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NIRRT

AN E R AV E 2y 22—, SRR RBEhh 5L
{CIEZEE

RERING AR ZEVIR R MR VAR, £
AR ESPIREE(TE (B

JUIT 301N 32 ZERT T G2 i B R R LA, X B
P T DA I 3t B g g D=5 7 R AT 3RA T R 1], LE Ty
Y, BRTECEAE R LA, H B AR AR A BN e+ —A4~ (5
) AN Bha-gE K L BLUR iR O 2 W S B Hh A 7T —
AR Z I ARZE S H1, 7 LAS-4E LA 32 AT T8 G #h 41
T AR e fh.

EARI Y, EEATETRERAEER . THERNEZNAN
Hondhis.
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M5 R

AREGH R 2 DBy TR U LA, DR
FEGR L R R AR SRR S A% R LA, i B ZRAREA AR
BONFEMCHE CRFEIEARD SR (R R,

Hrp R RAEIA I AR L, RS IR RIS DR AT 7T L4
BOE SRR FEIE SR e N B A Mo

M T ESAR A RIE AT DA AR e TR B TR, B AR I
MR A R AR “RR B o AR T RAEh M G R R
PER Il “ SRR 7D, JURAHRIMEE B oS Wi B R AR E ST Y
P Il “RIPEE BT ) .




FRUEMBTT (RIETERD 2 RFRZHIERER, E5—J5H, &
MR SR R 18 A R KR RS

40 FAe Ve 20 H AT T TC PRAE Y T LA 44 L K B 52 2% (A S 2 1) 14 1)
T FRVERT, I R SRS IR 247 5% 2 I AR R R 1945 2.

I b, LEAR SR TR LT 1 D R 1 A 15
gy,

140, ThommEILFLIE 1 P8I 532 inl UEL AL — A TC PR ZE L AR 44 1)
FIERETE S, JF Bttt S X S e, M BEE 1 g

Hig,




I K- PR A RS, (S BiBott A HIE 2, AATREW 15
TePRZEZ= R o 2R 18] B B A [RIE A, NI BEE 1 1) B ANAE R
BX T aRMES.

FXT S, EMEARRE B SO 2R (RRa e K-Ee),
IR ITIZAIE R o

ZIRIX NN A AR T 1, ARBEh 5 TUAT R AN R 2 AR
TUIH), IRZIRMELLX 7). A LIS, BRI sEie, A5
W Es AR AN S T U 4 22 18]




REFEI ) “ = —1E7 Btk

REFLISE B WS =FE T — 14
o JLIAIBM: 4R, Serre3k19544F JE /KK Y, ThomFk19584F

FEIRREE,

o JEMEEM: Quillen3f1978FEFE/R KL, Voevodsky3K20024E E /K
WA

o tHARRM: Lovész (1999EWolf#Z, 20214 Abel?2) BEHE T 44
2H A 2% (topological combinatorics); H.401 R4 18%5 .




Py s [l o5t

— WA IR N AR IS T B (Buler, 1707-1783)7E17364E 58 5 T
“CEFBHTER-EMR IS v Y. TR 2E R BRI 1 T364E I i
W, BRI SR, 5B AR s R L
RIT ) “ BB A7 20

Figure: & J& H£&-CHF i) 5 KR H 2L

!Euler, Leonhard, Solutio problematis ad geometriam situs pertinentis.
2K I H % 5 Antoine-Jean Lhuilier (1750 -1840)H T H—4 1

DM EFFFRAHL AR T18134F, AR T —REZKRIC: RIS A XIF
AERIEHK, ZREMEN “ T8 ARR. ERNERRE: Rl 5%
KEg, M “ TR BRI B0 L i i 07 255 2-2g.

= ( )




i A 41 22 1 T AR () B DTk 2 — A HEPE N3 (Jules Henri
Poincaré , 1854 - 1912). PEINSEAEH 1895 L& 35| N T A

FEIX RS 3 L, BT Betti 1871 4F 4 ST [FH%L (homology
numbers) H] TAEHEAT T M A8AL I & RE

T [F) 2R 2 185 74F I B T AF 5 LA M Betti R HTIHI TAF, BE3% 7[Rl 2L
WHIEIR.

3Poincaré, Henri, Analysis situs Journal de I’Ecole Polytechnique (2). 1

(1895), 1-123.
4E. Betti, Sopra gli spazi di un numero qualunque di dimensioni, Ann.

Mat. pura appl. 2/4 (1871), 140-158.
B. Riemann, Gesammelte Mathematische Werke und Wissenschaftlicher

Nachlass, edited by H. Weber, Teubner, Leipzig, 1876.




X EEER, N4 & FEnrico Betti, JEINSEn- 4E 78 HE A 4E
O UM BettiBt, R AR A BRI AEAZ #iR 2, IR W4t
FE18934F TL28 FH B AR WY D0 A3 8 2RO . %o T 7€ [ -4 TR

T, Betti Z0W 2 A Rbi = by_io

NSRRI, PEINSRIX R 18955F 3 & 5% T Wil & B A B AF7E U
ﬁ;%&wﬁﬁﬁ%ﬁﬁ%ﬁ%ﬁ?ﬁﬁo

PNk =R 2IHE DLOR#bFL AR A R 45 IR I I P BRI, T2
B o B 77 ik 4e T HORHE 5 B IERRRIE R, AR B RE

JRRISCE T
X 18994F [ SC F i 4 AT I Y B[R] i B O U Sk, 04529
FJa MIFTIER SRR R MBS 0 BRI, —hedE

13 H ) ok =2 S rl 2

5@%4@&%% HH 3 4 B IS £ %ﬁ%‘ﬁﬁ]ﬁﬁﬁ)ﬁi, BRI P TSR X 11

EHIE1930 FAC5] AcupR ScapflZ J5, AMITEFRIAN.

"Poincaré, Henri, Complément al’Analysis Situs. Rendiconti del Circolo
Matematico di Palermo. 13 (2) (1899), 285-343. doi:10:1007/BF03024461.




FEREINSRIAC A LS5 B L4 B, DUACRR B $h it — B
HEdh . /R BAEEIREL92F M VUL “HEH
N7, 19445 R AR A v AREER I 8

Figure: ¥ [H B =M #14>

8John McCleary, Bourbaki and Algebraic Topology.[558TT]
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JURIBEE K : R LR S, KRR RIE
AT AHEHRESR.

ZHEFK| = U o, KPHHRIERIF, BEgHI, U c |KIvIHEE

ceK

AHMNHUE KRB o3 N NI T2

MRBABTLC: MRS (TR M RARIEE T, W
o e K= oIFETHRBETL. (BEZ, “HEHEEM")

BE: MES RS N RARIFETE Bl . (L
“THE S B B SRAFRR D




RAS AT AM?

o Floy LMl X2 —AAEIT AR EXBEIETFEAZ M
K| K|

o BZLREIERE: IR MINAZE.

o AILAMIMER BB IRGILAMA: JUTHRA L P +— G al
it MG R PRI, TG GHde) L.




A-BIEME S ERBAERI—ME (BF 30 ST
HFHS, HatcherPJF5 { Algebraic Topology ) o) :
o WA NFREn-HEEBRL, BIR M ARHE
Heog = (1,0,...,0),e1 = (0,1,0,...,0),e, = (0,...,0,1) KIS HT
5K B I n-4E BT
o —MNA-BIERE—NTEX UKL —RESL o A" — XTI
MEEEC, R 1) o REIT AN ZE1); 2) o, MRE|T3H
A B JETC; 3) XHUESHREP.

E: AR, oo BRI T L, FRHR, ool SARHE(R — 1)-21
AL Bl [ DR 7 B AR PR 15 o




A-ZEE5XGEBE (super hypergraph)

ASERN-FIE MR AL :
ﬁdz Xn — Xn—la 0 S ¢ S n, %Edzd‘] = d]d2+1 ('L Z j)o

SV (super hypergraph) ® S35 — M (3, X), $ehx 2
MA- 5, HEXPI—NRFE. RATFRX NH FIEEA-E (parental
A-set)o ————5 MBS AFIEREE R (path complex) K
ZAEE EY), MA-ERIA B path complex I ARTEHEATHE

9Jelena Grbié, Jie Wu, Kelin Xia and Guo-Wei Wei, Aspects of
topological approaches for data science, Foundations of Data Science, doi:

10.3934/fods.2022002, 2022
2 ( )



A-EHABE

A-FE AETE.
A- Eﬂ:/—> A- 7%I<7 >N ? ﬁA éﬂ:*/j

A ABIE, @ A-FE X)L S2H .

|X| = (H X X An) / ~ (dio-a y) ~ (07 dzy),

n>0

KHEG: AT AP0 <0 <n, & BRF) TH St
%j‘(eo, 000 ,6n_1) — (60, 50 ~7éi7 50 -76n) i%%ﬁg%étﬁﬁlj’(}\o




A-2E 5 X0t B A AT 2

o STV AL EHE MM RN REFAH G,
o VA HILLELZMFMITH A

o FALLF] I FIRATIIRAT XL

o EHI T ZIH — KA RT .




AT ) A- 251

X‘={a, b, Cé

X, ={v}
2 )
Q) —==> G0 ki )
|
Z@;<0;T> Z%_(a,l,,c> Z=<v>

B, 0 =do0~dio-+d,0-= b-Cc+a S
AT =doT ~dT +dhT = a-C+b
= H.X)=Z=<o-7>, H&OZZ&?«H» , C=a+h




KleinJfil I A- 4514

5 Xo= 105, U EER
l //2 sz I/) //:ldz.
-
’4
. //c-c a ><| = Q/ _\B/ c §

N :
G —> G —2— QX)
I 1l 1l
<o T> <a,bc> <v>
92(0-> =(JQU‘-CJ|U~+CLU- :b—c+q
gz(-c) =og clo'['— J;T '{'d;-f = a“ B +C

A, +z) =2a

=> H,(x)=o0, H{X)= Z2®2/5
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SR P T A-S51

)
Gy —=—= X
I \l
fz_—: <0_1 *2> <T) *1>___Z@2 <l =Z

3,(0) =cet _dotdyom =2T =K

D) =dh¥a—di¥y teh ¥y =X,

= wo=o, MX0=%2.
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f s I JHC Whitehead 19494F- 5] A\

N 1H K B Hatcher B 55510

A natural generalization of this is to construct a space by the following procedure:

(1) Start with a discrete set X”, whose points are regarded as 0-cells.

