lechure |. Fvbroduchnon

Aim, . Describe Some. conmechdns  of hypergermebne  funchtns  with  KZ

equodbrms  and. tepresentwhon  theovy of  quarhan. gowp, -\.rmexumple.
cf-swmtamc

§1. Examples of Wypergemetre funchions ~ (3 pumks on C)
© X, %2, ¥3a. 3-pls on €
« Bx ™M1, M2, My € €, kK s C¥
Cnstder o Mdbivedued hol Fb on b = € - 1=, =, 2l
o Tl (zi—gijm"a”’”‘ :'i'; (4~ 7)) ~"8/x
ond  seb

M= 0 G=na2a

1) closed fol I-Hm on C©- 1z, za, T

/g Cohomolagtead,  elackom

MM+ MaTa + M3Ts = - K&
Rrmadly, do trbegreton, over some 1- oyde T o~ Hi(C-dz,z,mE5 7)
~ IM =1, I, I3). = (SN0 SNy K1) (M"’“
2 = ML+ Ml + mals = o0, b ) dizeussiom )

‘#\&upewimwwléué(wW¢#mpe)ﬂwfﬂubegmibmtmehmgd
it we defrm T corbiuwously . (Stokes tm). The b IV B hol
i a small neighborhovd of thetr mitral posttms.

e 9T R4

Ton, I sotffies the -fllowmng eq;.tabfmé

_B.L = _-l- =1 »
?E Fras !1"30' = T hofod
1 TR | ' . )
where P Y=L -y (ij ) bk =B pig
a -
Qg = ; i Mﬁ other enkries are o .

PE, % Jr 0%, IT(_T'%%E T +ME{_Z§'+%‘#¥|’JQ‘E%§;

jﬁT'— alvhreny) e er)

| | |
%‘a‘lﬁjfﬂz +%"§Fﬁ'—frnz+‘% 75 Jr 1 #



Rk, The combmocorol  dlemtily between <+, xz,, x here has deep commectins
Wl Joacobi Mentity i le olg thy. We cm alo vndersked M v
Aroll velotion , that 3 » ;

UG A Wh + Yk A Uni + U AWy =0, Where uﬁr—‘%i,g"

Such Twilicicgen generde  H¥(Gafn(€) W/ Amold +elaton.

§ KZ equakions
. o = sla gueraked by e, £, h w/
e, f1 =h, L[h,e] =2e, [h+1=-2f
. B =3hoh + c®f + f ®e;, on twortot Syrm - tensor

L4 Ml)"" Mﬂl %’—M
wWo. AL S —> @ °F AX) =%®1 + 1 ® X

M= M® ®&@ Mo admts a < -mod shuchoe .

« fuij 2 dmear opeobor on M, acting as O on Mi @ My, L on Mr, katij
® Lk, ik + 3e] =0 .

The KZ equabtm on M-velued fob @iz, Em) B gren by

- L I . -
9% — _-)I<— j:;‘i Zi- = Y 1=b-,n

® 15 the poameter of thid equabn . Somebimes, write H =1/x.

Cmseler  ¥n = Cofal€) = ((Z Z) € €™ 7,., Zn are distmeb }
Xn XM —> Xn tivinl bundle - :
v=d-F where T =‘Jﬁ-§i iy d-log (zi - %)

The Amold veldtm + veldwn -for ®

= y* =,

Some bochground, of KZ egs.

In CFT, e cmsilers Riemwm swrfoces (RS) w| morked phs
decorwbed, by vep of o Lie ag. B such o swfue ome asspns o
fmte. dim’L  vector space of corcformal Alochs. -

~> o budle over the modull space of decwoded surfaces



(Knizhnih- Zomolodchikov - Bernood )

~3> KZ or KZB comeckim on this bundle

( when gows =o , M's a Fab om; gowms =1, prgjectvely ot . )

—~> The huwrizontal section equadbtm . KZ e, .

8, Wow to study such o system of eg ?

N Fom the pomt of view of vepresetubion M .
Note <that L&, ALX)] =0,

%t 15 also o Solubm .

