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5- c- D ⇒ 7- UGHD
,
VG Do sit .Remark

5- = Ut V

f superhuman :c ⇒ ✓ = f- 4 Supertram:c and ✓ c-Do

⇒ v70
.

Exercise , let U ,Ñ harmonic
.

Mix) : =maxfux.mx?V-lx7:--min4uc4.Ulx1}
.

⇒ Vt is subharmonic sie
.

V14 ≤ (Pi)

r is superhuman :c ,
V14 ≥ /Pik

.



Tng Suppose UGHD
.

Then 7- him, GHD non-negative sat .

U= U ,
- U2

Pf : f
,
:= Max { 4,03

,

≥o

} f. fir→iR5- i. = Max {- go } , ≥o
.

⇒ £
,
,

£ subharmonic

⇒ - f
, ,

-fz superhuman :c

Royden 's decomposition ⇒ 7- 4. UZGHD , vi. VzGDo Sit.
- £
, = U

,
-1 V

, ⇒ . V20 since -f
, super-

- f-z = Uz -1 V2 ⇒ V2 ≥o
,

harmon:c



- U
,
= 5-1-14 ≥ O

- Uz = fat V2 ≥ 0 HD Do
HD

⇒ it = 8 ,
- fz = tu , -142 ) + 1-4 -1hr)

= U t 0
.

By uniqueness of Royden's decomposition ⇒ U= - Ui -142

0=-4-14

⇒ a- tut - tut

^



Thm_ For every HGHD
,

7- a sequence hn of

bounded functions in HD at .

11h - hull -70 as n -70
.

If h ≥0
, then ≤ ha ≤ h .

. Only consider (Pir transient.

Assume 1h20
.

① Construct sequence at bounded functions
.

gnlx) := min { hlx ) , n } V- ✗ EV.

NFL! g⇔≤ n V- ✗

⇒ gn is bounded .



② , Roydon ' decomposition ⇒ hn G- HD
,

Sa C- Do

sign= hn -1 Sn

Note ! gn superhuman:c ⇒ Sn superhuman:c and sad≥

⇒ Su ≥o

4h

⇒ hn ≤ gn ≤ n

⇒ { his bounded human:c function

③ Show : { hn } converges to h
,

Dun- gn)
= Dlhhn - Sn) ¥ ii.
= Dlh - hn) -1 Dlsn) -2 T.h-hn.sn#'

°
.



Dlh - hn ) + Dlsn ) = Dlh-gu) ⇒ 0 as n→w
.

Exercise )

⇒
Dlh -hn) -70{ Desai .→◦

as n→•
.

>
0
since Sn -70 .

11h - half = hi-hat -1 DCh-hn)°
⇒ 14m 11h -hall =0

,
n-70

Ex: ( 21 ,
t) rn.nu = # th WEH -

_ {I?r

✓ = Ir

÷É¥ :



⇒ WLI) = Inti < co
.

Uln ) - no) = { ¥ < A
.

⇒notagoodexampg



F-x-bremalleng-bh.Bac.ltground from classical theory .

Let D open set in ①
, topologically qaadke.la/.

ᵈ
I set of all paths from a-side to b-side

.

↑

ab → a☒ rectifiable . let r:D → IR>o
.

• For each path p c- I

→
Lrlp) : =

.
JT -112-1

⇒ 8D ≥ atctbed P

D has four corners . ↳(1) = int Llp)
PEE



Areaf. D) = If it dxdy
D
,

Extremal length : HI ) : =

sup ,¥%,J:D -7112>0

Rmk : 7112) is conformal invariant
.

i. e. if f :D → 6 conformal injective,

⇒ 15 : = 5-CD) ,

I :-. { tips 1 PEI }
.

⇒ HE) = HP)
.



Rink !

i±☐,¥↳¥÷?=on*:*⇔:#
"

I!EÉ÷H:
" aim:⇔=÷

Cheek! Consider 0=-1
.

↳ 11) = W

Area .rlD)= uh
2

F HI)=s%÷*, ≥ ;w÷=%



Given
any

T:D -7k
>o
,
l :-. ↳ (E) > 0

.

8th = wt + iy for -10--6,17
,

⇒ TE Ba
.

e. ≤ ↳ in - Heldt
=p! rwdt

✗ = we.

d. h ≤ Affair wdtdy
= fifi rdxdy



↳

%E4fifitdxdyffifidxd.AM
⇒ 12h2 ≤ Areas LD) . Wh

w holds⇒ 711)=%P¥÷p ≤ I terr.

Conclusion : 711) = %
.

Rmk
'
. CHP) )

"

= Inf Areas (D)
T Sili

trip)=I
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qq.Q.iq ±
> NEF
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a

B

7- f conformal 51 ,

flH=Ñ
,
FIB)=Ñ

. .
-

.

.
.

⇔ ✗ (1) = % conformal modulus

of D with

4- mark pints,



Remark : Regions with 3- points are conformal eqiwal.it.

@ A

a. 5- unturned

•→⑤
•

↓ ↓ Riemann

$ →

naming



ntma.IQ
% •

°

%
a

f- exists mapping flat -=Ñ
, . . .

.

5-181=8

⇔ cross ratio of {48,8 ,
II

cross ratio of EI, F. F. F)

creams )= 5¥ :&



bed 1PM network .

I family of lfinte or infinite/ paths in P.

PEI path ⇒ Elp) collection d- edges :np .

Extremal length 711) :#%

✗ = inf{ WLI) / I 1- chain sit . -1-0-0-10?

where QLP) is collection of 1-chains I sat.V-pt-P.EKVdy-Erix.yl-tcx.pl≥ I

xyGElp)



Idea! Energy = V I

±

V


