. PROBLEMS FOR THE 2024 SUMMER SCHOOL
1. Grassmannians and Chern classes.

1.1. Check that the elementary symmetric function ey(x1, x2,...) is the unique sym-
metric function of degree k such that

ek(xll"'lxklololo,...) :xlxzxk-

1.2. Let ¢(V,t) = Y0 tick(V) denote the Chern polynomial of a vector bundle V.
Prove that for any subbundle V' C V we have

c(V,t)=c(V,t)c(V/V',1).

1.3.  Compute the Chern classes of the tangent bundle to P". Here and below all projec-
tive spaces, Grassmannian, flag varieties etc. denote the corresponding complex mani-
folds.

1.4. Let M C P" be a smooth (complex, as always) hypersurface of degree d. Consider
the exact sequence of the vector bundles

0—TM — TP"

y — Npn/py = 0
on M, where Npx /) is the normal bundle. Check that
NIP’”/M - @IF’" (d) |M
and conclude a formula for the Chern classes of M. In particular, when is ¢; (M) = 0?

What is the topological Euler characteristic” of M ? What is the genus of the curve M
when 1 = 2 ? Compute [,;c1(M)" 1.

1.5. Consider the Grassmannian X = Gr(k,n). Its points correspond to linear sub-
spaces V C C" of dimension k. Consider the set of pairs

(.1) {(V,v), such thatv € V} C Gr(k,n) x C".

Check that the LHS in ([) is a vector bundle of rank k over X, called the tautological
subbundle of the trivial bundle in the RHS of ((Il). By a slight abuse of notation, we
denote this tautological bundle by V. Check that

TX = V*® (C"/V),

where V* denotes the dual bundle and C"/V is the tautological quotient bundle. Express
c1(TX) and c(TX) of the tangent bundle TX in terms of the Chern classes of V. If you
are familiar with the language of symmetric functions, propose a formula for ¢ (TX).

1By the Lefschetz hyperplane section theorem, this is equivalent to knowing the dimension of
Hmiddle( M)
1
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1.6. Consider the product X x X, where X = Gr(k, n) as in Problem 5. On X x X we
have two tautological bundles V; and V; pulled back from the two factors. Consider the
composed map

Vi— C" — (CH/VQ.
Show this section of (C"/V,) ® V{ vanishes precisely over the diagonal in X x X, in
other words, the top Chern class of (C"/V,) ® V7 is the class

A € H2dmX(X x X)

of the diagonal. Consider the operation

Dp:y = prLe(AUP(Y))

from H*(X) to H*(X), where p1 and p, are the projections of X x X to the respective fac-
tors. Show that @, is the identity map. Conclude that the cohomology of X is generated
by the Chern classes of V.

What is the K-theory analog of these statements ?

1.7. The group GL(n) acts on X = Gr(k, n) via its defining action on C". Describe the
orbits of the subgroup U C GL(n) formed by lower-triangular matrices with 1s on the
diagonal. Show that each orbit contains a unique fixed point for the subgroup

A = diag(ay,...,an)

to which all other points are attracted when a1 /a3, a5 /as, - - - — oo . The orbits are called
the Schubert cells and their closures are called Schubert varieties &,. They are naturally
indexed by partitions A that fit into k x (n — k) rectangle. Show they form a basis in
integral homology or cohomology of X.

1.8. Show that Schubert cycles & for the subgroup Uqpp of upper-triangular matrices
form a basis dual to the basis of Schuber cycles. Translate the equality

cup(Vi @ (€"/V2)) = TISH] B[] € H'(X x X)

into an identity of symmetric functions.

1.9. Compute the Poincaré polynomial of Gr(k, n) and compare it with number of points
of Gr(k, n) over a finite field with g elements.

1.10. For X = P"~! = Gr(1,n), Schubert classes &;, = 0,...,n — 1, form a chain
Prlopr25... 5Pty

cut out by the equations x; = --- = x; = 0. Here x; are the homogeneous coordinates,
or more precisely the components of the natural map

(CHY*"®0x — 06(1)x.



In particular, each individual coordinate x; is a A-equivariant map
_ Xi
Ox ® a; = @(1)){,

and so its zero locus represents the class & + a;, where & = ¢1(0(1)) and o; € HZ(pt)
corresponds to the character ;. Therefore

l
(:2) [6)] = JJ(&+ o) € HA(X).
i=1

1.11.  Verify that the polynomial ([2) is characterized by the following Newton interpo-
lation properties:

e it has degree | in the variables & and «;, corresponding to the fact that [§;] €
H?(Gr)

e its restriction to A-fixed points not in &; vanishes ,

e its restriction to the A-fixed point in the Schubert cell equals the Euler class of the
normal bundle to the Schubert cell.

Generalize this reasoning to compute the classes of the Schubert cells in the Gr(k, n).
Your answer should look like a Schur function in the Chern roots &1, ..., & of the uni-
versal bundle, in which the monomials &§ ; are replaced by univariate interpolation poly-

nomials of the form ([2). Those unfamiliar with Schur functions will discover them for
themselves by solving Problem T3

1.12.  Generalize the results of Problems [0 and 1T to equivariant K-theory.

1.13. Let G be the group GL(n,C), B C G be the subgroup of the upper-triangular
matrices and x : B — C* a character. Consider holomorphic, or meromophic, functions
f(g) of g € G which satisfy

f(8b) = f(g)x(b), Vb € B.
Interpret them as sections of a holomorphic line bundle Z, on flag manifold
Flags, = G/B = U(n)/diagonal matrices.

Compute the Euler characteristic x(Z)) by equivariant localization. Compare your re-

sult with the Weyl character formula for G and explain® this comparison using the Peter-
Weyl decomposition

@ VXV, as G x G-modules.
irreps V

%For a simple proof of fact that at most one cohomology group of &, is nonvanishing see [¥Demaziira]
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1.14. Let Z be a complex line bundle with a connection V and corresponding curvature
F € Q?(X,C). Show that, nonequivariantly, the form »-F represents ¢1(%). For an
equivariant generalization, see Chapter 7 in [[?Berline-GetzIler-Vergng].

For a rank 7 vector bundle V, the curvature form is matrix-valued, thatis, F € Q2 (X,End V).

Show that '
b (V) = it
;t cr(V) = det (1 + 2nP> ,

nonequivariantly.
2. Elliptic functions and elliptic curves.