~> XnXM —> Xn hos o dot of subbundles . w. . t. V.
e.g. elyenspaces of gemetdors of <¢ J

so H @ 5 o sobcbrm . -then

FA SO ¢ .211
:z)ﬁum-&ye'paiwbof’\ﬂwo{-)(n=&nfn£¢)a- 5

vy
W Gnfa(€) = Pn pwre dronl group ' & S
Smee V15 Flak, then the analyt  combmustion 1’.-\11\13--- Zn
odong o dovp o & LCmful€) only dep on 1
Lal € m ( Confn ().

—~> Pz« Pn —> Aub(Sol)
In partiodar ,

M= M admtts o deft Sn-ackon . One om def YXnx M © Sn.

((Zi,ns Zn), B) 6 = ((Zew, -~ Zew)> €7¢)

Then the composttn  Xnx M —> Xa —> Ya. = Xn/Sn fochrs -thugh
the quobient space E = Xn Xsu M.

Now, -the Kz eq 18 ‘nwvwtod wnder Sn, then V  descenduts
40 o comnechim on E — Ya.

WYa) = Tl Gnful€)/ Sn) = Bn  tronl group
~> Pkz.i Bn —> Aub (Sol)

Abowt  compdudon  of such o monodromy < vepreserdtation «  sobve  equatim
aound. each  smgulor pomt Zi.

Y
(n23 —~—» &xz. Kz oassocidor)

Ton - comms bebween Qq5, k.
(Zy—>F5)" Xn

) ¥ (FH—> )
The asymptotit solwtims n different zones will be qelated v



perntugon relabm, hexagm velabon .  ~> quasi - -trogulas  quas - Hopf str.
( One com olso constler o combinatvrul constructn  of -the Mmunodhomy
1ep v a suttoble compoctHicabtn, of conf spoce. )

3) Solutn problems  (hypegeometrit  Solutons )

Now, et us briefly dBcuss the vep thy of sla.
me €, Mm): Vema mod over sla wl highest weght m. I’s o
mdfm’&?notlsamabed.&yn.w@zm v wf

ev =0, hv = mv. \
Toke M = Mlm) ® Mim) & Mima) m = -+ Mma + Ma
‘V| Va V5

Fr N e €, define the efenspace of h
={veM| hv =2nrvi
SmgM1={VEMLIEV=O} . p
( RmK. Mm&%m%MLQWS%MM)

O Min (heoe = Smg Mw) | dim’Ll , spomed by vi @V @ V3
Recoll & = Theh+eof+foe
uijr WO Va @ V3 —> P v @ va s
Thus the Kz < ‘ ‘
ji'=—:'<‘§i—z%ﬁs§,7<?- for @ = Lo(Z) Vi @ Va ®Vs
15 just
o =%_%51‘_:h. "iT!_;j'Ia o 1°=.Z‘;J-ﬁ (Z - %)

~ Vie N+, F' TLvi®va®Vvs 15 aleo sol. -
4=, 1e. To(fV@Vo®V3s + 4 O FVa ® V3 + V) ® V2 ® -£V3)

MMy [ar

© SmgMma = {v=DLFVdVi®Vs + Lvi®@Fva®Va'+ I3 Vi® Vs ® fvs
MI+MIs +mMmals =o0f,
One can olso  compute the ockon of L4, e.g.
s v @ Va ® V3 > EAM oy gy @vs 4+ MV 8fVa ® V3
Vi ® Fva @Vs > U] gy @V + MafU B V2 B Vs



VOV ®@FVs —> TMUMa Vi ®Va @ FVa,
Now LUS of KZ eq,
L -%%’,—fv.svlev3+%%v.@-ﬁv4@va + 32V ® V. ®fwa
¥ we fous on sm  ond -the fot port  of Vi ®Fv2®Vs on -the RMS
of KZ (ie. =& (22 + 42%-)v)
B = AT e o ok A e Y
Whih & -the some as -the hypergeometric diff eq for 91./o% .

one con check, I = (I, Ia, I3) sobdfies +the hypageom . diff eq .

In other -wodds,
e Fv ®@Va ® V3 + Sy vi@fva®Vvs + Jrﬂa‘Vu@‘\h@fVa

8 a sol of Kz eq toking volues in Smg Mm-

Set ®#' = (€N & CN2 & Cﬂa)/cdi » then -the obove wmument
# = (Smg Mma)¥ \

The above solubtn dependls on the chome of Mntegrdbin cycle . Now
et us see what T 3.

