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Notice : DID = Dlitt C) where C is constant
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12m¥ 11411=0 c⇒ u :O
.

We call D the Dirichlet space , with inner product
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① Effective resistance for infinite networks

.

Idea! Solve

TI t 2=0
* { <I

,
2-7=0 for all finite cycles 2-

,

and 2 = 8A - fb

Rettlaib) = WLI) = what -ulb]

Problem : (a) sin I is not unique generally ,

* (b) There are two special solus
.

IL link current

Im minimal current .
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To be done :

"

WLIM) 1*-48 WEH
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② We transform the problem

31--0 finiteA) ⇐ b**{<I- E,z7=o for atlttydes Z
where F- is a 1-chain si. JE =3

.

( checks Bethe I := I - E .

JI = JI -82=0-2 2=7 JI -12=0)(I
,
2-7=0

.



2- spare of finite cycles -.

IGZ C⇒ 21--0 and Ilxy) -1-0 for finitely many
it edges '

on 4
.
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Dente E the closure of 2- in Hi

Thm_ Let F- be finite 1-chain
,
Then E contains

a unique Sdn to

21=0

⇐ - E. 2-7--0 for all ttnlte cycles Z ,



I.g,_ 2-- Sa - Sb

• b

find F- Sit . JE= Sa - Sb
,f-qt.FI#---caae-iaisEaudEiss-:ni-oe.~

Pf ! I c It , is closed

⇒ Hi = E ④ (EF
u

F- = I t k
.

← decomposition is unique ,

check:( IG E)+4 :Hi→Ho) ⇒ . 21--0
continues

(E. 2-7 = ( It kit > = ⇐ it>



↳ CI -E. 2-7--0
,

⇒ I is the unique solos in E.

(
'

2 orthogonal projection of F- to E.)
-

⇒ I := I - E solves UH
,

Pnp_: Suppose IT is another finite 1-chela Gil. 8-1=-1--2

and It is sin of 1*6-1 with Et

Claim ! I := I - E = It - Et
HE' -E) =3 -2--0

Prof ! Consider g- = (I-Ii) - [It-E) - ( I- It / * LET-E)
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① 2J =/ JI - TEI - GI' -8¥)
= (0-2)-(0-2)=0

.

②
,

LJ
,
2- > = (I -E ,z > - ( It - E

"

,Z7=O for all

finite cycles Z.

③ , JE É .
( true only if we consider finite

1- chains E)
.

② : ⇒ J c- Eth E ⇒ J=o
.



DEI Suppose 2 = JE for some finite 1- chin F-
,

let I be the sin in E s . -1 ,

81=0

(I- E. 2-7=0 for 2- finite cycles.

Then In := I - E is called the limit current
,

mr

It is independent at the choice at fin:-( 1- chain E.
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Remark : If we consider 7- ZE where E is not finite
,

then I - I 7- I, generally ,



Igi 2=0
.

77 E=O
,

⇒ Iz=o
,

21=0

CI,z→=o
c⇒

⇐d-Play

White)=o < Dlu)
as long as u non-constant
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Why I ,
"

limit current ?
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' ") ~ " " { ✗ c- V1 d-ix. get }
.

T• third ~ Vn := {xc-vldlx.cl En}
.

•
•

M
,

C P
,
C

.
. .
Cfn

. . .

CP

rn the restriction of r to Pn
.

Let E finite 1-cha'm si
. supp (E) Cpn for some new

.

Zn finite cycles in Pn
.



Consider over Mn
,

JIN =D

< In - E. 2-7=0 for all 2- in Zn
.

Extend In by zeros to P

In :-. {
In # it xycepn

0 If xyctpn Ache.
. . -
her

and

p.nu?Tu--M.Thm-T-ixfinite 1- cha'm F-
, { Pn3nez, exhaustion of P

with finite subgraphs.

Then 11m KIL - Inky
,

__ 0
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⇐ Let E > 0
,

-2-5-0 .J finite
⇒

I, c- I ⇒ 7- JEZ 9T
. HIIIII CE

,

7- Some n sit for # KM
,

supp ED C Pn
.

For ZGZK
,

(J - Ik , 2-7 = (J ,z> - CE,z>
I

take 2- =J_ In = (J, Z> - (I,z>
= CJ- I,z>

I 11J - Illa 112-11

C E 112-11
.

Note: J - Ix c- ZK ⇒



11J- IKHZC E 117¥11

⇒ 11T - IKHCE
,

⇒ KIL - Iicll < HE - Till -111J -IN 229

since Eyo is arbitrary
,
⇒ 11m11 -4 - IKI /

µ,
=o

,

÷
Deff

,

2= Ga - Gb
.

⇒ Ie minimal current
.

⇒ Relais) := Ula) - ulb) is limit resistance
,



T⇒ { In , rn ) }
,

→ In current in Mn generated by ? .

Ex: {Rn } is decreasing . Sa- Su
.

→ Rnca , b) = Unca) - unlb)

Iim Rnca . b) = Relais ), = WLIL )
my



Det
.

Z* space of all 1-cycles , infinite or finite

Z C z*

Cheek : Et is closed in It
, ,

a



Let F- be any Fm-# 1- chain

JI = 0

< I - E. 2-7=0 for all z c- z*

Find soln I in ¥
.

Fx : I exists and unique .

I orthogonal projection of E Into Z*