2.1. Consider holomorphic functions f(z) of z € C* solving the g-difference equation

(:3) flgz) = cz™"f(2),

where ¢ is a fixed complex number such that |g| < 1. Compute the dimension of the
space of solutions as a function of d (and ¢, for d = 0) in two ways: first by analyzing
the Laurent series expansion of f, and then by using the Riemann-Roch formula for the
complex elliptic curve E = C* /g7 .

2.2. Consider the function®
0(z) = [J(Q1—q"2) [T(1—q"z"")
n>0 n>0

and check that is solves the equation

0(qz) = —q 'z710(2).

Prove that a general solution of ([3) has the form

d
f(z) = constHQ(z/wi) , [wi= (—q)%c.

i=1
Interpret this result as saying that two divisors

d d
Y w;, Y w € SUE
i=1 i=1

SIn many, many contexts, it is more convenient to use a different normalization of the theta function,

namely
9(z) = z120(z) = (212 -2V T (1 - q"2) (1 — g"z7Y).
n>0

It has a series expansion in half-integer powers of z, that is, satisfies 9(e?™'z) = —9(z). It is still the unique,
up to multiple, section of the line bundle O(e), wheree = 1 € E = C* /q” is the identity, just for a different
trivialization of the pullback of this line bundle to C*. The extra convenience of using &(z) is due to its
anti-symmetry 9(z~1) = —9(z).
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are linearly equivalent if and only if [Jw; = [Jw! in E, that is, modulo qZ. In other
words, the natural map

SYE — PicyE = E
is from divisors to line bundles of the same degree is given by the multiplication in the
group E. Its fibers are projective spaces for d > 0.

2.3. Let f(z) be a meromorphic function on E, equivalently a rational function on the
algebraic variety E. Show that is has the form

for some values of a; and b, where [4; = [] b; in E, that is, modulo qZ.

2.4. By cutting partitions A along the diagonal, prove that
Zq)\ — coefficient of z¥ in [T+ g1 22) (14 g" V2271,
A n>0
Deduce that
Z qnz/z no_ H(l . qn)(l +qn71/2z)(1 _{_qnfl/ZZfl) ,
ne n>0

which is one of the equivalent forms of the Jacobi triple product identity, and of the
Macdonald identity for the Lie algebra s[(2). Note this means

Y (1) )z = 6(z) [T(1 - %)

nez n>0

and compare the rate of convergence of two sides.

2.5. LetT C Cbe alattice and x € Cbe a complex number. Form the following product

2
x X X
0‘(x) =X H (1——) exp <—+_2> 7
0AyEr 14 Y 2y
known as the Weierstrass o-funciton, and show that it represents an odd entire function
of x. Consider a vector y € I\ 2I', which means

o(y/2) = —o(y/2) #0.
For such vector y, prove that
T — —expln(x+7/2)

for some constant 17, € C. Express the function o(x) in terms of the theta function of the
elliptic curve E = C/T.
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2.6. Given a lattice I' as in Problem I3, its holomorphic Eisenstein series are defined by

Eisenstein(I,n) = Y. 7",
0#yel
which converges for n > 2 and vanishes for n odd. Relate these series to In o(x) and
express them in terms of the parameter g in the isomorphism E = C/T" = C* /4%

2.7.  The theorem of the cube refers to various generalizations of the following basic state-
ment. Let X and Y be complete algebraic varieties over a field k, and let Z be an arbi-
trary variety over k. Let x € X, y € Y, z € Z be k-points. Let & be a line bundle over
X xY x X. If & is trivial when restricted to {x} x Y x Z, X x {y} x Z,and X x Y x {z},

then & is trivial. Find or read ¥ a proof of this or any related statement. In the example
X =Y = E, check that the corresponding statement for two factors is false.

2.8. Let A be an abelian variety, which for our purposes we will always assume to be
of the form A = E". Let Pic(A) denote the Picard group of line bundles on A and

let Picg(A) be the subgroup of line bundles that are algebraically equivalent to zero 8
Consider the map
¢ : Pic(A) x A — Picg(A)
that takes
(Z,a) — (translationby a)*Z @ 1.
Prove this is a group homomorphism, which is one of the forms of the theorem of the
square.

29. LetZ € Pic(A) be homogeneous, thatis, (<, a) = 0foralla € A. Let
p1,pa,m: A2 = A
be the two projections and the multiplication map. Prove that
P Rp L =m"Z,

and conclude
H' (Z)@H (Z)=H'(Z)QH' (04) .

4there are many sources for reading about this result, which goes back to A. Weil, with a classical ex-
position by Mumford. Among online resources, https://www.math.ru.nl/personal/bmoonen/BookAV/
LineBund.pdf may be recommended.

5Two line bundles &1 and &, are algebraically equivalent & ~ % if there is a line bundle FonA x B,
where B connected, such that

Llaxiy =%, Zlaxpy =2,
for some b1, by € B. You should check that this is an equivalence relation and

L~L, D~ Ly = AL ~LRYLS.


https://www.math.ru.nl/personal/bmoonen/BookAV/LineBund.pdf
https://www.math.ru.nl/personal/bmoonen/BookAV/LineBund.pdf

Since dim H(0,) = 1, it follows that
dim H*(Z) € {0,1}.

Show that in first case H'(#) = 0 for all i, while in the second case Z is trivial.

2.10. Show that any & € Picg(A) is homogeneous. We will see a converse to this
statement below in Problem "T4

2.11. For an elliptic curve E, check the exact sequence

d
0 — Pico(E) — Pic(E) —2 7 — 0

and identify Pic; (E), and hence Picy(E) with E itself.

Prove that for any B and any line bundle < on E x B whose restrictions to the E-fibers
has degree 0 and whose restriction to 0 x B is trivial, there is a map f : B — E such that

Z=(>Udx f)*'P
where & is the following line bundle on
P = O(diagE — E x {0} — {0} x E)

on E x E. This realizes E as the dual abelian variety EV = E, and & as the Poincaré line
bundle on E x EV.

2.12. For an abelian variety of the form A = E" prove that
AV =2 A,

and construct the Poincare line bundle.