§3. Cycles of Inxgrels
Smce @ B madbi-vedued , 'bfml:egmi:efbweﬂ‘o,swi{mp*r,w&

" have to fix o w-vodued branch of 3 over T :
~—> homology gp of €13, %, =) W/ twstal ceffredt omesp o 3.

ie.

& def a Iol“ﬂCnLS/S'bem,SOVW C~f2..z:,z;}. The seckné of
& are C-Uner combimodons of unvodued bromches of $.

The eal System has momodiumy mwnot each Za, e >Wma/x
St 9 = e M/ —~> ¢ Mo

Br T & WHi(C-{z,22, 2}, ), S B well defined | 1-e. Miegratiom

defmes a pahing
Ifz, 72, %al: #' @ HI(C-{2,Z:,%), 8§) — €



a4 O'r' il - {2, %, 2}, &) :
Chovse  ba, by, bz, bs 06 the prithue

Rx Sectns So, Si, Ss, S3 of S over
bll blp b3
by

The Pair (hy, §5) B a Smguler chom wl weff i 8
We meed o compute
d. @jClhi> §) —> € (bo, So)

eg. fix o volue So of (b-2)"™X ok b,

% o univelued bromch s of  (£-2)""™ over by, whese

volue ot b’s end pb B S,
Then (b ) = (bor Silendpt) = (bes Silstartng )

= (bo, So) = (bo, PMSe) = (1-9™) (bo, So).

2 Topologieal 'rmmcbvmy
Comsiler vector bunmdde over Confa (€) -w| fiber ot (=, %, Xs)
given by K €-1{x,z2, %}, 8). B bundle has o fat om (6M cm).

Fr ony combmuwous  path  [0,11 —> Confa(cC) t > ZW)
T e Wle-{zwt §) —=! Tt e Wile-{zwf, S) v
contmuously  deformmg  smgular - cells - omdl  amodytreadly mrut:lthg -the
uivalued bromches over defirmabion. of cells.
o P o (Omfa(e), Z) —> gL Hi(C- iz}, S))
Smilaly PP . W (Cmfs (€)/S3) —= L (Hi (€ -{z@}, S))
eg. o ® a poth by moving 2. tn front of =

2. N

£ ‘Za Ry
Then P¥P) B as ellows Ob é})ﬁ‘%

leb rz) e Wlc-1zF, §) be the flab seckion of VoM
over a mhhd of =) st FEO) =7r°. Then

3
J.TLZJ Tl; "fH) Vi ®@Va ® V& .

m =
¢ (z, 22, =) =



gves o Kz e w/ wvalues in Smg Mma, over a mbhd of z(0).

2 Hile-{zo), $) —> Solaw (2= Smg Mms)  homemerphism
Tm. T's o homomorphsm of Ps - mod -
'S an BomorphBm.  for gmert K. Mu, Ma, Ma !
(vin detefnrinard: ~formula)

Tan,. 3 nodwnl choe of sechms So. Si, Sa. Sz st the boodary op
has -the -followmg fobm. .
b S) —> (g™ g,
(b, S2) +—> (g™

(ba, 83) > (gqMf>_

Such o specml chore of generndors e;;bubbrs‘%acamveddw»wltpmvdzm

~mifa) qmaAmf4 o)
g Mafa) QM4 g, )
qMaP) gl s

§4. Guohon goup Ugsh

c Uysla: o C-dlg smmfuixn‘, by e, $, h w
Ce, 1= ght - q bl 1ol -
Lh,el = ae, Lh,+1 ==-2f

's o Wopf olg, whee -the copoduct 15 gren by
Alh) = hel+ 1@ h
Alf) =-foqhe 4 ok gp
Ate) = e ® M + "Mk g e

. Verma modude M tm,9) eV =0, hv =mv
Mg) = Mim,9) ® Mima,q9) ® Mlmas, 9) m = v+ My +Ma

silooly ,  ML9)n,  Sing M@
e.g. Smg M@Wm-a = {ve M@ |ev =0, hv = (m-)v}

={v = 3'.’.:3=| Ii ‘f‘“, Vi ®Va ® V3 ] p

(g™ q ™) wtmﬁm)m 1, + (q:ma.lz._ ‘I.‘"”l‘) q't-m-mmm I,

+ (g q M) TN 3, e

The map  (bir i) —> T v @vs @vs defines the nehwal oM



@im Clbj §§) &=  MIg) m-a
ker d = ev =o
~ Wil €-{2,,2:, 23}, 8) & Stng Meq) m-a .

