζ(β) + ζ( tΛ)− ζ(ξ + β + tΛ)]−1
)

0,0

I lattice mKP:

[ζ(δ)− ζ(ξ − ε)− ζ(α) + ζ(ξ + α− δ − ε)]
v̂α(ξ − ε)̂̃vα(ξ − δ − ε)

− [ζ(ε)− ζ(ξ − δ)− ζ(α) + ζ(ξ + α− δ − ε)]
ṽα(ξ − δ)̂̃vα(ξ − δ − ε)

+ cycl. = 0



I lattice SKP:

1− χ(1)
α,−δ(ξ − ν)sα,β(ξ − ν)− χ(1)

β,δ(ξ − δ − ν)s̃α,β(ξ − δ − ν)

1− χ(1)
α,−ε(ξ − ν)sα,β(ξ − ν)− χ(1)

β,ε(ξ − ε− ν)ŝα,β(ξ − ε− ν)

=
1− χ(1)

α,−δ(ξ − ε)ŝα,β(ξ − ε)− χ(1)
β,δ(ξ − δ − ε)̂̃sα,β(ξ − δ − ε)

1− χ(1)
α,−ν(ξ − ε)ŝα,β(ξ − ε)− χ(1)

β,ν(ξ − ε− ν)ŝα,β(ξ − ε− ν)

×
1− χ(1)

α,−ν(ξ − δ)s̃α,β(ξ − δ)− χ(1)
β,ν(ξ − δ − ν)s̃α,β(ξ − δ − ν)

1− χ(1)
α,−ε(ξ − δ)s̃α,β(ξ − δ)− χ(1)

β,ε(ξ − δ − ε)̂̃sα,β(ξ − δ − ε)

where
χ

(1)
δ,ε(γ) = ζ(δ) + ζ(ε) + ζ(γ)− ζ(δ + ε+ γ)



DBSQ:

I elements

u0,0 := (Uξ)0,0 , u1,0 := (ΛξUξ)0,0 , u0,1 :=
(
Uξ

tΛξ
)

0,0

I DBSQ

pξũ0,0 + ũ0,1 = pξu0,0 − u1,0 − ũ0,0u0,0 ,

qξû0,0 + û0,1 = qξu0,0 − u1,0 − û0,0u0,0 ,

1

2

℘′(δ)− ℘′(ε)

pξ − qξ + û0,0 − ũ0,0
=

1

2

℘′(δ)− ℘′(ε)

pξ − qξ
+ ̂̃u1,0 + u0,1 + u0,0

̂̃u0,0

+ (pξ̂ + qξ)(̂̃u0,0 − u0,0) ,

I deformation

w̃ − uũ + v = 0 , ŵ − uû + v = 0 ,

1

2

℘′(δ)− ℘′(ε)

û − ũ
= w − û̃u + ̂̃v



I transformation:

u0,0 = x0 − u , u1,0 = y0 − v − x0u0,0 , u0,1 = z0 − w − x0u0,0 ,

where

x0 = ζ(ξ) + nζ(δ) + mζ(ε)− ζ(ξ0) , ξ = ξ0 − nδ −mε,

y0 =
1

2
x2

0 −
1

2
℘(ξ) +

1

2
(n℘(δ) + m℘(ε) + ℘(ξ0)) ,

z0 =
1

2
x2

0 −
1

2
℘(ξ)− 1

2
(n℘(δ) + m℘(ε) + ℘(ξ0))

I 1-component form (9-point)

1
2 (℘′(δ)− ℘′(ε))̂̃u − ˜̃u −

1
2 (℘′(δ)− ℘′(ε))̂̂u − ̂̃u

= (
̂̃̂
u − ̂̃̃u)(û −

̂̃̃̂
u)− (û − ũ)(u − ̂̃̃u)

I There are other DBSQs. [Nijhoff, Sun, DJZ (2023)]



III-2: Marchenko equation

I DLA for the KdV [Fokas, Ablowitz (1981)]

ϕ(x , t; k) + ie i(kx+k3t)

∫
L

ϕ(x , t; l)

l + k
dλ(l) = e i(kx+k3t),

u = −∂x
∫
L
ϕ(x , t; l)dλ(l), Lax pair is needed.

I DLA to GLM:

ψ(x , t; k) = ϕ(x , t; k)e−i(kx+k3t),

K (x , y , t) = −1

2

∫
L

ψ(x , t; k)e i(ky+k3t)dλ(k),

F (x , t) =

∫
L

e i(ky+k3t)dλ(k),

K (x , y , t) + F (x + y , t) +

∫ +∞

x

K (x , ξ; t)F (y + ξ, t)dξ = 0,

u = 2∂xK (x , x ; t).