(2) Inductively, form the n-skeleton X" from X" ! by attaching n-cells e, via maps
@ :S" ' —X""!. This means that X" is the quotient space of the disjoint union
X" 1,D% of X" ! with a collection of n-disks D" under the identifications
X ~ @gqlx) for x € 3D™. Thus as a set, X" = X" '[[ e where each e[ is an
open n-disk.

(3) One can either stop this inductive process at a finite stage, setting X = X" for
some n < oo, or one can continue indefinitely, setting X = [J,, X". In the latter
case X is given the weak topology: A set A C X is open (or closed) iff A n X" is
open (or closed) in X" for each n.

A space X constructed in this way is called a cell complex or CW complex. The

C=closure finiteness, W=weak topology

Figure: CWEJE




Whitehead 7€ BE—EAR 5] N H iz B K &= H 25 H
"N 1H 2 H Whitehead [ J5 3210,

THEOREM 1. The map f: X—Y is a homotopy equivalence if, and only
tfy, faima(X)—=ma(Y) ds an dsomorphism onto for every n such that
12a<N+1,

THEOREM 2. The map f:X—Y is an (N—1)-homotopy equivalence
if, and only if, f, is an isomorphism onto for every n such that 1 Sn<N.

N=max{dim X, dim Y}

TreoreM 3. The map f2 X—Y is o homolopy equivalence if, and only
if, each of the induced homomorphisms fyimy(X)—m(Y) and Hy(X)
—H,(T) is an isomorphism onto.

Figure: Whitehead &

103 H. C. Whitehead, Combinatorial homotopy I, Bull. Amer. Math.

Soc. 55 (1949), 213-245.
®A ( )



AT PO 0 s 45 4

o HB—, REITTIEHIAT . RIS HE T, AT AR T
— R PRIl [F R R fE , AR A B, A T A
R CHPYANTI SRS — B 2D s BIPRAS IR ST ) — 5
Jf, stv st
o BB, MABIETTIEKI NI R £, T2 E B,
WAHT? = (S* v SYyu; D2, RED>—/NASEL, fRND?HIA
FtoD? = St Bt v SYHMLE e HEER), (Stv S uy D2
B FEEr € ST = oD? kiR f(x) € S* v 5L,
MBS LR, HHT>E —AD0-4E i QETT TR DUANTI SR — e
2D, AN -4ERE, DL —12- Qﬁﬂ’éﬂé: M AN T 0-4E ff Ji
(—/N D, FTURRT223-ME 2. KLU, Se-Fim2- ks
T, Klein fii23-HiERIE .
2 ( )




Figure: ¥R H) M 454
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S 5 2 [ R P2 1) J s 225 44

itq: S — RPN WL .

o FH—, WS 3-4EBkSS = (z,y,z,w) € S| w >0} [E]
WIS PR T-3- 4 2 BRg| - S3 — RP3 2 — AN, FATAT LA
BRPIWALERSS B 2] 1X B PR TS N EE &
111, EMRARAESWIAF (w=0) &bk,

o 0, XFSTRHATAARRELE . B

p: S3 — D3 (z,y,2,w) = (2,9,2)

N ERBL . ERI 0SS = 9D3 = S2LL K HAERP3 )
%q(05%) = RP? C RP322- 4 (W5 5~F 1, FrLA

RP? = ¢(8S83) U, , S3 =RP?u, . S? 2RP*y, . D>

ql 543 qlop3
a5y aD

ql5g3
BS+




o L, MRPYFIFFIERIE, FFEIRP? =RP Uy, D
XRPUHFIFESRAE, fHRP! = RPO U, D'. HJa, A1
FIRP® {1 ML 4544

RP? = RPY U D' U D? U D3,
= 3-MEEE.

R, BAIATELD “a L7, AR, Hxds
HRP RIS G o X — T3 VE AT AR Ra st B v 4, 53—k
FR -4 ST 5 725 TR P 0 i 254 «

RP" =RP°uD'uD?U---UD"

= n—ﬂ@ﬂ%gﬂ% o
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R ARG R EERATE) MRS k(s
N1 2K B Hatcher 15 5542971 :

Proposition 4C.1. Given a simply-connected CW complex X and a decomposition

of each of its homology groups H,(X) as a direct sum of cyclic groups with speci-

fied generators, then there is a CW complex Z and a cellular homotopy equivalence

f:Z—X such that each cell of Z is either:

(a) a ‘generator’ n-cell e}, which is a cycle in cellular homology mapped by f to
a cellular cycle represeming the specified generator « of one of the cyclic sum-
mands of H, (X

(b) a ‘relator’ (n + l) cell e ’"” , With cellular boundary equal to a multiple of the
generator n-cell el in the case that « has finite order.

In the nonsimply-connected case this result can easily be false, counterexamples

Figure: $R&/MfEE5H:
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oL 55

P fias 52 7% BB PR — N HE T2 B PR X T — AN EL X
BHHECH X 8 XCHOHX = (X x [0,1])/(X x {1}), BIFEAEAA BI040
X < (PR R W T EESMUN £ X — Y, B
HECH X R 2 TR XOE L £ RS B)Y, BICY = CvX uY/ ~, X
H(z,0) ~ f(z) €Y, Xz € Xo {ERn-ZEERA R T HB s 11
HE, BT DB R T RR RS B B s A o Gl I 2 R LS HE A
Ffa Jias 52 TR [Pk A ] DAHE T 215 — M B A= 4K 25 (8] (cellular

space) o

MR A, X2 AELIEHE (unreduced cone) . [RIfR IR TE £ )2 # S A 3k
RS (A], X TF i Sao M X, BEMNAMHEC X 2IEHEAX x [0, 1] TS
ZAIX x {1V S ARG {zo} x [0, 1R — ST R XT3 A8
FoEERME I BRI A T2, Bl AR S Fie N RLEH T ERE




K E Switzer B EE 7812,

7.1. Definition. Let 72 denote the category of all topological pairs (X, 4)
(A < X a subspace) and maps f:(X,A4) — (Y,B). On 2 we have the
functor R: I — J 2 (“restriction”) defined by R(X, 4) = (4, @), R(f) =
flA. Let 7% be the homotopy category—i.e. objects are as in J2,

morphisms are homotopy classes of maps. We still have R:7% —
T¥:R(X,A)=(4, 2), R[f]1=[f]4].

12R. Switzer, Algebraic Topology, Springer-Verlag, 1975.




An unreduced homology theory h, on % is a sequence of functors
h,:T* — o foreach n € Z and natural transformations d,:h, — h,_, O R,
n € Z, satisfying the following two axioms:

i) Exactness: for every pair (X, A) € 2 the sequence

an-H(X’A) h,,[l] hn[]]

v S hn+l(X’ A) —— hn(A1 Q) hn(X’ g)
0.(X,A
hn(X)A) —(—)—’
is exact, where i:(4, ) — (X, @) and j:(X, @) — (X, A) are the

inclusions;
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if) Excision: for every pair (X, 4) € 72’ and subset U < A4 with T < 4
the inclusion j:(X — U,4 — U) — (X, 4) induces an isomorphism
hali1:h(X — U, A — U) — hy(X, A), allne Z.

Hereafter we shall abbreviate 4,[f] by f, and 8,(X. ,A) by o.

Remark. Eilenberg-Steenrod Axioms 1 and 2 say 4, is a functor on I~ 2,
Axiom 3 says d, is a natural transformation, Axiom 5 says h, is actually a
functor on 7%, not just on J2; Axiom 4 is Exactness and Axiom 6 is
Excision.
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WSS HE 55 T IR

7.29. On 27’ we have the suspension functor S defined by S(X,x;) =
(SX,*) and S[f]1=[Sf1=[ls: Af]. A reduced homology theory k, on
PJ ' is a collection of functors k,:2J ' — & and natural equivalences
Op:h, — hypq 0 S, neZ,satisfying

Exactness: for every pointed pair (X, 4,x,) with inclusions i:(4,x,) —
(X, x,) and j:(X,x,) —.(X U CA, *) the sequence

kn(A’xO) k_"[i]’ kn(X9x0) ‘IEE[—].—]’ k,,(XU CA,*)

is exact.




PR SFF 4D 146 5 Pl S 4 Py 4

B ST () R, ASERL I AR AT 2 U s A S T SR e R R AT Mg
AJ((I S FIEAN R BEEF: X x [0,1] — YN mgt

flz) =F(z,0),9(z)=F(z,1): X =Y
MEE, A1 SE P EHRE.

g
X=Xx{l} — ¥ ——+ ¢,

-
Xx[0,1] ——= Y — Cr

S

X=Xx{0} — Y — Cj.

ER 1T % 5 B FE R IES A, (h5-0is BRI AL, B s i 50 G e A 4 A
RV RE A [ . B JY)J'T‘LLl‘ﬁI(/JC’TV 8. B AILRIMGHHEC,, C,, Crt AT )
I3 AT CW- S E Y, i Whitehead 7 £l JTE Hrof I A0 i g AN B RE 5640 . s




WSS [F) 18 15 IR A B 5 2% R SCHIR

Hilton, Peter, On the homotopy type of compact polyhedra, Fund.
Math. 61 (1967), 105-1009.

Hilton, Peter, Some remarks concerning the semiring of polyhedra,

Bull. Soc. Math. Belg. 19 (1967), 277-288.

Hilton, Peter, Note on the homotopy type of mapping cones, Comm.
Pure Appl. Math., 21 (1968), 515-519.