® W & (Smg Mma)*, Wil€-{z.2. 2}, 8) &= Stg -M@ma
The trdrgrodbn  induces -the pakring
Iczo T, 23] (Stg Mma)¥ 8@ Smg M(Am-2 —> €©  hypugesm  padring
fn generft k> i, ma, Ma, Tt's mn—c&aeymwbe-
~> Jz %2, B] 2 Stg M3m-a —>  Smg Mm~
Vve SmgMAPma,
(), Za, Z3) +—> J(x, 21, Z3)(v)

def o soluban of | KZ w}vu:bwsmSmngx.

A R-mabrix -represerctoction
Recall. that +the mod M “dves o =", wl %'s moving, we
sumetimes have to Pnterchange the posttdms of Mi ond My ™ ®.
Bub wndthe th the classmal Hy, H V., W e Ugsh - mod,
P. VoW — wWeV veW —> Wevy
B 1ot on Rom of Tep.
To obtom o Bom of Tep, one meeds the R - mabrix
Re Uy sh & Ugsta P g
vew ~2s vew £= waev

W, Vi, Va, Vi ae U.lts{a.-?'mnl Then

Vi ® Vo ® V3 T Vi® Vi @ Va > V20 Vi @ Va

(l-i)l Q : i lg)

veevioVs 8% vievieovy % vev. eV,
( Coman <= YBE)

In genaol, feb Vis, Vn be UgSla - mod . Leb
RViVid @ Vi® Vin @ - @V —> Vi@ ® Vin ®@Vi® - & Vo



Then RYRH R = R RY Rt + Vi® ®Vi® Vit @ Vi @ @V,
—> V@ @ Vi Vit @ Vi @ ® Vn
~ PR: Pn —> Aut (Vi ® @ Vn) bi — RiY.
# V=W ol 1, then
PR+ Bn —> Aub (WOT)
Buk. R presarves -the we@ght decompositm of ® Vi ond the subspoce

of smgwlar veckors.

Thon, . H(C-{20%:, ), §) & Simg MWm> as o Pi-med .

In Summayy, we have 3 fhinds of 1ep of Ps
Pz o Ps —» fack (Sol) (2 Auk (Stmg Mm-))
Pop « P3 —> GLIKiLE-{z, %2, T}, g))
PR+ Pa —> pAub (Smg MiGIm-)
The above agumerd:  Says %Smk,mwﬂﬁymWVM-

Some.  generodizobns .
Constder —
B ) %, M) =m'ﬂ;i‘ntzi-3a) 2% J;Ejs tti-1t5)
as o Tt of +.
s o mubt-voluedl ft on
Com (2) ={te ch| ti+=z, tis Ly, Vg1l
&, Hw to oasso. o form ke MNi o Shn ?
Whot 18  Wx (Crnl(z), S) ?

What 18 the corvesponding med ?

-
E3

hy -
i) tti - )

Sk



AN @& W E T A LR
| ¥ i i [ e @ wy mfh » = A ,ay o
S ) bw o owomw
- @-‘fﬁ"_%rﬁ' = 3t
sapldedrt acds e MM Go sddeeguecsh ey o oy 8 el
S Ly u.l'-.'g--' o

= - =
- NN
. - S __r'!_l'-_j'z' Al Voo = Lo F o N L,
Pl == R T L TR TG
. % o . L& - »r"q‘ R
S i E T
“ e s m ! .
. - . :lﬂ'ﬁélmbquﬁ_ -
. i L:_l_y’!ﬁ
T . N N (W
Yl = o 'TL' ﬂ: | ‘| v i1 T s 3 i ;
S _ o] fy = F ; k7 = frous -
. TR FA
—— L J_b =0 o
an e awete- e g Lkl )
v 7 N ,
1 _‘ s 1 i ik .lE Eind ‘I‘A I B ok J, S =] . l?-

T iR sed w ISl SRS B |

— - S —
= : : : BRI SRS ) * B 1)
- - - j'[.\l L 1 Nyl A 1 =, ,lﬂ:'_
e = i -
—_—— ] N = v L o il =T — o l - L} L ¥ k] i