2.13. For elliptic curve E, define the Fourier-Mukai transform

® : D’ CohE — D" Coh E
by the equality
F = p1s (P @ pa(F))
where p1, py : E> — E are the two projections and the pushforward p; . is derived. Show
that
®? = (pullback by a + —a) [-1],

where [—1] denotes the cohomological shift of a complex by one step to the right. In
particular, @ is an equivalence. Generalize to an abelian variety of the form A = E".



8

2.14. Let & be a homogeneous line bundle on A = E" which is not in Picy(A). Using
the results of problem 9, show that ® (&) = 0 and derive a contradiction. This proves
that

Z €Pig(A) & ¢(&,—)=0.
Prove the exact sequence

(4) 0 — Pico(A) — Pic(A) —2Z Homgymmetric(A, A) = 0,

where symmetric means ¢ : A — AV is equal to the pullback map ¢" : Picg(AY) =
A — Picy(A) = AY.

2.15. The sequence ([4) is true for all abelian varieties, not just those of the form A = E",
but the proof is more involved. It shows that the map ¢ (&, —) is the correct multivariate
generalization of the degree.

What is the degree of the Poincaré bundle on E x E ? What is the degree of the line
bundle on A = E" whose section s(z) is given by

s(z) = []0(cuz")™

where z# =[], 2%, ¢, € C*, and m,, € Z. When does such expression give a rational
function on A ?

3. Krichever’s proof of rigidity of the elliptic genus.

3.1. We begin with a discussion of how to read and interpret localization formulas. Let
V be an equivariant vector bundle on X. Define

AV =Y (—t)"A"V,  Si=) 15"V,
n n

where we interpret the second expression as an element of K¢ (X)][t]]. Check that®
A V@SV =1.

32. Let V € K(X) be a vector bundle and assume that dimg K(X) ® Q is a finite-
dimensional vector space over Q. Prove that all eigenvalues of the operator of tensor
product by V in K(X) ® Q are equal to rk V. Moreover, these operators commute for
different bundles V3, V,. Conclude that all eigenvalues of the operator ® A%V are equal
to (1 — )™V, and hence this operator is invertible as a rational function in t with a pole
att =1. Ast — 0,00, we have

(AV) P ~1, t—0,  (AWV) L~ RVARPYY o,

6you may want to interpret this equality in terms of the Koszul resolution of structure sheaf 0y of the
zero section of V*



What does this say about series of the form
x(X,F ® SiV) € Z][[t]]
where # € K(X) is arbitrary ?

3.3. What is the equivariant analog of the results in problem B2 ?

3.4. We abbreviate
¢(z) = [1(1—q"2)
n>0
and define Krichever genus by

0y ® TX) “
%00 =x (X i) Y
Here X is compact complex or, more generally, a stably almost complex manifold. As-
suming there is S'-action on X, write make the equivariant localization formula for
&y(X) explicit. Determine the possible singularities of &, (X) as a function on the com-
plexification C* of the group S1.

3.5. Consider the canonical bundle #x = A™PT*X. Assume that #x admits, equiv-
ariantly, a root of order N and that yV = 1. (This includes the case when ¥ is trivial
and y is arbitrary.) These are the assumptions in the rigidity theorem for &,(X). Show
that, with these assumptions, &,(X) is invariant under t — gt, that is, a function on

E =C*/q%.

3.6. Foranyn=1,2,...,letu, € S1 be the group of elements of order n, and let X;, be
the fixed locus of ;. Show that it is a smooth and (stably, almost) complex. Denote by
N,, the normal bundle of X,, in X. Check that

(v OyOTX,) 6(y®N,)
%) = x (X, sy )

Conclude that &, (X) is regular at all points of order # in E and, hence, a constant.

. SOLUTIONS AND HINTS

1. Solution to 1.1. Consider the short exact sequence:

(1) 0 — Qpn — Opn(—1)"T1 = Gpn — 0

Take the dual of the short exact sequence and we have:

(2) 0 — Opn — Opn (1)1 — TP" = 0
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Denote c1(0x(1)) := H, via the exact sequence we have that:

(.3) ci(TP") = (1 4+ H)"!

2. Solution to 1.2. Since M is the zero locus of a homogeneous polynomial of degree 4,
i.e. a global section of the line bundle 6(d) over P". It defines an ideal sheaf %) of P",
this ideal sheaf is generated by the section s € I'(Opn(d)), thus defines a Cartier divisor
dH C P". In this way we have that #yy = O(—dH) and Fy/FZ = O(—dH) @ Op.
Taking the dual and we have that A /p; = Opn (d)| -

In this way we have that the Chern class of M can be written as:

(1 + H)n—H

(4) c(M) = " +dH)

So we have that c;(M) = (n+1—d)H, and whend = n+ 1, ¢c;(M) = 0. The Euler
characteristic of M is now:

x(M) = [ cra() = [ dx lg (" T 1) (—1)m gty

=(n+1) — 2[4 (~1)"(d — 1))

(-5)

In case when M is a projective curve in P?, y(M) = d(3 — d) = 2 — 2g, and we have that
g=(@—1)(d—2)/2.

3. Solution to 1.3. Obviously the fibre of the map is isomorphic to C*. To see the local
triviality, given X € C", we can choose an orthogonal projection p : C" — V and we
consider the set U of all the k-dimensional spaces V' such that p(V’) = V. Obviously
the set U is open in Gr(k, n). Thus we can construct the map ¢ : 7~ 1(U) — U x C* via
(V/,0v) — (V/, p(v)), which is clearly an isomorphism.