[E] A8 B R 852 2 . — —building blocks for complexes

up to homotopy

RE LT (0 [RIAE 2 k E U HE AR Y

T MEETE, SR — -2, ERBaEX 2 —
A0 — D4R S, IS 1EIY HI(RIEA ) G RIER [
ﬁﬂ-n—l(Y)o

w2, FIeREREIE I R R SO IPLES, X2
AT R ARER M %O o) Y B R R 22—




— —Z R R 2R

Xt T8 i 1A BRI R SRR (BAE R R D, ROA3R
A TFO-ZER I, 1-MRls Bt A& — D EkTE , 182 17 SR TR,
BRTH (0 4Rt 2 20 0 1- il R AR 70 R e AN &

PNz MWEEEK, RIEME, K2t EEsm
W F 9™ — SR MLSTHAE

Hm < b, CHIFWE,(SY) =0, Bl fEMS T HEMS, M
MK RS F5m v smt,




Ym =n B, i, (S?) =27, BIf: 8™ — S HFES B b
P deg(f)5E 4 RIE 5

FEIRTTER ZIEY], Cf ~ CyZ HAL Hdeg(f) = +deg(g);

KRB R AR H EW, B K MR S v St Ekn- 4 ]
HERAGIRBEZ/ kI Moore Z[BIM (Z/k,n), KKIn-4EFRIHEEZ/ kL
E T KA,




Hm > n I, MAFEFKIES S, A S EK )RR

P i/ = j=0,n,m+1
Hy(H) = { 0 EAMS.

J

BER, BRARm, (S™) =0, KIJFEER O REK e, 7%
BRTH [F) 1 A, (S™) IS 2

PRE[EME R s 2-FfE B AIRIME 772




SerrefE19514F [ SCE 13143 1) T 15 44 45 R

Tm(S™) =

A PRAT Hiete e A B E n i A Hom # 2n — 1,
Z o IR HAE nie BEOF Hm = 2n — 1.

13J.P. Serre, Homologie singuliére des espaces fibrés. III. Applications

homotopiques, (French) C. R. Acad. Sci. Paris 232 (1951), 142 - 144.
Y SerreF X I TAE 3K #1954 4F IR /R K%K o
RA )




SerresE FL & URIAT, 43 D IEEBHm > n, B T2 B80T
Hm = 2n — 10150, EREESCT, RAARANH— P n-dEf
5= (m + 1)-4E 4L 2- s =

RIS YR BATT, FEARTE SN, Al B RAS Ml ZEn- Sl PA
oA~ 2n-4E 1 Jis 20 B 2- i Jis S




Rl e A AR 2 1 )

FH—ARRE R 5T BRI > n, ERBE LT, R BFE—
AR FLHI I — -4 S — > (m + 1)-ZE SR IR A 0 2- i s B
EK?

XEMAEF NAEE AR FREN T v s, B RKERET
R IRI  FeANFREHE SR, 7, (S B RIEE.

Y = 18, SFTHAm > 1,88 m,(51) = 0, MR —A~H—
M-HERE S —A(m 4+ D)-ZERIE Gn > 1) AR 2- s 2 AR
WM TS v gm+L,
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MEFRIFEE R A R AT/, Hn > 6 I, ZEE1CHER, (S™)IF
%, (Hrpa(S") =0, BWE, NEEWHE /& 5 77 LR YE Il 4E 5L
AnfHEF PLH2- U E T, B N AA A N AEAE, 5 T4
HI4EHm + 16 K.

Tnpa(S™) =0 (n > 6) FEUt, WY s 4E %577
fen,n+5 (n>6) K- MEER, MY RGEMN TS v s,




Curtis7EA 19694 /) SC &5 1PUERH 1 -

XITRTA BIm > 4, m,(S*) # 06

BEWE, SEMERE T m >4, BN LR R4E RS
Fed-YETRAE Ml e + 1-4ER)2-Hl s B TE

I5E. Curtis, Some nonzero homotopy groups of spheres, Bull. Amer.
Math. Soc.(N.S.) 75 (1969), 541-544.
2A ( )
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Mahowald 16 17 5Mori 1841970 FEARUERH T :

KERTA FIm > 5, m,(S°%) # 0.

16M. Mahowald, Description homotopy of the elements in the image of the

J-homomorphism, Manifolds Tokyo, 255-264, Univ. of Tokyo Press, 1975.
1"M. Mahowald, The image of J in the EHP sequence, Ann. of Math. (2)

116 (1982), no. 1, 65-112.
8M. Mori, Applications of secondary e-invariants to unstable homotopy

theory groups of spheres, Mem. Fac. Sci., Kyushu Univ. Ser. A 29 (1975),
59-87.
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St Fn =2, 30040, BB E 8T, (S2) 2 mn(S3) (m >3), FTbA
PR AN 1 S B L — RS

X2 (BS3) I RIVRAE BT PLE ] B s i 2 LA
HR: Curtis 19IE RS> B)—H2-H7 SCHIARF MR R TR IER
IE

Mm#1 mod 8, 7, (S?) # 0;

Fr AR B Bl g 41 (S?) A IEENRIT R, BiaeRl & R AE
PN A R

9. Curtis, Some nonzero homotopy groups of spheres, Bull. Amer.
Math. Soc.(N.S.) 75 (1969), 541-544.
A ( )




GrayfEAt1984F KR M E 025 H 93 1 —4H3- 570 S HFEF L
AR RE, (EAREA BIRE], S RN L CurtisH 45 R E & [ml1 %
TSP R AE AR PLAE i) L

JUFELLR, —BERIAS? (80s%) R RIVEHEAET FUI: A AR fif 1k
M ATl

20B. Gray, Unstable families related to the image of J, Math. Proc.
Cambridge Philos. Soc. 96 (1) (1984), 95-113.
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20155, FAT VAR R AT ML RGBS A AR, 87510
B, UEM T,

WNTER—NERE, Z/p C mp-2yr1(5?), BIFFFE—MIREL
HpfAEFE Lot R R, Blp = 3,5, BZ/3 C mar1(S%)EA
KZJ15 C mapy1(S3), WLICHR 2L

FE5E AR Ja B B 2SR, BATA I T Gray (919845 (1 AR
(HEATA—FERT75) Cen] LUEIZSS fIRREREET ML R

vanov, Sergei O.; Mikhailov, Roman; Wu, Jie On nontriviality of
certain homotopy groups of spheres, Homology Homotopy Appl., 18 (2016),

no. 2, 337-344.
A (




TATHE O TAE LA Gray TAE B R IUE A T #4540
FGray AN, EZHLFEF , RYEDoug Ravenel {1 PFIL22, A3 H
IR R

Ravenel B8 X TAERin > 10, mu(5%) K255 S AT L

BB A FAERn > 2, FELN K (5) £0 (> K.

BRI [RIE R AP ML SR 2- s B 7 SR R A M

22Ravenel [f) HAATFE & It could be the case that all other 2-components

of 7.(S%) are nontrivial except 79(S?) and 710(S?).
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Z Ml R R AL 5335

ﬁ?B@%EWm PRI, AN ERE 2- M i BRI 70 A5 2
TRNIE2- i R IE I FRIE R

2 MU R M 73 388, LIS

B R, NN EIREI— A, FRERRSE (— M X
[FIEHE AT A K IES SR BT (ERARAR AR (RIAERRE
EfesE) 2 AEE RN, HEREPER K.




B0, PA2-BRIE ) — S Fs2 v 52, Xt S2AEF Mt R i —
ANo-YiffufiE, HHilton-Milnor & FH A] %1,

MFEEn > k> 2, m,(SHBERm.(5? v ) H—NEMEF;

BEZ, S2v SPHFERHFR S T HTE E4EER I I P R e R R A

Lo

FEean, 3-4E2 Moore M LI AR B CAAEH &
Fm(P3(2) = Z2/29™ 9 7./492, W, 23,

2Wu, Jie, Homotopy theory of the suspensions of the projective plane,
Mem. Amer. Math. Soc. 162 (2003), no. 769, x+130 pp.
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] 8 2 ] [R] 4 O AR O 2052 1 X
BB A A AT A B S U PO ST . [ 75 )

QX ={X\: S' = X | \(¥) = %, \ continuous },

N R 1B 1 R A ] A S 1) R 5 T
o OXEARIMEMAA., BRI — L BIBF A LUEA.
o p(X) ¥ 7mp—1(Q2X),
o [RUINX ~AXxBxCx---, NI

(X)) 2 71, (A) @ 1 (B) @ 1 (C) @ - - - .

[FAEHERT Ao — S B RRERERITEE RS
[E]EY 53 fi% -




I 1]

XA BR P B 70 S I o — A R X SR O 4 8 5 i Tl 4L
PRI R DL T #EAT 902K

TSR S 19504 R R MSHATF I TIRIBE AL, 71t
T (n— )& (n +2)- A ZHIEA T 2, FAT R R
THFRAHEY

FEIR BN 2, CW-EIEHIHE & 2. H. C. Whitehead E 19495 ) XC
Tl NI fER 25T, kA r TAE R AR Jeit &k B A
G

24 Chang S C., Homology invariants and continuous mappings, Proc. Roy.

Soc. London. ser. A, 202 (1950), 253-263.
R ( )




SR 2- i fis BB 22 I s SR ) [RI R A 25 S5 BRI R 1R R o R
ZE5, BRI FVERE AT DA T 20 3- i s R AL A5 1 — S IR ZE i

—Meo-H-ZE A X R FRAAAE — MR S ESMUN Y X — X v X{#
155 AR

X5 X VX = (X x {wo}) U({zo)} x X) < X x X

[FIAE TR AW, X B R X HIHE AL

BIXT AT X — X x X, x> (x, ), ZEFME T, 7] CAgE AR s 45 2
—AIEX VX,




JE X A HE co- H-2% 8] 7]

— /N E X Rco-H-F Y H XL EHRILSZH

(Lusternik-Schnirelmann category) cat(X) = 1.
E—N W (suspension) ZF[E—EZ—Nco-H-Z[H];
{BEAEXUA HE I co-H-73 8], AATTFIGERIAEHR 2D, Berstein 5 HiltonfE

H 1960 FISCF20 28— /MR 4ERUE 3 TRZERURZ 2p + 1 FIFEXUA
Hco-H 2-HfiE ETE

251. Berstein, P. Hilton, Category and generalized Hopf invariants, Illinois

J. Math. 4 (1960) 437-451.
A ( )




SCERPEE T, —ANRER2- B A2 3-4EAE 2 Moore ™[] (13- R %
AT 8 R — AN JE XA 4 ) co- H-7 8] R 260 ;. ELAR ML, X6 T-4T:
Bn > 5, FE—DNATRETHERIESO.: 7 (P3(2) = mr_1(S%):

0 R K = P3(2) Uy DR —A3- MR, XHf: s — P3(2)
SR . IR KR —Aco-H-2E18], WO, ([f]) € mn(S?) K
oA ez (BRo([f]) # 0fH2 - 0.([f]) = 0D

QO AR —MREC2MAER LK a € m,(S?), MAFE—N
TCER[f] € ma(P3(2)) L0, ([f]) = offifF3-HflE &
EP3(2) Uy DLt — M co-H ZE[H].