Fokas-Ablowitz’s DLA (elliptic)

I KP:
ut + uxxx + 6uux + 3∂−1

x uyy = 0

I Elliptic DLA for the KP

ψ(x , y , t; k) + ρk(y , t)

∫∫
D

ψ(x , y , t; l)σl′(y , t)Ψx(k, l ′)dλ(l , l ′)

= Ψx(k)ρk(y , t),

u(x , y , t) = −2℘(x)− 2∂x

∫∫
D

ψ(x , y , t; l)σl′(x , y , t)Φx(l ′)dλ(l , l ′).

I notations:

ρk(x , y , t) = exp
(
℘(k)y − 2℘′(k)t + ρ(0)(k)

)
,

Ψx(k) =
σ(x + k)

σ(x)σ(k)
e−ζ(k)x = Φx(k)e−ζ(k)x .

I Lax pair

P ψ(x , y , t) = 0, P = ∂y − ∂2
x − u(x , y , t),

M ψ(x , y , t) = 0, M = ∂t + 4∂3
x + 6u∂x + 3ux + 3∂−1

x uy .



Marchenko equation

I Elliptic DLA for the KP: deformation

ψ(x , y , t; k) + ρk(y , t)

∫∫
D

ψ(x , y , t; l)σl′(y , t)Ψx(k, l ′)dλ(l , l ′)

= Ψx(k)ρk(y , t),

I real valued: w1 > 0, w2 purely imaginary

ψ(x , y , t; k)+ρk(y , t)

∫∫
D

ψ(x , y , t; l)σl′(y , t)Ψ̃x(k, l ′)dλ(l , l ′)

= Ψ̃x(k)ρk(y , t),

Ψ̃x(a) =
σ(x + a + w2)

σ(x + w2)σ(a)
e−ζ(a)x−ζ(w2)a,

Ψ̃x(a, b) =
σ(x + a + b + w2)

σ(x + w2)σ(a + b)
e−(ζ(a)+ζ(b))x−ζ(w2)(a+b),

I nonsingular, Ψ̃x(k , l) exponentially decays when x → +∞,∫ +∞

x

Ψ̃ξ(k)Ψ̃ξ(l ′)dξ = Ψ̃x(k , l).



Marchenko equation

I Elliptic DLA for the KP

ψ(x , y , t; k)+ρk(y , t)

∫∫
D

ψ(x , y , t; l)σl′(y , t)Ψ̃x(k, l ′)dλ(l , l ′)

= Ψ̃x(k)ρk(y , t),

I Marchenko equation

K (x , s, y , t) + F (x , s, y , t) +

∫ +∞

x

K (x , ξ, y , t)F (ξ, s, y , t)dξ = 0,

K (x , s, y , t) = −
∫∫

D

ψ(x , y , t; k)Ψ̃s(k ′)σk′(y , t)dλ(k, k ′),

F (x , s, y , t) =

∫∫
D

Ψ̃x(k)ρk(y , t)Ψ̃s(k ′)σk′(y , t)dλ(k, k ′),

I solution

u(x , y , t) = −2℘(x + w2) + 2
∂

∂x
K (x , x , y , t).



Figure: Elliptic 1-soliton of KP



IV Related problems

I Discrete Krichever-Novikov equation:

p(uũ + û̂̃u)− q(uû + ũ̂̃u)− r(û̃u + ũû) + pqr(1 + uũû̂̃u) = 0

(p,P) = (
√
k sn(α; k), sn′(α; k)), (q,R) = (

√
k sn(β; k), sn′(β; k))

(r ,R) = (
√
k sn(γ; k), sn′(γ; k)), γ = α− β

I Algebras for the vertex operators?

X (k) = Φt1 (2k)eθ[e](t,k)eθ(∂̃,k)

τN(t) = ecNX (kN )τN−1(t), τ0(t) = 1,

I High order Boussinesq?

℘(4)(ω1(δ))− ℘(4)(δ)

= 30(℘′(ω1(δ))− ℘′(δ))(℘′(ω1(δ)) + ℘′(δ)) + 12g2(℘(ω1(δ))− ℘(δ)).

I New formulation of KP?



New formulation of KP?

Saburo Kakei, Solutions to the KP hierarchy with an elliptic background

[2310.11679]

L0 = V0∂
−1
x V−1

0 ,

V0 = 1 +
∞∑
n=0

v0,n(x)∂−1
x ,

v0,1(x) = −ζ(x), v0,2(x) =
1

2
[ζ2(x)− ℘(x)], · · · .

L0 = ∂x − ℘(x)∂−1
x +

1

2
℘′(x)∂−2

x + · · · ,

L2
0 = ∂2

x − 2℘(x)− g2

10
∂−2
x − 6℘(x)℘′(x)∂−3

x + · · · ,
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