We use two ways to compute the tangent bundle of Gr(k, n). Consider the short exact
sequence of vector bundles over Gr(k, n):

(.6) 0-V->C"-C"V—=0

Consider the Plucker embedding Gr(k, 1) < P(A*V) via V — v A - - - A v;. Also note
that 6(—1) is the tautological subbundle of A*C" x P(A* V), in this case we can see that
the restriction of (1) is isomorphic to AF(V*).
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Now choose a point v1 A - - - A v and we consider a map ¢, : [—1,1] = X as ¢.(t) =
(01 + tp(v1)) A+ A (vg + tp(v) ), we have that, with ¢ : V — C™:

k
(.7) 492(0):Zvl/\“‘/\¢(vi)/\"'/\vk

Thus two curves ¢, P, have the same tangent vector iff their difference lies in the sub-
space V' spanned by v, - - - , v, thus it defines a map V' — C"/V’, thus isomorphic to
Hom(V,C"/V). Thus we have that:

(.8) TX = Hom(V,C"/V) 2 V* @ C"/V

Here we compute the Chern class ¢;(TX) of the tangent bundle TX. First we write down:

k — k
(9) (V) =TI —tx;), c(C"/V) :H 1+tyi):H;:Z(—l)rhrt’
=1 i=1 o1 (1+1tx;) >0
In this case we have that:
k n—k
(.10) a(V'eC'/V)=T]T1Q - txi+ty;) = Zd?\usu x)sy (y)
i=1j=1

with © C A. Here A = (Aq,-- -, A;) are the partitions such that A; < n —k, N = (k-
A+ k= A7), A’ stands for the transpose of A. s5(y) is the Schur polynomial defined
as:

(-11) sa(y) = det(ey iy (¥)1<ijen—r = det(hy iy j(—x))1<ij<n—k = sx(—x)

The coefficients d,,, is defined as:

Ai+n—i
(.12) dy, = det( (li; T ]-> )1<ij<n
Thus for now we have:
(.13) a(V'eC'/Vv)=Y HAHIR G s, (—x) 85 (—x)
Au

Thus we have the formula:

(.14) c(TX) = Y, dausu(—x)si(—x)
[Al+|u|=LucA
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4. Solution to 1.4. The section of the vector bundle Hom(Vy, C" /V;) with the restriction
to the diagonal is equivalent to Hom(V,C"/V), which is obviously zero. If given the
point (V1, V,) € X x X which is not in the diagonal, it is not zero.

To show that @, is an identity map, note that as a class in homology, p3(v) = v x [Xi]
and p1.(ANp3(v)) = [Py xv)] =y

In terms of the cohomology, this means that:

(:15) Da(y) = [X2] N (p2(¥) U crop(TX))

ctop(TX) can be written as Y ) s)(—x)s;(—x), which means that y must be generated by
the Chern class ¢;(V1).

The result expression of y is the linear combination of the Chern class of ¢, (V7), thus we
conclude that H*(X) is generated by c, (V).

The K-theoretic analog of the statement is that K(X) is generated by [A* V].

5. Solution to 1.5. Note that the element in Gr(k, ) can be represented by a linear map
A : CF — C" which is injective and of full rank up to the conjugacy of GL;. In this
case the strictly-lower triangular matrices U C GL, acts as the row simplification for the
k x n matrix A. The simplest row form of the matrix A is of the following:

0 0 0 * ¥ ... %
(.16) 0 0 0 0 * *
0 o --- 0 0 0 *

i.e. It is determined by the number (A1, -+, A¢) such that1 < A; < Ay < -+ < A < m.
Choose a suitable diagonal matrix U € GL(k), one can further assume that:

0 0 1 X ... %k * * *

0 0 0 0 0 1 * *
(.17) A=10 0 0 0 0 0 1 *

0 0 0 o --- 0 1 0 0

Thus the U-orbit in Gr(k, 1) is determined by the sequence of numbers (Aq, - - -, A;) € N
such that 1 < A; < Ay < -+ < A < n. We define the new set of numbers A! = |A; —i],
they define a partition A, and we say thet the matrix A is of the form of the partition A.

The corresponding orbit is denoted by Q9, which is an affine space CK(*~%)~IAl, Note
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that this gives a stratification of Gr(k, n):

(.18) Gr(k,n) = | | Q%
A

For the fixed point fo the torus action:

(.19) g = diag(ay, - ,a,)

It is obvious that if A € QF, gA € QY. This means that there exists the subtorus t € T C
GL(k) such that:

(.20) At = gA

We can decompose the vector space C* into the eigenspace with respect to the T-torus
action Ck = Ct; @ - - - ® Ct; and C" into the A-torus action eigenspace C" = Ca; @ - - - @
Ca;,. By computation it is easy to see that the equation reads:

j j

Since A is full rank, the above equation requires that a j = ti But since (a1, ,4a,) is
generic, this requires that we can have only at most one a; such that a; = t;. Thus we
can choose (a1, -+ ,a,) such that a; = t; for 1 < i < kand A(Ct;) C Ca,. Since A is
full rank, this condition completely determines the matrix A up to GL(k) action. Easy
computation can show that each fixed point is in the corresponding Schubert cells Q.

Now define Q) := |, QY. This is the closed subvariety of Gr(k,n), and the chain
of the inclusion Q), C Q,, C --- C Gr(k,n) gives the CW decomposition for Gr(k, n),
[Q,] is a class in Hpy(,—k)—22| (Gr(k, 1)) and thus generate the integral (co)homology of
Gr(k,n).

6. Solution to 1.6. We denote the dual Schubert variety as [Q}], thus we need to show
that:

(:22) (Gr(k,m)] N [QR] N [Qu] = Spn

If 1 £ A, we have that [Q]] N [Q,] = 0. Or otherwise [Q}] N [Q,] has dimension

|A| — |u|, which is the class of a Richardson variety. Thus it is left with the case p = A. In
this case Q) N Q, = §,,T) is equal to the torus fixed point.

By the formula of the Chern class:
(23) ei(Vi @ (C"/V2)) = Lt Hdys0(—x)s3 (—x)
Ap
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The top form in this case is written as:

(:24) crop(Vi @ (C"/V2)) = ;SA(—X)S;(—x)

7. Solution to 1.7. The Poincaré polynomial for Gr(k, n) is computed as:

K(n—k) o 2n—2k+2
B " (1= (1—t )
(.25) Py(Gr(k,n)) = Eb A1) = (1—£2)--(1— %)

Here A, x(I) stands for the number of partitions of ! into < n — k parts, each of size < k.

For the number of F; points on Gr(k,n). Note that we have an action of GL,(IF;) on
Gr(k,n)(F,). This is a transitive action, and the stabiliser is given by the matrices A =
(a;j) € GLu(F;) such thata;; = 0fork+1 <i <mand1 < j <k Then the number of
elements in the stabliser is

(.26) #GLi(Fy) - #GL,,_(Fy) - #My i (Fy)

The number of points in GL(F) is given by:
k(k=1)

(:27) #GL(Fy) =q = (¢ —1)(¢"'=1)---(qg-1)

Thus we conclude that:
#GLk (Fq) : #GLn—k(Fq) ’ #Mk,n—k(Fq)

(g"=1)--- (g" 1)
(gF=1)---(qg—-1)

#Gr(k,n)(Fy)

(.28)

8. Solution to 1.8 1.9. Denote the character of the torus action T on Gr(k, n) as ey, - - - , .
Denote the Schubert basis of Gr(k, n) as Q,, and the corresponding T-fixed point as p,.