26Wu, Jie, On co-H-maps to the suspension of the projective plane,

Topology Appl. 123 (2002), no. 3, 547-571.
R ( )
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BEEIRGE H— D2 R S58 : B 6-4E A DB B ER2- iz
FE3-4ERR2 Moore2 [8] fflco-H 3-JL i £ MG R S IEE 4, W] A
BRI SRR B A2 AR FLENRE B TR MBI & Fealth, wT LA
BFE— &5 CERA) XA HER co- H-22 [0 1] 1

i EARH, S% FIRBON2 I R &R A U T RAT IR 2 3R Y
YRR BN, ESCERYRE B 2R A, BR M T RIER NN A AR L
TEH NS R

2T™Wu, Jie A braided simplicial group, Proc. London Math. Soc. (3) 84
(2002), no. 3, 645-662.



Theriault 7 CRRZ IR K I —MEZ 4R : BIEREES
Hco- HZ 8] fYsmashFR B F N F— MW

A FEfe ARG S co-H 2B A ZER 2 KA A, N — M ffico-H
e P (e 6 2 ) (R 00 A ) (R AR R 3R AR, AR A A M DAL 6 5

SCHRZO fE gl AT BRI, (EEEAS (BEp- BERLRY) 18
BEBAREMco-H ZFE)MsmashfRERFNT— 1WA,

BESE RERE 45 AR HEco-H 2 8 B 5 AN KB 5 o

28 Theriault, Stephen D. Homotopy decompositions involving the loops of

coassociative co-H spaces, Canad. J. Math. 55 (1) (2003), 181 - 203.
2Grbié, Jelena; Theriault, Stephen; Wu, Jie Suspension splittings and

James-Hopf invariants Proc. Roy. Soc. Edinburgh Sect. A 144 (1) (2014),
87 - 108.




FARJZ T, 0T 199 B = E XU e co- F 23 [R] AT LUIE i Bk T
HIEHP£T 457 %) (EHP fibre sequence) 30T 5%,

XN XARESX U0 — B O FEXUS HEco-H-73 18], A LA
IS FEHopf A & (fat Hopf invariant) 31,

30T, M. James, On the ietrated suspension, The Quarterly Journal of
Mathematics, 5 (1) (1954), 1 - 10.
31Wu, Jie, On co-H-maps to the suspension of the projective plane,

Topology Appl. 123 (2002), no. 3, 547-571.
R ( )
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co-H-ZX [A]Ju B

A0 R AT HE LN AREF B B A (free module), co-H 23 [H] A 24
TAREP B (projective module) s AREI KT 45 S A5 I 4t
70, MERREEEE K.

co-H RTINS, 76 S (wedge) Ssmash B F R4 1.

MEIRBAE, ST H A co-HERXEY, ¥smashfi X A YIS
i N —HAT] R co- H S [B]H — 9, #HE TR co-H FIETE
BB GrothendieckBfHUSRSALEH, J& [FMC 18 H AEH LA 1] @




BT FEe B RAERE, BFNERAL; — — AN AZHF B
17, REAIFHNHFERLBE.

Xfn-4E mod p” MooreZ [H] P (p") (pNEE) Sm-#EMoores®
8] P™(q%) (g NEED smashiR,

* A p#g

P*(p")AP™(¢%) ~
( ) ( ) { Pern(pr) \/Pernfl(pr) i_’l p=gq,r < qus 7& 2.

R LB mod pr A i1 — A2,

32Neisendorfer, J., Algebraic Methods in Unstable Homotopy Theory, New
Mathematical Monographs), Cambridge: Cambridge University Press, 2010,
xx+554pp. doi:10.1017/CB0O9780511691638
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BIAMIpT = ¢° = 2MHE 0L, X
P"(2) ~ X" 2RP?, n > 2,
TSRS TR HE, P (2) A PM(2) AT R,
Xf T H 2 5 Hsmash i,
P (2)" = PM(2) A--- A PY(2),

SCHRBZE H e B AE R, HAR 7 (B EHD — XN T
B2 KRBT Young BT 7, BEANANTT 20 A7 B9 [+
ML RETS I 45

33Wu, Jie, Homotopy theory of the suspensions of the projective plane,
Mem. Amer. Math. Soc. 162 (2003), no. 769, x+130 pp.
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Bilt, Pr(2)NR N I A ) — > 2 BUUA

6 14 8
(RP?)NT ~ (HP2 ACP?v\/Z3(CP?)" v \/ Zfcp? v \/ s9> ARP2,
AR, SR 5 DY Jui 521 1 4 tH ILAE SE AN 5 -

WIsmash AR M FIE 0 s 340, B R e LRl R A
yulth L, W] USR8 08 SEILSteenrod FUEAZ HAL I

S T fco-H ZE X, 3ok Bomash X - R AL 165
HEHRS MR RN A EVIRR, HOSEME R EE 1k
43 (functorial decomposition ) ME SR, %ﬁl\ﬂiﬁ?ﬁ%ﬁzk Eﬁj@%p
FKoRe. BHElco-HZEBSEBERI Grothendieck B RISk A A /5 EHY
MREFZHANE, RIEBE/SRAMRNERIRE.




[ 4 A 0

%t FHRE AR, 55— RS IR R T H

AR

— MR, 4 NERERX, R FEREEER & A R
(REWAHREILAEAZMER, FGlUEE 18RS mod pr
Moore” [A] f{Jsmash AR &R i /& X MBI EAE) , KX B I—n-4E
ERB—ABIEX u D [ — N EBEN, EXHFEREEZH
REIE T, MREIEEXuD (n < N) TERE T REBRA,
HAFRMH T N R EL (V)

AT AT IOX A BRI BN EAART, f(N) BMF4 B
GEde




FEAL N RIS i L, 52 214G 2R [R]AE 18 20 5t (10 XU 7 e B34 1) JR
Ko SCER3S ST HFIBES: ££ T 1 A E L Pprt — DR

EX. — N2 X BRRNZ/pr-h, R X FIESEEZ/pr -1
EUFEHOEK, R

lim inf In tn

>0, (1)

where ¢, = § {Z/p" — summands in @p<p T (X)}.

34y, Félix, S. Halperin and J.- C. Thomas, Rational homotopy theory,

Graduate Texts in Mathematics, Vol. 205, Springer-Verlag, New York, 2001.
35Huang, R., Wu, J. Exponential growth of homotopy groups of

suspended finite complexes. Math. Z. 295 (2020), 1301-1321.
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EX. —PNTEX PR Np-NE (58 mod p 3 #), AR XH[E 1L
HEHIp-Heor L 2 IR HUE K, B

In T,
lim inf —" > 0, 2)
n

n

where T, = § {Z/p" — summands in @<, T (X), 7 > 1}

I Henn 45 RO/ € B HER), X THRIEEAREE X, LMK
SE LTI TR 15 255 A BR &

36H. -W. Henn, On the growth of homotopy groups, Manuscripta Math.
56 (1986), 235-245.
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SRERSTH) FELERUE T, n-4E mod p" Moore 7
BP(pr) (n>3,r > 1D)RZ/p-52Z/p H -l PLEX T mod 2
MooreZ[H] P™(2) (n > 3) #&Z/2-, Z/4-57./8- X HH .

XHEFBEIRM, £p>2,n>3,r > 1HHHBLL
Jep=2,n>4,r>6MIFN Z/p 1 Rn. (P (p")) BB KR E AR £,
RIAAELEZ /pr+2 B miR B B AR

XFFpr £ 2,n > 3HIEHL, Z/p T2 CAII . (P (p")) W B K ELAT A
T, B REHEEE RN EMRA T

3"THuang, R., Wu, J. Exponential growth of homotopy groups of

suspended finite complexes. Math. Z. 295 (2020), 1301-1321.
38J. A. Neisendorfer, The exponent of a Moore space, in: Algebraic

Topology and Algebraic K-theory, in: Annals of Math.Study, vol. 113,

Princeton University Press, 1987, pp. 35-71.

39Gtephen D. Theriault, Homotopy exponents of mod 2" Moore spaces,
Topology 47 (2008) 369 - 398.
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p=2,n>3REREHEN, B (0> afEDD) 4564 (n = 31
B, m (P(2) = MR AN Z /8- EA R -, X B
RZ/8Fm (P™(2) (n>3) PR KEMET, HEZRAETE
H 5 R ) AR F
R SRR L S (Pr@)zZ/8-BEME TH XA,
7ECohen-Wul995 /1 L F H, XFF P+t 2) & i, KEIGZ/8-EM
IR R B IR 4 TR VR A 2

7T120n714(P4n+1(2))7

SCHERA2AT AR 7 B, #Emsen—e (P41 (2))H AT LA $Z /8- HLAN
&,
46F. R. Cohen and J. Wu, A remark on the homotopy groups of X"RP?,
Contemp. Math. 181, Amer. Math. Soc. (1995) 65-81.
W, Jie, A product decomposition of QSRP?, Topology 37 (1998), no.

5, 1025-1030.
42Chen, Weidong; Wu, Jie Decomposition of loop spaces and periodic

problem on .. Algebr. Geom. Topol. 13 iﬁi i2013 , 3245-3260.




