
lectured 18- May 2022

Recall : V C R C BR

BD ↳ BD** ⇒ elements of BD are functions on R .

HER ⇒ For any 5- TBD

⇒ Plf ) €1k

⇒ 4-451=1515-1 where 5- c- 43B¥

DetpdÉp
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= set of vortices in p C R

Vip closure in R



extreme points Ecp) = V47 n BR

( Recall : BR = R - V)
F- Ip)
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h-tmm.ie#-hm-(Pir) infinite network
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Pt ! Take 5- C- BD
.

For all n > m
,
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⇒ ftxn ) converges uniquely to some number
.

Define p^ function on BD
,

let FEBD
. I (f) = Iim flxn)

hires

C- IR
,

① IT is linear
,
i.e

. Flat -1g)=apTHt pig
② multiplicative since ↑ /fg ) = %$g|Hn) = limflxnl Kinski

= pnlfl 15197 .

③ ,
nontrivial since A- least . function C- BD

,



p^(1) = Hm 111W = I 1=0
,

( Recurrent ⇔ 11GB)
⇒ F E R

.

since BD separate points in R
,

⇒ p^ ≠ Xn for all n
.

P ≠ ✗ for all ✗ c- V.

F- '9 '

g*µ,=
1 for all ✗ =/ Xo

o for ✗= Xo



⇒ p^ G R - V =bR
.

Uriiynness of limit ⇒ Ecp) C BR is singleton

claim : p^ GO.ie . 5-451=0 It 5- GBD
.
.

Observation : If f- has finite support , then

Reap : Stp ) = t.im fun)
h→w

If ftp.t -1-0 ⇒ the one-sided path p h't supp (f)

Infinity many time

⇒ Contradict { rcxn.im < Cs

p



⇒ ftp. )=0 .
EBD .

Question : Suppose 5- c-Bdo
,

I.e
.

7- ta with finite support

and Ilfn - 5-11-20 as noses
.
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keindpc-P.pt , p^lfn)=0 ⇒
?

15181=0

Conclusion
, ftp.J-OV-S-GBDo
⇒ § c- 0 harmonic boundary .
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T=# LP,r) transient
.
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choose r sit . % rC¥, CA
nil

BR = F- Ip) only one - point

¥1 (Br)
,

P=Z+
.

F- 1 recurrent.

Claim ! 0=4
,

BR uncountable
.
set

.

Observation : 0=4
""

~

"

no tone
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n=☆



Construct f- : 21>0 → IR as £odms,,•-iI
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Check : 5- is bounded and has finite energy
⇒ 9- C- BD



5- (V) C [0,11 is a dense subset .

⇒ 9- ( R) = fÑ = To ,☐
.

Recall : R is compact and V is dense in R
.

Note ! Take y c- 1911-5-14

⇒ 7- p c- (R - V) sit . ftp.y
"

BR

On the other hand
, 9- Lv) Is countably infinite .

⇒ To .LI - Stv) is uncouthly infinite



⇒ BR is uncouthly infinite
.
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BR BR = D
'

v BR -0

,

,

-
-

_

,

"

¢
"

uncnibbly many ,
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later on ]
( some special tranent graph ) -



and F- 1
,

Then
,

BR = D = {UEep)1pGI3_
where I = set of all one-sided infinite path .

i÷↑#Rmd Generally , it is difficult
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Some statements about 0 without proofs .

Thm_ (Pir) itianslent
.

If u c- HBD and non-trivial
cat

, U ≥0 on D

⇒ u > 0 on V

Than BDO = {ftp.D/S-lx--oV-xGD3.Thm-
Every 5- c- D has continues extension to R

which takes value in Ew
, OI .

Pf . Assume 5- ≥o
.

7- fat BD sit . Itn / → 0 as n→o



and 5- ≥ fat, ≥fn

Pick PGR , ftp.i-limtnlp)
neg

Remark! Consider p GBR sit . Fcp)=tA

⇒ p & D*

Message : If we use D* for the contraction

in Royden 's compactification , the n

some points of BR or 0 will be missing .