It is known that the Euler class of TGry ,, can be written as:

(.29) e(Ty,Gr(k,n)) = Zs/\(—x)s;\(x) = H (i — oxj)
A ie, jgA
We have that:
(.30) [QAllpy = e(Tp, Q0) = [ (o —)
I€EA,JEAI>]

Here weuse A = (i; < --- <1iy) C {1,---,n}. Sincw we know that Q,, C Q, iff u D A,
we can conlcude that:

(.31) [QAllp, =0 unless 1 > A
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This gives the Newton interpolation solution for the Schubert class [Q,]

We claim that this two condition gives a unique solution. Now suppose there are two
classes «, o satisfying the above condition. Let 3 = o — «’. Since we have known that
ﬁ|pu = O unless u > A. Let 7 > A be a minimal element such that 3|, # 0. Obviously
by the construction of 3, 1 > A. Now choose a T-equivariant curve C connecting p, and
other fixed points pg such that 8 £ n, in this we can see that 3| p, must be divisible by

(.32) H (0(1' — (Xj)

ien,j#n,i>j
which is equal to [Qy]],,. So B|,, has degree at least |n|. Since 1 > A, we have |n| > [A|,
which is a contradiction.

The corresponding fact is that the equivariant Schubert class [QQ;] corrresponds to the
double Schur function s, (x|«) defined as:
det[( |]/) ]1<1 ,j<d

(:33) salxly) = det[(xi|y)?/]1<i j<d

;o )P =(xi—y1) - (xi = yp)

The double Schur function satsify the condition [30 [3T above, thus it is the unique solu-
tion.

9. Solution to 1.10. Under the setting of the equivariant K-theory, denota 4; the charac-
ter of the torus T. So we have that:

(.34) [QAllp, =0  unlessu > A
1

(:35) O]l = JI (1--)
i€A, jdAi>] aj

The uniqueness comes from the similar reason, but we replace the degree condition by
the Newton polytope condition. The corresponding symmetric function is still the dou-
ble Schur polynomial, which is almost all the same instead:

(:36) (xily)? = (L= yax; ) -+ (1= ypx; 1)
10. Solution to 1.11. Using the Huzbrecht-Riemann-Roch theorem:

X&) = [ en(#ITAG/B) = [ e ]

G/B acd 1—6 *

(.37) - Z G/B)) ¢’ H %

wEW axcd
wA (_1)l(w)ew(/\+p)

_ Z e B
wew Hoced)+ (1- e_w(“)) weW Ha€®+ (e“/z — e—cx/Z)




16
The Weyl character formula states that for the irreducible representation L) of the semisim-
ple Lie algebra, we have that:

. (_1)l(zu)ew(/\+p)
( ) c L}\ (a) rEl’ld(L;\) (e ) w;w Ha€®+ (e(x/Z . e,‘X/Z)

The interpretation of the coincidence of the formula can be seen as follows. The global
section of #) can be interpreted as the holomorphic function f(g) over G such that
f(gb) = f(g)A(D), thus it is a subspace of C[G]. While the Peter-Weyl isomorphism:

(:39) C[G] =P Ly KL,
A

implies that the algebraic holomorphic function over G is generated by (v, gvp) with
v1 € L3, v € Ly. If we fix A and the vacuum vector v; € L3, it is easy to see that
(v1,8bvy) = A(b)(v1, gv2). Thus the function satisfying the above equivariant property
should lie in L,. Thus we have that I'(#)) = L,.

11. Solution to 1.12. Given the vector bundle p : V — X, via the splitting principle,
there exists a manifold 77 : F(V) — X such that F(V) is a fibration over X with the fibre

over x € X isomorphic to the full flag manifold of p~!(x), and the pullback of V over
F(V) is that

(.40) m(V)=L1 & ---dL,

Now using the identity F,+y = 7m*Fy, we have the decomposition 7*F = F; @ --- © F;

r r r

(:41) 7rdet1—|——P Hdet1+—P H1+—P = [T+ tea (L
i=1 i=1 i=1

This means that 7r* (¥ t*c (V) — [det(1 + JLF)] = 0 € H*(F(V),C). Now since the the
fibre of the map F(V) — X is flag manifold associated to the fibre of V over X. While
the flag manifold does not contain the odd cohomology classes, this means that the map
m* : H*(X,C) — H*(F(V),C) is injective on even degrees. Thus the proof is finished.

12. Solution to 2.1. First we analyze the Laurent series of f(z).

Write down the Laurent expansion of f(z) as
(42) f(z) =) apz"
nez
Taking the formula into the g-difference equation and we obtain that:

(.43) Y auq"z" = Y capz"

nez nez
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This requires that d € Z and it gives us the recursion relations:

B k(k—1)d
(-44) g = 'q"an, g =c g ay

This means that the space of solutions has the dimension d as long as ¢ # 0. The solution
can be written as:

k(k=1)d 2 pdgn—d/2
(.45) y g ko ke _ Z(qd)%(L)k
kezZ ker ¢
It has the zeroes over —z%c~! ~ g%.

For d < 0, one can check that the convergence radius is zero. So we always assume
d> 0.

The second method is that one could construct a line bundle over E = C* /g%

(:46) Zoa=C*xC/~,  (z,f(2)) ~ (gz,cz7f(2))

It can be seen that the line bundle has the corresponding divisor over the points [p;] such
that & = O([p1] + - - - + [pa]). Using the Riemann Roch:

(47) dim(N(&)) = deg(D) =d

For d = 0, it is easy to see that the solution is 0 if ¢ # 1. If c = 1, f(z) is a constant. Thus
the dimension of the solution space is 0 if ¢ # 1 and 1 if ¢ = 1. The corresponding line
bundle is the structure sheaf over the elliptic curve for ¢ = 1. For c # 1, there exists the
meromorphic solutions, which means that the corresponding line bundle is not ample,
and thus has zero global sections.