A, XERY, Mnigd FIEEES, AR E (meta-stable) [F] i
HEme(P™(2)) (k <dn—7) PAFHEZS-BEMRFT. 52, REK
W (P?(2)) (n > 3) WA FEHLRANZ/8-BEMEF, &Hz/8-HF
(1 [FHeHE I AERORER AR H AR, JCHon B4 5 ToslL s o, 3¢
BRI S5 R BOR, MERE I ERGE 7 RIS, 7 (PP(2) (n > 3) i
(17,/8- LA T2 ST MASHIIEIK . T WIHT 5T, STkt it
nﬁéﬁﬁ/%:ﬂ(n —1)-E# (n + 2)-4ERTEIIZ/p- b s SCHRASIE B
TH—KEWEAp-RlE.

43Mikhailov, Roman; Wu, Jie On the metastable homotopy of mod 2
Moore spaces. Algebr. Geom. Topol. 16(3) (2016), 1773 - 1797.

“‘Huang, R., Wu, J. Exponential growth of homotopy groups of
suspended finite complexes. Math. Z. 295 (2020), 1301-1321.

457.-J. Zhu and J.-Z. Pan. The local hyperbolicity of AZ-complexes.
Homology Homotopy Appl. 23 (1) (2021), pp. 367 - 386.

46Guy Boyde, p-hyperbolicity of homotopy groups via K -theory,
arXiv:2101.04591.
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p-EIEIE. WX BIEE AR E T . X2 p- 0 2 HAY Y
limninf In(dim HniﬂX;Z/p)) S

5 2, FHEHERIp- B M PSS T H E B8 25 18] mod p [FI YA HIRL

P

Z/p - FETE 15 X 2 Il 1A TR 2 T 2

In(dim H,,(2X;Z/p)) -

n

0.

lim inf
n

0.

W X FEZ/p- X =2 BA AR n i G, (X) B EZ/p EN—
T 52, BANKMIZ/p BN TR, Baz/p-BEMA T2
DR B AC AR B

RA )




Rl AR5 A

FERHFIRF S — P BRI T o W ([f) € mu(X), TERUEBAER G
o, BAMBRE KR T ERX 4R, B 58RI ERE

Y = X Uy DR TR [E L H, 0 (Y) = Zo

BRigf] ;—MMRITE, WELEE D m > 1lifFm - [f] =0, Nk

W f:sm — X A LAEME IS A (n + 1)-Z4EMoore

(] P+ (m) B X ) — ARG

MR EH, e+t m) MBI X IINE, SR33IR

Wz =Y uD 2R ZWIN4ERE R Hy 1 (2) = Z/my LR
WY < ZBRWHFASH. 1 (Y) = Z - Hap1(2) = Z/m;
BEZ,“m-[f]=0" WEE, UL, Sin—A ks, TR
“TRYE R R B Z A8 IR Z/m”

A (



Bk, RstXERIEBEBNEL, WRFAERENE

Bz =Y U D2 2 B ESR L, ATRAEH m - [f] = 0. 1X

B [f1EIREm (BMESm - [f] = O /N IERE S m) , 72 LA Ak
DN BE ST Y B TR [ R 20 46 2 B/ TR Z me
HMGERE S, — B p-BAR L, & p- 5870 K IT AT
i

FEp- R T, m = p CEAr > Do BB R EC

22, (t>r) Apt-[f] = BRMERY D2, MH NP5

Y — - — e — 2 — - — 2y

98 AR ACE T [R] R T B 4

Hyp1(Y)=2Z — - - Hpy1(Z411) = Z/pt+1 — Hp11(Zy) = Z/pt T




WA FRHGRIVERIER L. B(f] =m - [g) € m(X), FIFFEA]
Bisen KT R4, NEIKZE, a“/:ﬂ]%”%'a |k St

¢: Yy =XU; D" — Y, = XU, D"

#1850 Ho1(Yy) =2 — Hp1(Y,) = Z 5 EHm, Mo, (k) = km
(keZ)

RZ, MPHFE—NERY = X UD D K —ABE0: vy — Y/ fF
130): X — XRFEMRFEN ARG, Ho1 (Yy) =Z — Hoa (V') = Z2
FEHim, %g: 8™ — X NY'HIRGEILSS, 76X 2 Pl E MR
T, 0: X - XESFHIEFEM, 0. m0(X) = mo(X), 275

AB0,([f]) = mlg], MTI[f]7T DABEmBEBR o

[EI4E 0 E A I < (B RIBRE B R JLIAIHAF MY — M 5T iR .




BEERTER — N R WUE S N R R, RBLf: 57— XA
BT —NEms % 81 - X, 2SI RS 6 &

X = X Uppe

S

Y; = X0, DeH.

LX) XM MR ERRE RO R . LA EEDY S
W, W[f] € m (XS T RFEED TS HCX)
0, RIS XIS In— Mol R R — A SRIB




TEFRE RIVEVuRE B, SO Rt piar, RISV (19 25 59 2 (R4 th i 1)
e & o s AEARRRE FIMEVERE T, Sad ok — AN AL

Nishidaok T BRI A2 € FIE BF AR TP e BRAT 40 1 2- PRl BB AE RS
5E [FIE VB ) — A S A5

FERE AR TEls, —BERZRNEHREES BTG RS
Z ) AR 490,

47Nishida, Goro (1973), The nilpotency of elements of the stable homotopy
groups of spheres, Journal of the Mathematical Society of Japan, 25 (4)

(1973), 707-732.
“®Devinatz, Ethan S.; Hopkins, Michael J.; Smith, Jeffrey H. (1988),

Nilpotence and stable homotopy theory. I, Annals of Mathematics, Second

Series, 128 (2) (1988), 207-241.
49Ravenel, Douglas C., Nilpotence and periodicity in stable homotopy

theory, Annals of Mathematics Studies, 128 (1992) , Princeton University
Press, ISBN 978-0-691-02572-8




[l 1E A i 2 i)

A48 18 ) — > B 2L ) 2 o T RS A FE 2R @ (exponent
problem) .

T ALY, EEERp-1E 8 R S p- SR E SN

exp,, (x)(n) = sup inf{p" | p" - Torsion,(r;(X)) =0}, n>2,
1<j<n

exp,(m:(X)) = lim exp, (x)(n),

n—00

IX B Torsion,, (1 (X)) & B (X) HIp-$5 35




AT ERFE R R E T, Bl T exp,, (x) (n)IEHp — exp,, (x)(n)o
FEME S, TR BT fR W 4EERR R, RATHEEEAR
(—MAEAZ D HEBRAESD . AT — D X RSB R A
%p-?ﬁ'%ﬁ(bounded p-exponent), g

expp (M4 (X)) < +00;

B IFR AT i p- a5 (unbounded). FATFR—>=3 18] X ) [Ee i A
HHER R p-18# (semi-bounded p-exponent), UIH, X [A] %7
QX Hp-Jm A T 88— ER AT 73 4% (homotopy

indecomposable retracts of the p-localization of Q.X) A,

exp, (e (4)) < +00.




—AEEX W REEAH fp-a 2 BaHEE fp-1adl )2

#l¥, X =S2vS2,

WEPA TR ZH F: 1)Hilton-Milnor i ¥ ; 2)fF—4EE (BRI RS 3 H
HH Fp-HaE.




FIEHE 1 p- E{‘ﬁl&ﬁexpm(x)(n) KT n) MEx, (X)L R F
WHEp- 182, HIMKE R FERHE T Z/pr-H 1 e 88 . [Fig
BEFE BB 56 — A48 T JamesTS B, fRAESCHROH 45 HE AT 4EBR
T I 2- T i — A 5, JF)R T RRE U B 7.

expy(my (577 H1)) < 47,

50 James, I. M., On the suspension sequence, Ann. of Math. (2) 65 (1957),
74 - 107.




ZF 4 i Cohen-Moore-Neisendorfer TEFUN T : £ N1 EFE
t, p > SHRILAE SCERS 45 Y, p = 3HUTE B, HINeisendorfer B840

%52520

Cohen-Moore-Neisendorfer EIE (CMNEE) . X T1EZ %
%‘?Z@Ip’

epr(w*(S2”+1)) =p", n>1L

Horbn = 18945 & Paul Selick Y 45 553

5IF. R. Cohen, J. C. Moore and J. A. Neisendorfer, The double suspension
and exponents of homotopy groups of spheres, Ann. of Math., 110 (1979),

549-565.

2Neisendorfer, Joseph A., 8-primary ezponents, Math. Proc. Cambridge
Philos. Soc. 90 (1) (1981), 63 - 83.

33Gelick, Paul, odd primary torsion in m(S*), Topology 17 (1978),

407-412.




XRFEER—T, TR R T,
QS2n ~ SQn—l % 951471—17

Fit DB ZEBR T 1) 75 2% 20 B m) /U mT DURAR Dy 23 4R R 1T PR 95 0]

H

o

Mp = 2, James T2 %5 BRI RV HER2- R B A T+
1), Selick®* %t Jamest] - FAE T Bk

R DL, BRI IR VA A 2- 18 KO 2 R AR R A 2 i ] R

48elick, Paul, 2-primary exponents for the homotopy groups of spheres,

Topology 23 (1) (1984), 97-99.
A ( )
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ST A EBR TS O, S3H RS- 5 3 5 James ) A —5, S5HY
RS A 2-FE 8 5 Selick 1 B —8, ZH— ARG R
FSTI2- 185, Canm B 232, AR

T-HETKEARIIBIE. 7-4EBRT A R 1R B 2- 16 K expy (m(S7)) = 8o




FEIVeRERITT AL, AMﬁﬁLﬁimﬁnﬁHﬁ$ﬁm&% H T EK
H SRR RS — 0, @M T/ERZEH TERIENRS BT &
Eﬁ{%@ixmﬁ%‘iiﬁ JamesfE H 19545 K K IS F KILH)
R FEWHEREPRS, BI, fE2-REi T, BATSHE FTHAKIE
&5

.. L TI'T<Sn) i> 7_‘_7,_~_1(‘Sv714r1) i) 77T+1(S2n+1) i) ﬂr_l(Sn) i

— 7 HIZE AN R EEABR I RIE A 3L 1 ORI

551. M. James, On the ietrated suspension, The Quarterly Journal of

Mathematics, 5 (1) (1954), 1 - 10.
A ( )




Todaff HH EH PJF %] CEFEM 5 A& REUSHL T EHPRLT
A, VLRAA N GIN B 5 R AR Z N Toda bracket i) — JZ Kz
S, AENFETH, 1962 AR 1 tHE RIS RS — A 4556, w8
Wit5 7 A B, 6 (S™) (B <19),

BRI [FIVE R AT 5 LURAHORHIE T — ELRF 82T, Mahowald BL [H
PN R S0l Se A B AR A g DAERTED [RIVR R A T SRR Lo T

56Hirosi Toda, Composition Methods in Homotopy Groups of Spheres,
Annals of Mathematics Studies 49 (1962), Princeton University Press,
193pp.