13. Solution to 2.2.

48) 0(gzx) = [JA—-g) [Ja -tz =T 2

n>0 n>0

Consider another solution g(z) such that ¢(gz) = cz~%g(z). Since we have known that
the solution space has the elements containing only the simple zeros. We can assume
that ¢(z) has the same zeros as f(z) = [[; 0(z/w;). In this case we have that g(z)/f(z) is
a holomorphic function such that:

(.49) f(az) = Const-]ﬁ

8(qz) 8(z)
Thus we have that f(z)/g(z) = Const - z" for some n.
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Geometrically speaking, consider the natural map Sym?E — E, (w1, - - - , wg) — 4, w;.

The equation [Jw; = (—q)% defines a divisor in Sym?E. They correspond to the same
line bundle on E iff [Tw; = [Tw!.

14. Solution to 2.3. Note that given an ample line bundle & corresponding to the g-
difference equation P(gz) = cz~?P(z) has the solution of the form []; 8(z/a;) with [; a; =
(—q)%c. This gives a projective embedding E < P?~! via z ++ (Pi(z),---, Py(z)) with
P;(z) the function of the form []; 6(z/a;). Thus the rational function over E can be written
as:

[1;0(z/a;) _ ,
(50) mocmy Lla=IIb

15. Solution to 2.4. Do the Laurent expansion of [T,-(1 4 ¢~ 1/2z)(1 4 g"~1/2z71):
(.51)
H(1 + qnfl/zz)(l + qnfl/ZZfl) _ ( Z quk1+...+kd—d/2)( Z zquk1+"‘+kd*d/2)

n>0 k1<-~-<kd,d20 k1<'--<kd,d20

we have that the coefficient of z¥ is given as:
(.52) Z q(k1+"'+kd)_d = Z qk1+---+kd — qu

1<k <+ <ky,d>0 0<k;<-+-<ky,d>0 A

Define the function:

(.53) fz)=]Q+qg"Y22)(1+4" 1227

n>0

we have that:
(.54)
flaz) = [T+ 22) [T+ 2227 = 1JFLUZZ%J‘(Z) =g 1?27 f(2)

n>0 n>0 1+ ql/ZZ

It is easy to see that the dimension of the solution space is 1, and the solution can be

written as const - Y i<z, qkz/ 27k, thus we have that:
2 - —_ —
(:55) Y " =F) [TA+q" )1+ q 22
keZ n>0

To determine F(g), it remains to compare the coefficients on both sides. Note that for the
coefficient of z°:

(.56) F(g) Y g =1
A
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While we have that ¥, g1 = [T,~¢ 1 7 in this way we have that:

(:57) F(q) =] —q")

n>0

16. Solution to 2.5. Oddness is trivial. For the entireness, note that:
2

X
|o(x)| =|exp(log(x) + Y log( 1-5)+ Y 2—7/2)|
(.58) yer yer
<exp(|log(x |—|—Z|log1——]—|—|2
yer* yEF*

Since ¥ yer+ 1/ is convergent, it remains to analyze ¥, cr+ | log(1 — 2)|. Note that:

(.59)
Y log1- 5= Y |logl-—F <y Xy !
yers Y () 2£(00) mawy +nwy TS 2k 02 ) [mewn
Whlle Z(m,n);é(o’o) m ~ k2, thus
Zk
(.60) Z |10g(1—— |<CZ 3
yer* k>1

which is convergent for finite x, and thus o(x) is an entire function over C.

Via computation:
(.61)

olx+vy)=(x+vy) Y,I;[r*( X;V)exp(xj,?/ n (x;/;/)z)
=143 [ 7500 et o en s+ 2h)
= L0 e+ ) T e+ 50+ 70
- _ y,I;L 7//7; Y exp(% + 27;2,2 + %)O‘(x)
=— exp(y/;r* log(y/ —v) —log(y/) + % + %2,2 %) (x)

=—exp(n(y)(x+ 7E/))(T(x)r )=y Y —
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17. Solution to 2.6. For simplicity we write I' = Z @ Zt, in this case we write down the
Eisenstein series as:

(.62) Eis(F, k) = Z Z ay, eZmnr

(m,n)#(0,0) (m + nT nez

First we give the following formula without proof:

1 _l)

(.63) 7rcot(7r'r):1+ Y (T-i—m —

meZ,m#0

We denote g = €27, The left hand side of the formula can be written as:

(.64) mcot(nt) = —mi(1+2 Y ¢")
r=1

Thus we have that:
(.65) —7ri(1+2iqr):1+ Y ( ! —l)

r=1 T meZ,m=#0 T+m m
Differentiating with respect to T we have that:
(.66) - = —(2mi)? Y rq"

m;Z m + T 1;1
One can compute that:
1 (27i)* &
.67 = r "
o L @y
For now we have:
1 1 & 1 1
= Y a+ Y X - )
(m,n)z#(0,0) (m + ) mezz;méo m? ngl mgz (m +nT)? " (m—n)*
=2(2k) +2
¢(2k) + Z Z (m + nt)2*

(68) n=1meZ

=2(2k) +2- (27” Z Z p2k—1gnr

n 1r=

(27.[)2k 00 2k lq

(2k—1)!r; 1—¢

=20(2k) + (—1)"2 :
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18. Solution to 2.7. Consider the line bundle over E x E with the global section written
as:

B 0(zw)
(:69) Flzw) = 0(zwg)0(zow)
It satisfies the g-difference equations:
(.70) F(gz,w) = w twoF(z,w), F(z,qw) = z 'z2gF(z, w)

with zp, wy some points in E. It is easy to see that the restriction to {zo} x E gives the
function F(zg, w), i.e. F(zg,qw) = F(zp, w) and F(qz, wo) = F(z, wy) when restricted to
E x {wo}. It is obvious that the restricted ones are trivial, while the original one is not
trivial.

19. Solution to 2.8. Note that

71) O(L1,a01) (L, 32)) = T(0102) (L1 R L) @ (L1 @ L) !
' O(L1,a1) (L, 00) = T(a1)* LA R LT @1T(a) Lo @ Ly !

So we need to prove that 7(a14;)* (£ ® &) is algebraic equivalent to 7(a1)* % ® T(az)* %,
and this can be done by chosing a line bundle # over A x A? such that Z| 4, (z1x2) =
T(Zl)*gl (09 T(Zz)*gz. Thus T(ﬂlaz)* (31 & 32) is the fibre over A x (lll, ﬂz) and T(ﬂl)*gl &
T(ap)* %, is the fibre over A X (aia;,a1a7).

20. Solution to 2.9. We have that m* % ® PT=(Z*1|A><{a} = 3 axiay EO0and ML @
i1 (01xa = P3Zoyxa = Z. Then using the Seesaw principle, we have the isomor-
phism.

For the cohomology, note that:

(.72) HYA?,m* %) = HY (A%, piZ 0 ps?) 2 @ H(AZ)@HI(AZ)
i+j=k

Now we consider the maps: A — A x — (x,0), and we can see that m o s = id. Also
(mos)*: HY(A,Z) — H*(A, Z) factors through H*(A2, m*Z).

Now we set H'(#) = 0, and in the above settings, we suppose that i + j = k > 1. We
further suppose that k is the smallest number such that H* # 0. Thus we can see that it
is a contradiction, which gives H* = 0.
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21. Solution to 2.10. Now given & € Picy(A), by definition there is a line bundle &
over A x Bsuch that Z |4y, = Z, L] axp, = 0.

Consider the line bundle " on A x A x B

(73) & = (m ® ld)*g ® pﬂ{\ggil ® péggil

It is easy to see that &’ is trivialon A x 0 x Band 0 x A x Band A x A X by. Then us-
ing the theorem of the cube, we can see that &’ is trivial. Its restriction to A x A X
by is m*Z @ piL 1 @ psF 1. Now since m*Z @ piL axy & 1(a)' L @ L1 =
p3L Y Axa = O, this implies that 7(a)* % = Z.

22. Solution to 2.11. Since each line bundle corresponds to the divisor D = }; n;p;, the
degree map gives deg(D) = Y, n;. For & € Picy(E), ithas 7(a)*Z = &, which means
that Y; n;(p; +a) = ¥, n;p;, and it is equivalent to }; n; = 0, i.e. it is the kernel of deg.

Note that the property of the line bundle & gives the natural map f : B — E by the fol-
lowing. Since &|pxp = & € Picy(E), using the isomorphism Picy(E) = E, we construct
amap f : B— Eviab — %,

On the other hand, for the line bundle & over E x E, it is easy to check that 2|g., =
O(e —o0),and here e = Y ; n;p; and 0 = ¥ ; n;00. In this way we can see that:

(.74) Plexs) = Zlexs

23. Solution to 2.12. For the case when A = E", a quick way to prove that AY = A is to
note that for the corresponding lattice A of E", which is (Z ® tZ)%", we have the group
isomorphism Hom(A, U (1)) — AY via x — Z(x) such that #(x) corresponds to the
g-difference equations:

(.75) F(z+u) = x(u)F(z), zeC™uecA

To endow with the complex structure, note that there is a natural injecive map Pic(E) X
.-+ x Pic(E) < Pic(E"), this induce the injective map Pico(E) x - - - x Picy(E) < Pico(E™).
Note that since Pico(E) = E as algebraic varieties, this is an injective map of algberaic
varieties E" < Picy(E"), but we know that Picy(E") = E" as groups, thus this injective
map is also an isomorphism.

To construct te Poincare bundle, note that the isomorphism implies that the degree 0 line
bundle Z over E" is determined by pri % ® - - - ® pri %, for & € EV, this means that
for the Poincare bundle & such that:

(.76) Plens(ay, 2 EPIIA @+ QPr,Zy

We can define & := prj % ® - - - ® pr;, Py, and one can check that it satisfies the required
conditions.



23

24. Solution to 2.13. For the Poincare bundle over E x EY, its corresponding Hermitian
form can be written as:

0O 0 1 —i
0 0 —i -1
(.77) H = 1 i 0 0
i =1 0 0

this matrix has 1 positive eigenvalues and 1 negative values. By the general result in the
study of cohomology of line bundles of complex tori. We have that H*(%) = H?(%) =
0. Thus it remains to compute H'(%). Then by the analytic Riemann-Roch, we have
x(P?) = —Pf(Im(H)) = —1, which implies that H! = C.

Now back to the computation of ®2, by computation we can see that:

(.78) D = Rp12,«(p13P © p33P) = Rp1po (m @ 1)* P = m*Rp1,. P

Now using the Leray spectral sequence, it is known that H' (%) = (R'p; +%)o and the
coherent sheaf R'p; ., vanishes over E — {0}. Now we have R'p; .2 = §;;C[—1], which
is supported on {0}. Hence we have that ®? is isomorphic to Og[—1], with E being the
off-diagonal subvariety (—x, x) € E x E. Thus ®2? = (—1g)*[-1].

For the general case E", note that since & = pr] Pr & - - - ® pr; Pg, we have:

C k=n

79 H*(E" x E", P) =~ H1(Pp .. @ Hin(Pp) =
(79) ( ) @ (Fe) @@ (Ze) {O otherwise

i1+ +ip=k

Thus similar calculation shows that:

(.80) ®? = (—1pn)*[—n]

25. Solution to 2.14. By computation:
®(Z) =Rp1,:(2 @ p3(Z))
(:81) =Rp1(F@pi(Z7 ) @m*(£7))
=Rp1.(P@m* (L)) @L ' ~RI(Z™) =0

It remains to show that & — ¢(Z, —) gives a surjective map from Pic(A) to Homg,,, (A, AY).
Since we only deal with the case A = E”", it is equivalent to show that every group
scheme map ¢ : E" — E" such that the induced map ¢* : E" — E" is the same as ¢.

For the group scheme map ¢ : E" — E", it is easy to see that it is equivalent to a linear
isomorphism ¢ : C" — C" which preserves the lattice $(A) C A, and in our case it is
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equivalent to ¢ € GL,(Z). Thus for now the induced map ¢* : Picy(E") — Picy(E"),
the induced line bundle ¢*Z has the automorphy form as:

(.82) ¢ x = d(x)

This can be seen in the following way: Given the line bundle & € Picy(E") such that the
section F(z) satisfies the difference equation:

(:83) F(q%z) = xi(9)F(2)

While the section of ¢*Z can be written as:

(84) F((ff)(z)) — P(qul e ZZM’ e ,anl .. ZZnn)

which means that:
(85) F((P(K]EZZ)) = F(qaliqul e Zflln, C.e ,qunizqnl e ZZVW) — qui Ce Xfl’“F((p(Z))

Thus as long as ¢ : E" — E" is a group scheme map, the induced map ¢* is the same as

@.