A (




Adams T 19584F 5| NHJHE 75157 (35 4 I Adamsit 741 J HAE™
Caf#E T~ XA B Adams-Novikov 35741 f& 1t F2 € RS RER)
FHETH,

St FAEfa g[S EE, SNAEE (BCKQRS) T 19664 K% 1 F|H 8
ZiEER mod p BEFILFEFIEA H T JERE Adams 1 75158,

57 Adams, J. Frank, On the structure and applications of the Steenrod

algebra, Commentarii Mathematici Helvetici, 32 (1) (1958), 180-214.
%8 A.K. Bousfield, E.B. Curtis, D.M. Kan, D.G. Quillen, D.L. Rector, J.W.

Schlesinger, The mod-p lower central series and the Adams spectral
sequence, Topology, 5 (1966), 331-342.
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AR, T UEHIERHE EETIAEFS, FrikErigr
F B b o) S 8 5 A eI B B Se ik, AT AR RE N
S RIAE S S AR S WA K R, tiRavenel fE

5t Adams-Novikovith ¢ #1| 5] N e i il 7 4159,

PARRLAGRE 9], BCKQRSHE 78124 HiDan Kan%s Hi f 5] % 45 8] f]
B AR (B Al A 4RSS R 2 B ) I8 mod p [
HUL PR AR RIS 751 Be b, —AN RS RS T T DA #E
LERARAN—HE (0 B AR T, AS[R] ARG A LU R AS R P S
TET A A BE IR AR 5 38 51 o

" Ravenel, Douglas C. (1978), A novice’s guide to the Adams - Novikov
spectral sequence, Geometric applications of homotopy theory (Proc. Conf.,
Evanston, Ill., 1977), II, Lecture Notes in Math., 658, Berlin: Springer, pp.
404-475.
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FET TR I R G HR, FEERE . BEPAEE . BRIRSR
TR sk 7 T[] B8 4 ) 1 Bl B 76 th A 4R Z2 T 4 61 62 63 64 65 66

50Wu, J., Combinatorial descriptions of homotopy groups of certain
spaces, Math. Proc. Cambridge Philos. Soc. 130 (2001), no. 3, 489-513.

61Bardakov, V. G.; Mikhailov, R.; Vershinin, V. V.; Wu, J., Brunnian
braids on surfaces, Algebr. Geom. Topol. 12 (2012), no. 3, 1607-1648.

52Berrick, A. J.; Cohen, F. R.; Wong, Y. L.; Wu, J., Configurations,
braids, and homotopy groups, J. Amer. Math. Soc. 19 (2006), no. 2,
265-326.

53Berrick, A. J.; Hanbury, E.; Wu, J., Delta-structures on mapping class
groups and braid groups, Trans. Amer. Math. Soc. 366 (2014), no. 4,
1879-1903.

54Lei, Fengchun; Li, Fengling; Wu, Jie, On simplicial resolutions of framed
links Trans. Amer. Math. Soc. 366 (2014), no. 6, 3075-3093.

5514, J. Y.; Wu, J., On symmetric commutator subgroups, braids, links and
homotopy groups, Trans. Amer. Math. Soc. 363 (2011), no. 7,3829-3852.

56Mikhailov, R.; Wu, J., Combinatorial group theory and the homotopy

s of finite complezes, Geom. Topol. 17 (2013), no.-1, 235-272:
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fE2-MufE B AT E T, SCHRS” iR T mod 2 Moore %% 8] H [F]
i/t\.ﬁﬂm(P”@)) (m <n+8)

AT BRI RSO, T A ECE 2 A IR E Y, HFEeHE
AR PER o S5 B 25 [ QX 1) RIS 3 AR Al oy B 22

5TWu, Jie, Homotopy theory of the suspensions of the projective plane,
Mem. Amer. Math. Soc. 162 (2003), no. 769, x+130 pp.
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— KGR IR 22 #YE 1 & Cohen, Moore, NeisendorferfE 197054 A H
14 Moorer [A] (] [0 # 2% [B] 1 [R146 70 Al 7, Do 1 3 = 800R
SAL R FIBRTET B Moore %2 A1 F0 7] 4 B 1 5 ] Ries 69 70,

X co- H-4% 8] ) [ 1% 25 [] 3R e A M dE 4T o 7 PE 7 ikt dm 170

S8F. R. Cohen, J. C. Moore and J. A. Neisendorfer, Torsion in homotopy

groups, Ann. of Math., 109 (1979), 121-168.
59F. R. Cohen, J. C. Moore and J. A. Neisendorfer, The double suspension

and exponents of homotopy groups of spheres, Ann. of Math., 110 (1979),

549-565.
"OF. R. Cohen, J. C. Moore and J. A. Neisendorfer, Exponents in

homotopy theory, Algebraic topology and algebraic K-theory (Princeton,

N.J., 1983), Ann. of Math. Stud., 113 (1987), 3-34.
"Selick, Paul; Wu, Jie, On natural coalgebra decompositions of tensor

algebras and loop suspensions, Mem. Amer. Math. Soc. 148 (2000), no.
701, viii+109 pp.
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TSR, FHeHFEE I A TR MR LA [Re B T &R AT
KEMESEE BEWIEF EE, 0, 73(S?) =2, HHopf Bt
Wfn: 83 — 8% MFEAG 2L s

HopfWht B2 H U 3, PA K HopfWdit AREME B (L [A8 2R 28 Ak
TERRVEIAEEZ) ¥ iy (%) HIAE 5

Tns1(S™) = Z/2 (n>3), B HopfMLE 12 25 0UA HE 1 [FAE 284
JUAATAE ELIE I, ARBUE 55 KN Hop i 555 (0 XA 4 b 22 B8 XA 4 )
[FAE R EC 2.

THEL R, BERRFHATEN ‘L TERRER.




ST EH TR B SR EENE, R84 — AR MR 7T
=, B, J-FZE? S PERRITE™ ™, Morava K-EiR7 5] H 1v,-
JASATCE: RZ ) SRR AT B RNE BRI U5, ASegal 7E1988
5] NIMAIE L [7] 3 (elliptic cohomology)™, LA S Morava E-BEi &
SR G4 54818 (chromatic homotopy theory) %5,

"> Adams, J. F., On the groups J(X) I, Topology, 2 (3)(1963), 181-195.

"3Whitehead, George W., On the homotopy groups of spheres and rotation
groups, Annals of Mathematics, Second Series, 43 (4)(1942), 634-640.

" Adams, J. F., On the groups J(X) IV, Topology, 5 (1966), 21-71.

"5 Quillen, Daniel, The Adams conjecture, Topology, 10 (1971), 67-80.

76 Johnson, David Copeland, Wilson, W. Stephen, BP operations and
Morava’s extraordinary K-theories, Math. Z., 144 (1) (1975): 55-75.

""Segal, Graeme, Elliptic cohomology, Séminaire Bourbaki, volume

1987 /88, exposés 686-699, Astérisque, no. 161-162 (1988), Exposé no.
695, 15 p.
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EFERE R R SFRERR R M EEIRTAZ —
#&GoodwillieyiHi . (Goodwillie Calculus), HHGoodwillief] 241 S &8
180G, FHmS LU, 843 8] 2 TC 53 A1 2 ] Y B

TX = QPE®X = Q(X) MALMK T, Goodwillie#s (Goodwillie
Tower)AH 4 T bR & LT [ Taylor /& ¥ -

X o5 eeennn — Py(X) = Pp1(X) — - = Pi(X) = Q(X),

YEIIEE, P RAPL(X) = P (X)HIEF4E R ST Bl B 2 [A]

Mahowald-5 Arone®' 45 H Goodwillie}& 7F (B2 7€) BR1A [FSEEH 1Y
—NEENH.

7

8T. Goodwillie, Calculus I: The first derivative of pseudoisotopy theory, K-theory 4 (1990),

T. Goodwillie, Calculus II: Analytic functors, K-theory 5 (1992), 295-332.
OTA Goodwillie, Calculus III: Taylor series, Geom. Topol. 7 (2003), 645-711.

SlGreg Arone and Mark Mahowald, The Goodwillie tower of the identity functor and the
unstable periodic homotopy of spheres, Invent. Math. 135 (1999), 743 - 788.

8
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g, AEEH NS LU LR RE 7028 (2R D9k s,
PARIERE A HEL (backbone), N T B GEFGHE, Kt 1 ARZ H
w, PRI ZER

T TP A 2 S KR PN R L U B A




AR

AREEH AN U — S R R Ao 1 FAE Pl e SO

7K.

PASm-GEIRUE M5 NYRRZ TR, GRAFAE N (m + 1)-4E
L BB W R Fow AR TMEN BIASEH.