Now given arbitrary & € Pic(E"), its section satisfies the difference equations:

(:86) F(qz) = xi(2)F(2)

with x;(z) the monomials of z. Thus the sections of 7(a)*% is given as F(a1z1, - -+ ,anzn),

with the automorphy given as x;(az). Thus the automorphy of 7(a)*% ® £~ is given
as:

(:87) xi(az) /xi(z) = &i(a)

which is a monomial of a with coefficients being 1. The power of a lies in Z", which
means that it also gives arbitrary matrix in GL,(Z). Thus it is obviously surjective.

26. Solution to 2.15. The global section of the Poincare bundle % on E x E has the au-
tomorphy as:

(.88) F(gz,w) = w 'F(z,w), F(z,qw) = z 'F(z,w)

Thus for the corresponding map ¢(%,a) = 1(a)*P ® P!, the resulting bundle 7(a)* P ®
%! has the global section with the automorphy:

(-89) F(qz,w) = a, 'F(z,w), F(z,qw) = a; 'F(z, w)

Thus we have ¢(2,a1,a7) = (a, ', a;"

(90) (% )

), and the corresponding matrix is given by:
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For the line bundle on E" with the section of the form:

n
(.91) s(z) = []0(cuz*)™, ¢ =]]2 c. e C,my € Z
i=1

This gives a linear map:

(.92) qb(al-) = H(a‘lll e a#”)_mplii

n

whose corresponding lattice map is given by:

(.93) dle) = — Y (mupap, -, M)
m

27. Solution to 3.1. A possibly simple proof is that for the vector bundle V over X, we
construct the flag fibration 77 : F(V) — X over X such that 7*V = L1 & --- & Ly, so we
have that:

n

(.94) o AV =]]Q1-tL) T S;V = fu —tL;) 7!
t

i=1 i=1

While since 7t* is injective on Ko(X) — Ko(F(V)), the problem is solved.

28. Solution to 3.2. We first enlarge the vector space K(X) ® Q to K(X) ® C. Now with
the tensor product, K(X) ® C itself becomes a commutative finite-dimensional algebra
over C. Moreover, K(X) @ C is also a K(X) ® C-module. Since K(X) ® C is commuta-
tive, all of its irreducible representation is 1-dimensional, thus we can decompose the
representation p = p; @ - - - @ p,. This means that V ® V; = A;V;, and now comparing
the rank rk(V @ V;) = rk(V)rk(V;), this implies that A; = rk(V).

Easy computation shows that AV has eigenvalues as (1 — t)™*(V),

Given a proper map p : X — pt, using the Grothendieck-Riemann-Roch we have that:

x(X, F @ S;V) =ch(p)(F @ S;V)) = ps(ch(F @ S;V)Td(X))
:p*(ch(o‘)ch(s*V)Td( )

(.95) =p.«(ch(F)ch( /\v )7 ITd(X))

B ch(F) B ch(F)
P g TA00) = /, T 1)
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29. Solution to 3.3. We assume that X has a Lie group G action such that X¢ = | |, Fx
By the equivariant localization we have that:

(.96)
ch(7) . ch(F) B ch(%)Td(NF,) B o
/X Ch(/\;‘V Z/a ch(AfV)e( NF,X)Td(X) B ;/a Ch(/\;“V)e(NF Td(Fa) = ;X(Foc,f ® S;V

Fo)

30. Solution to 3.4. If we write TX = L+ -+ Ly, ie. T"X = L{' +---+ L;!, we can
express Krichever genus as:

(}/®TX L 0(yx;)
S(TX)b(T ZHP R xf¢>< Do)

fl I"j (1—g¢" yey’”)( —q"'y! ))

P« (Td(X)ch(

(.97)

(1—grex)(1— q”e"‘f)

Denote X5' = |l Fa, using the equivariant localization we have that:
(.98)

e TT L 0"ye™) (L = 4"y e (TE) TT(T q "y — g y~le ™)
/XzI:Tl( ZkUl (1- ex’)( q”e %) Z/ s1(TFa) H H —gre%) (1 — gle~ x,) )
oy =gty (L — gty )
101" >

i=1 k=1
:;/“eSl(TF(X l 1 _q an)(l —q”Z_”i)

_ 0(y ® Ng,)0(y ® TEy) 6(y ® Ng,)0(y ® TEy)
_Z/ Td(F)ch G(NF“)BﬁTP(X)B(T*EX)) = Lx(Ex, Q(Npa)GIETFDC)G(T*F,X))

(o4

Thus the equivairant parametre z only occurs in the term 6(y ® N, )/0(NE,). It has the
possible singularities over z5 = ¢" with n € Z.

31. Solution to 3.5.

_ 0(yqNg,)  O(yTFa)

(.99) #) —;X(F‘X G(qNFi) B(TFa)G(T*Fa))

. _ — S —weight o Fu B(yN a) B(yTFOC)
—;y S ghtof New  (F,, Q(NFI;) G(TFOC)B(T*F“))

So if #x = Z®N for some line bundle Z, this means that:

(.100) Sl-weight of Ny, = S'-weight of TX|r, = N(S'-weight of )

with the fact that yN = 1, this gives that &(gz) = &(z).
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32. Solution to 3.6. Note that i, C S! is a normal subgroup of S!, this means that
S'/u, = S', which is still a Lie group.

We first denote X*" = L1 X} as the fixed point component of X. For each X there is a Lie
group S!/, action. In this case we have:

0y ® TXp) B 9(y®NFa/F1)9(y®TFoc)
e X))~ 2 X g (TR T Fa)

ael

(.101) X(X;

Now go back to the Krichever genus of X:

I ocEI

0(y ® Ng,/x)0(y @ TF(X))
NF /x)0(TFy)0(T*Fy)

¥y ® N, /r,)0(y ® Np, /x)0(y @ TFa)
(102 =L LxFe 9<Np“/p,>9<NF,/X>9<TFa>9<T*Pa>

I xel
0(y ® TX1)0(y ® Nx,)
=Y x(X;,
= L XX T (T X)0(Ny)

If we assume the result, we can see that the formula can be changed via the variable
change z — z". This means that &, (X) does not have poles of order n. Thus we can see
that &, (X) is holomorphic on z.
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