Bilan, m-4ERKIS™ 582 AR, BONE R (m + 1)-4EERIKR 1L
Fto —Im-4EHRIEM SRS B CWan, BoyRTLL
W =M x [0,1], HiLFRM x {0} 5M x {1},

FFAERE A m-GE RS S B A R, B, W] DUIE R 5 52
P HRP2 5 2-4EER T 52 /& AN o] BE HHL Y o




— AR XS UG AE A R &R T A 2k

Jist b, Wi B LE Poincare ) 18954F W £ 82 B pift A5 LSk Y (H 5 4
SEE

Pontryagin?E19504F 1E 5| AWRB W, AR RIE G JLES,;

82Poincaré, Henri, Analysis situs Journal de I'Ecole Polytechnique (2). 1

(1895), 1-123.
83L. S. Pontryagin, Smooth manifolds and their applications in homotopy

theory, Trudy Mat. Inst. Steklov., 45, Acad. Sci. USSR, Moscow, 1955,
3-139.
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ThomfEF: 19514 i 18+ 18 SCH i 78 1 i B i,

18 H 5 FI1954FE R SCO 2 v T B EBUEE 2 IR I 2 ) P ads 43 2K 1)
B, FT1958F R IE/RIK I,

Thom &R H0i2 73 FE 1A, S8 JA R AATHRZ N Thom #4J3& (11757,
AN I BRSO E ML R R N S 2R A
ARG MR RASIFE W, kbR D [

T Thom i I [FIEHE, I H AT T Thom HEHIRIRRE, 43R
BEIEE R R B0 70 R R — AN S8 R

84Thom, René, Espaces fibrés en sphéres et carrés de Steenrod, Annales
Scientifiques de ’'Ecole Normale Supérieure, Série 3, 69 (1952): 109 - 182

8R. Thom, Quelques propriétés globales des variétés differentiables,
Commentari Mathematici Helvetici, vol. 28 (1954), pp. -17-86:
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K-BiR

AREEH I TUAT R 53— R A 1 1) B ARG E 702K
Al CR-PERD .

FEAR N : 2558 — DN UIEX, ENFERESCT, X EREE
MREAT 2K

SEIR AL [ s AR A RE (R GR R AR, AT U R E )
A BRI, X R SRR NG A A R 2R —— X BT,
MXBIGI 7y R25 8] BGIRESEMGT (I RIMEE, Fr X _E Moy 38
] BN T SRR S SR 4R (X, BG), 86,

86Husemséller, Dale, Fibre Bundles, -3rd ed. Graduate Texts in

Mathematics 20, Springer-Verlag New York Berlin Heidelberg, 1994, 353pp.
ISBN 0-387-94087-1




] B ARG RE ) R A RS A2, R AR ZER A0, X BRIP4
171 & A\ 53 3l 5 °F FLE Whitmey F1S 23 N M R 5

B ansk i ) ABR 1 B SMEHLAE A B R R 2R LR, (EEE L
ZJERF L), BRIVE NG UM, BLEERTH U] A5
I Whitney FlJ&~F FLAYT o

P G AL 1 PR ) SR R S 1) e N7 2RO, X _En-ZE ) B A FR 45
TR n-IRAIESEHEO (), BRI i IE SRR B REL A 5 X
TAeO(n), WJUZ FHM Crsfe) #9ra0




A0
(01> (3)

MR+ D IERRFE, WO )T LA AO(n + DFRE, —HE R
PR

O(n)CO(Mn+1)COn+2)C---CO(n+k)C---,

PRI AR 81, bkkEE TS, HARER CBI_EIRAE 51 )
RO WX LS & MRS E 70 2K A A4 15K R (X, BOY;




Bott HIASHE TAEST 825 1 BOWI [FIe HEF AT B W 8P T, B
Tn+8(BO) = 1, (BO),

HAHSE T8N FIREE O TR AR, FHIN2), 583HE

% 1 BRI L AR E 0 2K A

MF—RAERX, FERES[—, BONH L) LAETEWRIER,
MR LR R (K-FR8) SRR

87Bott, Raoul, The stable homotopy of the classical groups, Proceedings of
the National Academy of Sciences of the United States of America, 43 (10)

(1957), 933-935.
88Bott, Raoul, The stable homotopy of the classical groups, Annals of

Mathematics, Second Semes7 70 (2) (1959), 313 - 337.
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JEFS € K-BE18 (unstable K-theory)

LR, RN SRR R SRR R, RDASMERG E AL B A M [
K o3RI, R AT B R

P-4 SE ) B A 53 SR 10 UM, 75 255K
fiR[X, BO(n)] = HY(X;7Z/2) x [X, BSO(n)], XH.S0(n) AT
NI IEACRE AR RERE . S — AT HY(X; Z/2) WA Z it 5

A TX, BSO(n)] & REME AL BLX = S™ Aym- 4EBRTHE, N
[S™, BSO(n)] =2 [S™!, SO(n)] = Tm_1(SO(n))

se— M EZERESO (n) I RIS B 1) L
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Hm < nlf,
[S™, BSO(n)] = [S™, BSO(n+1)] = [S™, BSO(n+2)] = --- = [S™, BSO],

HHIBott & B AT LAZE H 5 58
T —RR8Im, EESIFEIRE.
XFFnAEE /NIIE L, AT LS — T IXA A

Y = 10, BIX FRISZZE A (-gEszm &) RS —4
mod 2 _F [F] A 5E 4= Z) )
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BSO(2) ~ CP* [X,BSO(2)] = H*(X;Z),

MTX - 4Ese B MR R mod 2 ERARES
o8 b RARE S e .

Mn = 3, I RBAGHE L 2 U BUR T KER, 25— MR LRI L.
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HTSOB)MAAESZN (2 HES) &£5° (B3 MEE
#, spin group, Spin(3)), & H1FE|—NAFL4EAIT S (fibre
sequence) N H 3R ARSI LSS

BS?® ~HP*® — BSO(3) — K(Z/2,2) =
[X,HP>] — [X, BSO(3)] — [X, K(Z/2,2)] = H*(X;Z/2),
X HLHP 2 6 75 4E MY ot 5 25 4] .

P2, ATLLEE 2 mod 2 _ERIAH2(X; Z/2) LL K[ X, HP>] K
WEFE[X, BSO(3)]-
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5[ X, HP>], 1] LA Postnikov® (Postnikov system) [ 75
1L R AL T 5,

HP®(4) —s HP® —» K(Z,4) =>

[X, HP>(4)] — [X,HP*] — H*(X;Z),

X HHP (4) 2 HP™ [4-EEE S,

71 () 3 R SRS B A X, HP (4)]

89Whitehead, George W., Elements of Homotopy Theory, Graduate Texts
in Mathematics 61, Springer-Verlag New York, 1978, XXI, 746.
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22 [A|HP>° (4) B AT TEBR4EEAT IR L R A B CRIREAN[E E 4E 5
AN BRA R, BRI TS & T ), LRE®
LN IRBEAE

F— N LIRS R s (HP™(4)) = Z/2;

Xt T FHSSREE (X, HP> (4) | KIWEIT,  LUBEE R [FAR 18 I it
17p- R, BISEANR R Bp 58 7 30 BT KW 7L 5

EX W AEBAZE A SIS T, BHKERRCL T ARG ES
75 B E [ X, HP> (4)];
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XTI R IEX, T AR A 2z szt N2 H T B4R A RTREE

ab
He o

WERX = Sy & —/NXAHE, WX, HP>] = [v, 53], Bl @i s
Y I3 LS.

i BT RrR, Y RSO R R RIS DL, A A B
SE[Y, S35 X TG, Il B AR 2 B I RE T -

X = SR —NERTENY, [S™ HP®] & 1,1 (S3) A2 S3 B [H] VR T 1]
AR S0 T 2-4E 5 1) B DA G5 SIS I DL S -4 DU G e 2 A3 SR I, A
TLRALL, 2 945 B HP o 553 i A8 1 v 31
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FHFMAH IR B — L2 44 U] e B /HE 18 Calabi-YauF

9, Atiyah-Singer$s b g FROT 92 J2 & Fh )93 94
Chern-Gauss-Bonnet & #9° | Hirzebruch-Riemann-Roch 5

Fi | Hirzebruch signature theorem?, Grothendieck-Riemann-Roch &
FE97  Chern-SimonsFH 9855,

90Yau, Shing-Tung and Nadis, Steve; The Shape of Inner Space, Basic Books, 2010.

91Atiyah, M. F.; Singer, Isadore M., The Index of Elliptic Operators on Compact Manifolds,
Bull. Amer. Math. Soc., 69 (3) (1963), 422-433.

92Shing-Tung Yau, ed., The Founders of Index Theory (2nd ed.), Somerville, Mass.:
International Press of Boston,2009.

93Donaldson, S.K.; Sullivan, D., Quasiconformal 4-manifolds, Acta Math., 163 (1989),
181-252.

94Connes, A.; Sullivan, D.; Teleman, N., Quasiconformal mappings, operators on Hilbert space
and local formulae for characteristic classes, Topology, 33 (4) (1994), 663 - 681.

95Chern, Shiing-shen, On the Curvatura Integra in a Riemannian Manifold. Ann. Math. 46
(4) (1945), 674 -684.

96Hi]rzeb]ruch, Friedrich (1995) [1978]. Topological methods in algebraic geometry. Berlin:
Springer-Verlag.

97A. Grothendieck, Classes de faisceaux et théoréme de Riemann- Roch (1957). Published in
SGA 6, Springer-Verlag (1971), 20-71.
98Chern7 S.-S. and Simons, J. Characteristic forms and geometric invariants. Ann. Math. 99
(1)(1974), 48-69.
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T

P K-S I ARBURCAS AR -8 . P sk b, e B E S
T AREUR-BE, AMI4E S FRRA, SRAEA; QuillenfE19705F
RATHPIAE] CLE BRI T %, -G 5 Q-3 , X e HK- #F
25t FE SR M E (99 100 101, JEPRHE3RAF1978 HEHIFE/R K2 .

9 Quillen, Daniel, Higher algebraic K-theory. I, Algebraic K-theory, I:
Higher K-theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash.,
1972), Lecture Notes in Math, 341, Berlin, New York: Springer-Verlag,

1973, pp. 85-147.
1009 Quillen, Daniel, Higher algebraic K-theory, Proceedings of the

International Congress of Mathematicians (Vancouver, B. C., 1974), Vol. 1,

Montreal, Quebec, Canad. Math. Congress, 1975, pp. 171 - 176.

101Quillen, Daniel, Higher K-theory for categories with ezact sequences,

New developments in topology (Proc. Sympos. Algebraic Topology, Oxford,
1972), London Math. Soc. Lecture Note Ser., 11, Cambridge University
Press, 1974, pp. 95-103.
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Quillen [PJII-FIE 2RI : 25 € — /N BAL TR, R
Efn- By — M RBEGL(n, R), BIR BT n By A 35650 B K 1 1)
B, WY HAERE (3)HI7MZ%, GL(n, R)AIMNGL(n + 1, R) HITHE,
B FR A

GL(R) = JGL(n, R)

MBEGL(R), AT AR R — NERI K2 H BCL(R), K&
EHEENE Y, HEAREGL(R), PAAHFI®R
. (BGL(R)) =0 (n > 2),

1020 #yid & Kervaire 761969 4E1%% 5|\, Quillen $j0-#438 F 2 7 A%k -2
1w Fe HYFQuillen B TAERZESL T, ATIEFRQuillen [N o

A ( )
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HX 2R ARt M AL I RA — M ER R YIS
M4 R GL(n, R — T8, WL NE(n, R); iknaT I 15
3|, GL(R)HITRE

UE (n, R).

E(R) = [GL(R), GL(R)|Z&GL(R )Bﬁ%ﬁm%ﬁ FHHER)ZE—EE

B (perfect group) . QuillenJN-#i& BGL(R)* /& — X BGL(R)¥s

Jn2-2 K Fe e 4 Jes 0 201, 2 T TR AR

O WHBGL(R) — BGL(R)™ 5T H [ RBEFIA, B In-tais (R4
R A

D
N

Q@ H AT (BGL(R)') = GL(R)/E(R) = GL(R)?®, ££GL(R)IA
4L 7 ¥ (abelianization) o
Quillen ¥ ALK - E M-
K.(R) = 7,(BGL(R)"), n>0. (4)

110 / 121




FLO U, FATAT DL —2H 2- 4 i s 19 05 30K VH K BGL(R) Y 2%
B AL T IR [0, 0] = a0 ab, TELRIEIRI AL ER
N AT E A IN3-E L DL B Bl K 58 BRI BGL(R) T

JRA B2 8] BGL(R) %A =M FeHE, B3 I s & i s
B BGL(R)t &7 m M [FeEE, Quillen PAMAE AR K-BE.

Quillenﬂ/‘ﬁz/l\%)‘(’ MNERHE, R T IEA 55 Quillenfd J5
FINQ-#i&E, MJEWs ML T UL, 25 H ERMER
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FHIE U, Quillen JQ-FIEUTT s 45 — AN IE&VElEC CRBgh I,
NI FE WG LA S 2 L8 A A IE S SR I 2R E s K B i)
XA IE & 51 b B B S B AR O TR BA RIS (admissible
monomorphism), 184, HaHF AT FHFEZ (admissible
epimorphism) , 1A (/E\‘{Z'K%%%QUillenH/‘]iﬁﬁjﬁ); A LA — A
WEREQC, HxtRrEc MHE, MXF|Y S AT B E- .

X« Z—Y,




S X By HERY By 16 8 R T i 52 B RS

X =—— /7 >——= Y

.

pu

ZU Z:‘

|

¥,

Hrpz g f$ila (pull-back) A H, X B, SRERSAFER (AT
FAEZR GHFZ) M EHE AT, AT RS GERS) MER
AR, #fR 7 L ERsEes A

X« 7" >Y'"
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A BQC NIGBEQC WA E I (nerve) 104 () JIATSEZHL, Quillen 7E
X
Kn(c) = Wn(QBQC) = 7Tn+1(BQC)' (5)

258 — M BALTCIIA R, 2 CHR EA R BHIHRIR (projective
module) YEE%, Quillen Q-4 %€ KK -HE 5 Hn-H4yid P
SBT3

V04— AR AR ST T, KL 1 U0 A T8 B T B R A4, ROTO R4
HNARKT REN A, 1-HERTEENTITEX - Xa, 2-4EBIEEH A PIRS
B Xo — X1 — Xo®a, PAHSEHE, MHEFdi: N A - N1 A, 0<i<n, N
GHEUNO TFIRI) B % G UL BT B BT XA RIS ARG R G T
R do 555 B d, M Z33 KRB, IBILHE T s Nod = N1 A, 0< i <,
NEE GHENOFFIERD BB RUMESER M. AT BeESIRMEE,
A E B RASE—A NG, BARPTASTHERNE RN ES .
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[FIE AR S A AV B

Quillen fEAREL K- BRI AR, RAREEIFE TH5HZ A FRER
gt S A 2R

Quillenf@ﬁ%])\*ﬁ@?@% (model category) (PINE A 70 il G Yl b
SL[RAR IR0, [ [FAG 10 AR AT DUR i N A T H B AU

195Daniel G. Quillen, Homotopical Algebra, Lecture Notes in Mathematics

43, Springer-Verlag Berlin Heidelberg, 1967, V4160pp.
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1z H Quillen FIFERIVEBE L, Veovodsky B HE R4S 18 B F18
BT, LT HER! (scheme) [FRIE12106 107, B Hmotivie |
() 2 e i e T AREO LA 5 AR - B 2 AU Y Milnor J5 48108
109, IR Hh 3R 15 20024F [ FE R KK

1060\ [orel, Fabien; Voevodsky, Vladimir, A*-homotopy theory of schemes,

Publications Mathématiques de PTHES, 90 (90) (1999), 45 - 143.
107Voevodsky, Vladimir (1998), A'-homotopy theory, Documenta

Mathematica, Proceedings of the International Congress of Mathematicians,

Vol. I (Berlin, 1998): 579 - 604
108% Morel, Voevodsky’s proof of Milnor’s conjecture, Bull. Amer. Math.

Soc. 35 (1998), 123-143.
109y Voevodsky. The Milnor conjecture, preprint 1996.
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Voevodsky 2 4f 12006 K TAER il R A 10 M THEEE R 5t
FALRFEI0 1L S “[FER R B ” (homotopy type theory) fE
DT R HE A 12 113,

10 Alvaro Pelayo and Michael A. Warren, Homotopy type theory and
Voevodsky’s univalent foundations, Bull. Amer. Math. Soc. 51 (2014),

597-648.
11y, Voevodsky, A very short note on the homotopy A-calculus,

Unpublished note, 2006.
12David Corfield, Modal Homotopy Type Theory: The Prospect of a New

Logic for Philosophy, Oxford University Press, 2020, 192pp.
13 Univalent Foundations Program, Homotopy Type Theory: Univalent

Foundations of Mathematics, Univalent Foundations, 2013, 589pp.




SRR

Lovéasz M FE 19784 BRI ks [RS8 S T4 5108, ORI &
R BLEAE T AR

B E—NHEG, LovasziE X G AR B (neighborhood

complex) N(G)N—A (B BRAIFE: KA 56—F, G
REV(G) K= M THESEN(G) B BNHSH R B — 1At
HI4RJE (neighbor), EIFEGHHI— M, ‘EHSHRE I
R LEE.

M ovasz R HAEH A MIAH TAE, 19994 3RBK/R K3 (Wolf Prize)
151 ovész, L. Kneser’s conjecture, chromatic number, and homotopy, J.
Combin. Theory Ser. A 25 (1978), no. 3, 319-324.
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Lovasz{EIX & M T i e o H: R BN (G) & (k — 2)-&
i, WEGAFEEE Jeth,

AIFHIX— G558, tlufigok 14 & 2253 4 U Kneser 5 4816,

B IEM S Lovaszitt— DA F|Hom B Y (Hom-complex) ]
BEHT 18, RIS T IR N G S AU — A SR A
%119O

HMEM. Kneser, Aufgabe 300, Jber. Deutsch. Math.-Verein. 58 (1955).
17Eric Babson and Dmitry N. Kozlov, Complezes of graph

homomorphisms, Israel J. Math. 152 (2006), 285-312.
H8Dymitry N. Kozlov, Simple homotopy types of Hom-complezes,

neighborhood complezes, Lovd sz complexes, and atom crosscut complexes,

Topology Appl. 153 (2006), no. 14, 2445-2454.
9% ric, Babson and Dmitry N. Kozlov, Proof of the Lovdsz conjecture,

Ann. of Math. (2) 165 (3) (2007), 965-1007.
)
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e

B FMEH BAR 2 AU A JE TR S, 451

W @stvaerl Quillen (PR Ju BE N T 58, &5 17 oA
R4,

HHES SN T EAZ IR (deformation theory!2! 122 123 124,

120Gistveaer, Paul Arne, Homotopy Theory of C*-Algebras, Frontiers in
Mathematics, Birkhéuser Basel, Springer Basel AG, 2010, VI4+140pp.

1210\, Gerstenhaber, On the deformation of rings and algebras, Ann. of
Math., 79 (1) (1964), 59 - 104.

122)\[. Gerstenhaber, On the deformation of rings and algebras II, Ann. of
Math., 88 (1966), 1 - 19.

123F,ra Getzler, Lie theory for nilpotent L-infinity algebras, Ann. of Math.
(2) 170 (1) (2009), 271-301.

124N\lartin Markl, Deformation Theory of Algebras and Their Diagrams,

Conference board of the Mathematical Sciences. Regional conference series

in mathematics 116, American Mathematical Soc., 2012; 129pp.
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HAE MBI I T oA rH 525,

18 N T HLgs AR (robot motion pllermnimgy) A0 T S

125\ aurice Herlihy, Dmitry Kozlov, Sergio Rajsbaum, Distributed
Computing Through Combinatorial Topology, 1st Edition, Imprint: Morgan
Kaufmann, eBook ISBN: 9780124047280.

126Farber, M., Topological complezity of motion planning, Discrete &
Computational Geometry, 29 (2) (2003), 211-221.

127M. Farber, Instabilities of robot motion, Topology Appl. 140 (2-3)
(2004), 245-266.

128\, Farber, Invitation to Topological Robotics, Zurich Lectures in

Advanced Mathematics, EMS 2008.
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